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∧

← ψ(α)−ψ(0)

← τ
2
ψ′(0)α

← τ
1
ψ′(0)α

α

 The set of α satisfying τ
1
ψ′(0)α≤ψ(α)−ψ(0)≤τ

2
ψ′(0)α
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∧

← ψ(α)−ψ(0)

← γ
2
ψ′(0)α

α

 The set of α satisfying |ψ′(α)|≤γ
1
ψ′(α) and ψ(α)−ψ(0)≤γ

2
ψ′(0)α

 The set of α satisfying |ψ′(α)|≤γ
1
ψ′(α) but ψ(α)−ψ(0)≥γ

2
ψ′(0)α

∨
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�
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� � � a�� # � � 
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�
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�
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α
low α* α

high

= 5 # - �2��18# * # 6 �2� ! � *,'�' � !G' � !G' I��"@<� ! � !(- �7#7� �
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�'�!G4 * � !(6 �$#/� !G' ��1 ' 
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* % * � ��!(6 = '�*,- ���$18#"� % * 9 V � 3�� 5 1 ' � 3
� �8��1,=H��� ! I *�� �$I 5 I *,4�4 1�� * � 4$! %.� !GC74$! #7F,��� VE�2� ! %.� !(C
= ' 1,I
	 Z *,4 1,#7F�� Z �21]�2� ! � 1 5 # 6E*,' 9 1>=A�2� ! = !B* %.� � 4�!Y'.! F8��18# � G * %�� -B*,4�4 9 V ���7�$% ! �$# 6 1,=J%���I 
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%���#7F 574$*,' �^� 9 * �J��� ! � 1 5 # 6E*,' 9 -B*,5 % ! % * I]�$#7��IL�&� !G' �21U1 -(-(5&' # !B*,' �2� ! � 1 5 # 6E*>' 9 ��# * = 5 # -�

�2��18#:�2� * � ��1 5&4$6 1,�2� !(' ����% ! � ! � * M !S4 � !,!�* I]18#71,��18#7� -(*,4$4 9 67!(-G'�!B* %��$#&F 4 �$# !(*,' = 5 # - �2��18# � � 1 '
I]1 '�!36 �$% -G5 %�%.�$18# * # 6 '�! = !G'�! # -(! %]=a1 'Z4 �$# ! % !(*,'�- � ! %+�$# ��#/� !(' �$1 '�
 C 18�$#/�YI ! �2�71 6 %:=a1 'Z4 �$# !B*,'
C7' 18F '2* ILI]�$#7F&V C74�!B* % !;'�! = !(' �21 � 7���	 �

�P1�� ! M !G' V * % 6 ��% -G5 %�% !(6 �$# � F F 	 VW�^�S� ! # 6 %P�21 � ! �$# *,67!��
5E* � ! 1 ' ��# ! +]- � ! #/�P�21 5 % ! % 57- �
* %��$I C74�!;4 �$# ! % !(*,'�- � *,C7C&' 1 *,- ��=a1 ' #718# 4 �$# !B*,' 1 C �2�$I]��� * �2��18# � � 1 ' I]�$#&�$I]���(��#7F * #71,# 4 ��# !B*,'
1 � � !G- ����M ! = 5 # - ���$18# ���^�2� * 4 18F *,' �����7IL� - � *,'.' � !G' = 5 # - �2��18# V�� ! % 5 F8F ! %��RIL1 6 � �E-B* ���$18#&%T��1
� �Q1 * % CW!G- ��%P1,= * � '�*,6 �����$18# *,4 F ! # !('�*,4�4 ��# ! % !B*,'.- � <

. ,�2�@<� !Y- �&18� -G! 1>=H��#7����� *,4 %.� !(C a � + � V 67! % -G' � � !(6 �$#�% !(- ���$18#/#&�8#&�*%8�
. ,�,�2�@<� !dC7' 1 -G!(6757'.! =a1 ' F ! # !('�* �2��#7F % 5 � % !��
57! #
� � ' � *,4 %.� !(C % a � � � V 67! % -G' � � !(6 �$# % !(- �2��18#

#&�8#&� ���
� # �2�7��%L% !(- �2�$1,# V<�2� !�6 �$% -(5 %.%��$1,# �$#/M81 4 M ! % * %.�$#7F 4�!�4 �$# ! % !(*,'�- � * # 6 � ! 67! #&1,� ! >
 �

� >	 3 ? >G � � 3 * % �2� !T-G57'�'.! #/����� !('2* � !;* # 6 � �`�B2�	 3 ? 2'G 3 � 3 * % ��� !;67! % -(! #/�)% !B*,'.- � 6 � '�!G- �2��18# �
� 57' ��� !(' IL1 '�! V � !U67! � # ! �2� !T5 #7�^M *,' � * � !04 �$# ! % !(*,'�- ��= 5 # - �2�$1,# * %�=a1 4$4 1���% <

� � a � � �L� >	 
 a 2 	W� ?

� � a � � �3� >G�
 a 2$G �@?
.0� a � � � < � >
 
 a � ? %�� � � � a ��8 % � � a ��3

@<� ! % !G- 18# 6 �$%.% 57!L*,' ��% ! % � !(-(*,5 % !3* 4 1�� 
 1 '�67!G'UC 1 4 9 #&18IL� *,4 �$#/� !G'�C 1 4 * #/�TI * 9 #71,� '�!�)E!(- �
�2� ! - � *,'�*,- � !(' ��%.��� - 67'�* I * �2� - � ! � * M\�$1 ' 1,= * � *,'.' � !(' = 5 # - �2��18# ��# * # ! ��F8� � 1 ' �71\1 6 1,= *
%���#7F 574$*,' �^� 9 � � # � ��F 57'.! #��877V * � *,'�' � !G' = 5 # - ���$18# .0� a ��������� � *,'�' � !('TCE*>'2* I ! � !(' % � %L��%
%��&1���# * % * %.1 4 � 6 4 ��# !:* # 6 �2� !:67* %�� !G6"4 �$# !Y'�!GC7'�! % ! #/��%U��� ! �
5E*,67'�* �2� - = 5 # - �2��18# �2� * �;�$# 

� !G'�C 1 4 * � ! %1.)� a � ����� V . � � a � ��� � * # 6 .0� a�� #

�
� � �L@<� ! I]�$#&�$I]��� !G' 1,=O�2� !��
5E*,6&'2* ��� - = 5 # - �2��18#

�$% * % 5 � %.� * #/�2� *>4H* # 6 �$#&= !(* %�� � 4$! 1NM !G'�! %��2��I * � ! 1,= ��� ! I]�$#7��IL�&� !G' 1,= �2� ! � *,'.' � !G' = 5 # - ���$18# �
� # � ��F 57'�! #&� 5 V * #&1,�2� !G' � *>'�' � !(' = 5 # - ���$18# .0� a � ���^�2� � *>'�' � !('PCE*,'2* I ! � !(' % ��%:�$%)%��71���#
* % * %�1 4 � 6 4 �$# !3* # 6 �2� ! 6E* %�� !G6e4 ��# !3'.!(C7'.! % ! #/�2%R�2� !"�
5E*,67'�* �2� - = 5 # - �2�$1,# ��� * �R��#
� !('.C 1 

4 * � ! % .)� a � � ��� V . �a� a � ��� � * # 6 . � � a�� #

�
� � �?@<� ! I]�$#7��IL�&� !G' 1,=Q�2� ! �
5E*,67'�* �2� - = 5 # - �2��18# �$% *

% 5 � %.� * #/�2� *>4�5 # 67!G'�! %��2��I * � ! 1,=X��� ! IL��#7�$I]��� !(' 1,= �2� ! � *,'.' � !(' = 5 # - �2��18# �
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← ψ(α)

ψ
1
, ψ

1
′

ψ
2

quadratic interpolating function →

α
low

α
high

>

G 1,��� !��&* I C74$! %Q1 -(-G57' 1>=K� ! #?�$#R�2� !P4 �$# ! % !(*,'�- �L=a1 ' � *,'�' � !(' = 5 # - �2��18# * # 6 � 4�4$5 %�� '�* � ! �2� !
6 ��% CE*,' ��� 9 1,=Q= 5 # - ���$18# �$#/� !G'�C 1 4 * �2�$1,# 5 %���#7F 4 1�� 
 1 '�67!G';C 1 4 9 #718I]� *,4 �$#/� !G'�C 1 4 * #
�(� � #7%.� !B*,6 V
� !;5 % !;*:4 1�� 
 1 '.67!('QC 1 4 9 #718I]� *,4 >� �21+�$#/� !('�C 1 4$* � ! �2� ! = 5 # - ���$18# � � 5 �<#&1,��=a1 ' �2� ! � *,'�' � !('
= 5 # - �2��18# � �A@<� ! �$#/� !G'�C 1 4 * ���$#7FY= 5 # - ���$18# � !(- 18I ! %

>.)� a � � >� � a ��8 % � � a �I3 � #&�*% #/�

� ! C7' 1 C 18% !<* #+�^� !('�* �2�^M !QC7' 1 -(!G6757'�! ��1 � # 6 ��� ! # !�� �H� ' � *,4 %.� !GC �2� * �H�$% * # & *,C7C&' 1 � �$I * � ! (
4 1 -B*>4 I]�$#7��IL�&� !G' =a1 ' �2� !Z5 #7��M *,' � * � ! = 5 # - �2��18# >.)� a � � � 1,� ! �2� * �0�2� ! = 5 # - ���$18# ! M *>4$5E* ���$18#
=a1 ' � � � �Q1,# 4 9 �$#/M81 4 M ! %S%.18I !;4 18F *>' �����7I]� - = 5 # - ���$18# � 4 # G$#a� * # 6 %.18I !;'�!(- � C7' 1 -(*,4 � _��� � V * # 6
�2� !�! )W1 ' �X��1 - 1,I C75 � ! �2� ! % ! �
5E* #/�����2� ! % �$% # ! F 4 �$F,� � 4�! - 18I CE*,'.!(6 �21P��� !�! M *,4$5E* �2�$1,#Y1,= � � a � �

� 1 '�5 #&��M *,' � * � ! I]�$#7��IL�&� * ���$18# V * F ! # !('2*>4'
 C&57'�C 18% !)*,4 F,1 ' �^�2�7I �K=a1 '�!��7* I C74�! V � ! �<��18#"! %
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← ψ(α)

ψ
1
, ψ

1
′

ψ
2
′

quadratic interpolating function →

α
low

α
high

>

I ! �2�&1 6 � IL��F8�/� � ! �$# ! +]- � ! #/� � !G-B*,5 % ! 1,=E�2� ! %.�$#7F 574 *,' ��� 9 1,= �2� ! � *,'�' � !G' = 5 # - �2��18# �H@<� !('�!�

=a1 '.! V * # ! +]- � ! #/�<�^� !G'2* ����M !S5 #7�^M *,' � * � ! I]�$#7��IL�&� * ���$18# *>4 F81 ' �����7I � * % !(6 1,# * % CD!(- � *,4 �$#/� !(' 

C 1 4 * ���$#7FR= 5 # - �2��18# - 1,#
� * �$#&�$#7F *?4 18F *,' �^�2�7I]� - %.�$#7F 5&4 *,' ��� 9 �$% 5 % !G6b* # 6 67! % -G' � � !(6 4$* � !G' ��#
�2�&�$%<% !G- ���$18# �

� ��� ��� � � ��� �	���;

� � � ' ��� 


� # �2� ! *,4 F,1 ' �^�2�7I 6&! % -G' � � !G6 ��#[@ * � 4�! #&�*%8V ���Y�$%Z�$I C 1 ' � * #/�T�21 � # 6 * F81\1 6 �$#7�^�2� *,4 %.� !(C
� !(-B*>5 % ! �2� ! �71 CW! ��% �2� * �SI]18%.� 1,=X��� !T4 ��# ! % !B*,'.- ���^� !('�* � ! % � !G' I]�$# * � !;* �<��� ! �$#7�^�2� *>4 %�� !(C �
� # �2�7��%:% !G- �2��18# V � !�67! % -G' � � !�* # ! +]- � ! #/� *,4 F,1 ' �^�2�7I �21 ! %.�2��I * � ! �2� ! IL��#7�$I]��� !(' a � 1,=
.)� a � � * % !G6 18#+�2� !S-G57'�'.! #/�Q�$#&=a1 ' I * �2�$1,# * # 6 �2� ! % CW!G- � *,4EC7' 1 CW!G' �2� ! %A1,= � *,'.' � !(' = 5 # - �2��18#7%(�
� 1 ' �2� ! ��#7����� *,4 %.� !(C V �2� ! �E' %.�Y�$#7F '.!(6 � ! #/�T�$#b�2� !]C&' 1 -(! %.%Y��%;�21 -B*,4�-(574$* � ! ��� ! I *�� ��I 5 I
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�
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