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Abstract

Two unresolved issuesregarding dynamic programming over an in nite time horizon are addressed
within this dissertation. Previous researd usespolicy improvemert to nd a strong-presett-value
optimal policy in such systems,but the time complexity of policy improvemert is not known. Here,

amethod is preserted for substochastic systemsthat breaksthe problem of nding a strong-presert-

value optimal policy into a number of smaller dynamic programming subproblems. Each of the sub-
problems may be solved using linear programming, giving the ertire processa polynomial running

time with regard to the sizeof the original dynamic programming problem. Also, for unique transi-

tion systems(a specialization of substochastic systemsthat includes generaldeterministic systems),
other solution methods may be applied and the time complexity becomesstrongly polynomial.

For normalized systems, policy improvemen is still the method of choice. Howewer, policy
improvemert requiresthe solution of linear systemsthat may not always have full rank. In a nite
precision ervironment, the stability of solution methods for these linear systemsis critical. One
may simplify the computations assaiated with policy improvemert by classifying the states and
considering ead class separately Here, a method is preseried that applies to any policy with
substochastic classes.The method usesthe state classi cation to break the linear systeminto many
smaller linear systemsthat are either of full rank or rank-de cient by one. Each of the smaller linear
systemsis then solved in a numerically stable way.

During the dewelopmert of the previous numerically stable method, the needfor a sparserank-
revealing LU factorization becameapparert. No suc factorization existsin current literature. Here,
a new sparselLU factorization is preseried that usesa threshold form of complete pivoting. It is
found to be rank-revealing for all but the most pathological matrices.
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Chapter 1

Intro duction

Many diverseapplications exist for in nite-time-horizon dynamic programming (DP), e.g.,dewelop-
ing medical treatment programs, determining harvest limits, and optimizing stock portfolios. This
dissertation developsresults in in nite-horizon DP and numerical linear algebrawith applications to
DP. The in nite-horizon results consist of polynomial-time and strongly polynomial-time methods
for 'nding strong-presen-value optimal policiesin substochastic systems. The numerical linear alge-
bra results include a stable method for calculating the presen-value Laurent expansioncoezcients
for policieswith substochastic classes.This method bene ts from the other numerical linear algebra
result, a sparserank-revealing LU factorization.

The rest of this chapter is organized as follows. Section 1.1 discussesthe appropriateness of
strong-present-value optimality as the optimality criterion of choice. Previous researti on sub-
stochastic systemsis introduced in x1.2 and the lack of time complexity results discussed. Section
1.3 introducesthe extension of the work on substochastic systemsto normalized systems,and dis-
cussesimplementation issuesarising from a "nite-precision environment. Finally, x1.4 summarizes
the cortributions of this dissertation in more detail.

1.1 Strong-Presen t-V alue Optimalit vy

Considera nite-state-and-action Markov decisionchain (referred to hereasa DP system, or system
for short). How does one solve the DP problem of selectinga policy to control this process? For
“nite time horizons, the total (expected) reward a policy earnsover the lifetime of the processgives
a measurewith which to compare policies. However, an in nite time horizon may allow policies to
earn in nite total reward. Previous researt usesconceptssud as maximum reward rate, presert-
value optimalit y, and strong-preseit-value optimalit y to di®ereniate betweenpoliciesin the in nite
horizon case.

The concept of maximum reward rate comparespolicies by looking at the averagereward per
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period eadt policy earnsover the lifetime of the process.However, this optimalit y conceptignoresthe
initial (possibly transient) behavior of a policy, focusing on long-term rewards. On the other hand,
presert-value optimalit y assumesa (positive) interest rate and comparespolicies by discourting all
future rewardsto the presen. This optimalit y conceptfocuseson short-term rewards generatedby a
policy, sincethe importance of any long-term behavior will be reducedby discourting. Under strong-
presern-value optimalit y, optimal policies are those that simultaneously maximize presert-value for
all small (positive) interest rates. Sud policies also earn maximum reward rate. Strong-present-
value optimalit y considersshort, intermediate, and long-term behavior when comparing policies.

1.2 Substo chastic Systems

In a substehastic system the transition matrix for ead stationary policy is substochastic. Blackwell
[Bla62] intro ducesthe problem of nding a strong-presert-value optimal policy, i.e., a policy that has
maximum presen value for all suxciently small positive interest rates, and shows non-constructively
that a stationary strong-preser-value optimal policy exists. Miller and Veinott [MV69] give a
constructive proof by dewveloping a policy-improvemert method for "nding such a policy. This
method exploits the fact that the preser value of the expected rewards that a policy earnshas a
Laurent expansionin the interest rate.

Previous work builds towards strong-presert-value optimalit y by dewveloping the weaker concept
of "'nding a stationary policy that is n-optimal, i.e., lexicographically maximizes the rst n+ 2
coezxcients of the Laurent expansionof the presen value. Where n = j 1, this is the classicconcept
of nding a stationary maximum-reward-rate policy. Howard [How60]* and Blackwell [Bla62] show
how to solve that problem by policy improvemert. Manne [Man60], de Ghellinck [dG60], Derman
[Der62] and Denardo [Den70H dewelop onelinear programming method for doing this, and Balinski
[Bal61], Denardo and Fox [DF68], and Hordijk and Kallenberg [HK79] give another. Blackwell
[Bla62] introducesthe stronger concept of nding a stationary 0-optimal policy. Veinott [Vei66]
shows how to solve this problem by policy improvemert and Denardo [Den704 shows how to do this
by linear programming.

Veinott [Vei66 Vei68 Vei69 Vei74 introducesthe problem of nding a stationary n-optimal
policy and shows its equivalenceto nding a stationary n-presert-value (resp., n-Cesaro-overtaking)
optimal policy. A stationary policy is strong-presen-value optimal if and only if it is S-optimal
where S is the number of states. The papers[Vei69, Vei74 re ne the policy-improvemert algorithm
of [MV69] to nd a stationary n-optimal policy and suggestthat a good way to implemert that

Veinott [Vei69 and Avrachenkov and Altman [AA98] showv how to 'nd an n-optimal policy in
specialized systems (transient and irreducible, respectively) using a sequenceof smaller problems

1See[Vei66, pp. 1291{1293] for a development that TIs a lacunae in the proof in [How60].
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that may be solved using linear programming.

Denardo [Den71, p. 491] sketchesa method for "nding an n-optimal policy using either policy
improvement or a combination of linear programming and some intermediate algorithms to solve
a sequenceof simpler DP problems. However, his method is subject to courterexample. Indeed,
appendix A givesan examplein which his method fails to 'nd a 1-optimal policy.

No previous work successfullyshovs how to use linear programming aloneto nd either an n-
optimal policy for n > 0 or a strong-presen-value optimal policy. Since the time complexity of
policy improvemert is unknown, the time required to nd a strong-preseit-value optimal policy is
not currently known.

1.3 Normalized Systems

In a normalized system the transition matrix of every stationary policy has spectral radius not
exceedingone. As Rothblum [Rot75] notes, Blackwell's [Bla62] proof of existenceof a stationary
strong-presen-value optimal policy for substochastic systemsextendsin a straightforward way to
normalized systems. Rothblum [Rot75] extends the methods from Miller and Veinott [MV69] and
Veinott [Vei69 Vei74 by giving an augmened Laurent expansionof the presen value and general-
izing their policy improvemert method to normalized systems.

The (more general) policy improvemen requiresthe coexcients of the (augmerted) Laurent ex-
pansion. These coexcients are the unique solution of a set of linear equations (identical to those
from Veinott [Vei69 except for the number of arbitrary variables). Veinott [Vei69 showvs how to
exciently solve theselinear equations (for substochastic systems) by identifying recurrent classes,
solving within ead sud (stochastic, irreducible) classby repeated application of a Gaussianelim-
ination matrix, and using these solutions to solve the remainder of the system. Rothblum [Rot75]
notesthat Veinott's [Vei69 method may be extendedto normalized systems,but this requiresextra
work to partition the systeminto communicating classesand identify which classesare recurrent. No
previous work discusseshe numerical properties of the linear equations (although Veinott [Vei69
usesthe linear dependenceof these equations within recurrent classes)or the numerical stability of
solution methods.

1.4 Dissertation Outline

Chapter 2 presens a new method for "nding an n-optimal (resp., strong-preset-value optimal) pol-
icy within a substochastic systemby solving a sequenceof 3n+ 5 simpler, well-studied DP subprob-
lems. Previous work shaws that these subproblemsmay be solved using either policy improvemert
or linear programming. Since linear programming can be solved in time that is polynomial in the
size of the problem, this method "nds an n-optimal (resp., strong-presert-value optimal) policy in
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polynomial time when using linear programming.

For a special re nement of substochastic systems,referred to here as unique transition systems
this method "nds an n-optimal (resp., strong-presert-value optimal) policy in strongly polynomial
time. This result is especially appealing becausethe re nement includes general deterministic sys-
tems.

Chapter 3 presents a new method similar to Veinott's [Vei6d for determining the coexcients of
the Laurent expansionin a systemwith substochastic classes.This method reducesthe problem to
that of "nding the coezcients within a number of irreducible, substochastic systems. By partitioning
the state spaceinto communicating classesand following the induced dependencepartial ordering,
the coezcients for the entire system are found by considering ead classseparately Within ead
(irreducible, substochastic) class,the new method determinesif the classis recurrent or transient
using a rank-revealing LU (RRLU) factorization, then computesthe coezcients by solving the linear
equations (for that class)in a numerically stable way.

The resear® contained in Chapter 4 arose during the dewelopmen of the numerically stable
computations from Chapter 3. In large, sparseDP problems, solving the linear equations (for eat
class) may require factorizing a large, sparse matrix with a possible singularity. Since many of
these coetcient matrices are encourtered within ead iteration, a fast, sparseRRLU factorization
is desirable. Chan [Cha84], Hwang, Lin and Yang [HLY92], and Hwang and Lin [HL97] give dense
RRLU factorizations. The LUSOL padckage of Gill, Murray, Saunders, and Wright [GMSW87]
contains a fast, sparseLU factorization using threshold partial pivoting. This is sometimes, but
not always, rank-revealing. Chapter 4 shaws that adding a threshold form of complete pivoting to
LUSOL givesa sparseRRLU factorization. This is comparedwith seweral other factorizations using
di®erert measures.



Chapter 2

Polynomial-Time Dynamic
Programming

2.1 Intro duction

This chapter presens a method that "nds a strong-presert-value optimal policy for a "nite-state-
and-action in nite-horizon Markov decision chain in polynomial time. Using the wealer notion of
n-optimalit y, this new method starts with an arbitrary policy and sequetiially improvesthe policy
until a strong-presert-value optimal policy is found. The problem of nding an n-optimal policy
from an (nj 1)-optimal policy is decomposedinto three simpler subproblems,ead of which may be
solved in polynomial time using linear programming. If n is the number of statesthe method yields
a strong-presert-value optimal policy in polynomial time.

Section 2.2 formulates the problem of nding a strong-presert-value optimal policy. That section
de nes the system, intro ducesrelevant optimality conceptsand conditions, and discussesprevious
approades for "nding suc policies. It also introducesthe subproblemsat the core of the new
method. The method itself is introduced in x2.3, taking the form of a theorem that demonstrates
how to move from an (nj 1)-optimal policy to a n-optimal policy using three simple (dynamic
programming) subproblems. The extension of this theorem to 'nd a strong-preser-value optimal
policy in polynomial time is then given. Next, by classifyingthe states, x2.4 shavs how to exciently
implemert the new method. The running time of this method becomesstrongly polynomial for
unique transition systems, a re nement of the original system de nition that includes standard
deterministic “nite-state-and-action in nite-horizon dynamic programs. Section 2.5 describesthree
di®erert forms of thesesystems,and givesthe new running time in eat case.Finally, x2.6 compares
earlier decomposition methods with the new method and x2.7 summarizesthe cortributions within
this chapter.
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2.2 Preliminaries

2.2.1 Formulation

Consider a substahastic systemobsened in periods 1;2;:::. In ead period, the systemis in one
of a nite collection S of S statesor is in the stopped state. In eadt state s 2 S, a nite setAg of
actions is available. The set of state-action pairs f(s;a) j s2 S;a 2 Agg has cardinality A. If one
obsenesin a period that the systemis in state s 2 S and choosesaction a 2 Ag, the systemearns
expected reward r(s;a) and next period movesto statet 2 S with probability p(tjs;a) , 0 and the
stopped state with probability 1;  ,5 p(tjs;a). Oncea systemerters the stopped state it remains
there and earnsno further reward.

Since Blackwell [Bla62] provesthe existenceof a stationary strong-presen-value optimal policy,
it suxcesto restrict attention to stationary policieswithin this chapter. Throughout, a (stationary)
policy is a function * that assignsan action + 2 As to ead state s 2 S. Each policy + inducesan
S-vectorr, ~ (r(s;%)) of expectedrewards and an S £ S transition matrix Ps "~ (p(tjs;)). Let ¢
be the set of all policies.

The N -period transition matrix for a policy * is the N Ijpower PN of P.. This leadsto the
denition of a stationary transition matrix PS ~ limyn 11:1 Pli ! for a policy + Now eat
policy + partitions S into the transient states T. ~ ft 2 Sj PS5, = 0for all s2 Sg under * and the
recurrent statesR.~ SnT. under+! If T. = S (i.e., P/ = 0), then xis said to be transient

2.2.2 Optimalit y Concepts and Conditions

Strong-presen t-v alue optimalit y. Supposethat rewards carried from one period to the next
earn interest at the rate 100446 (%2> 0) and let ~ ~ 1%/2 be the disoount factor. The presentvalue
V;/Z of a policy tis the (expected) presert value of the rewards that + earnsin ead period discourted
to the beginning of period 0, i.e., V;/Z ’ ﬁzl N PtNi .. A policy * is present-valueoptimal if
VJ_:/Z, V-%for all ° 2 ¢. Finally, +is strong-present-valueoptimal if it is presen-value optimal for all

suzciently small ¥2

n-Optimalit y. It is computationally challenging to discern directly whether or not a policy is
strong-preser-value optimal. Howewer, building a sequenceof n-optimal policies is more excient
and attains strong-presert-value optimality (whenn = S).

A policy * is n-present-valueoptimal if

R O
lim 3" 'VE VA oforalle 2 ¢ 2.1)

1The classication of states as transient or recurrent under a given policy leads to the concept of recurrent classes
dened in x2.4.
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Evidently
VA P AVAG (2.2)

Also, V,” hasthe Laurent expansion

V)%= 73V (2.3)

in small %2> 0 [MV69]. By substituting (2.3) into (2.2), multiplying by 1+%and equating coexcients

of like powers of % onesseesthat V"*1 * 'vi L:y0; 1z ynt T = 'viil;vfi’;:::;v;"'1 satis'es
o+ Qu =vidj=i10::;n+1; (2.4)
where Q: = P:j |, rd = ry, rji = 0;j 6 0, and_v‘i2 =0 [MV%Q]. Conversely if the matrix

vt o hyneynet Y gatisTes (2.4) then V" = v~ 'vj_L Lv9;:i vl [Vei6d. Thus, (2.4) uniquely
determinesthe vector V" = V,", but not v"*1.

Writing B © C for two matrices of like size meansthat ead row of B j C is lexicographically
nonnegative. Combining (2.1) and (2.3), a policy * is n-present-value optimal if and only if + is
n-optimal, i.e., V" © V." for all © 2 ¢.

Denote the set of n-optimal policiesby ¢ , and notice that the n-optimal setsare nested, i.e.,
CT¢,17¢09 ¢4 9 ¢e¢. Extending [MV69], [Vei6] shows that there existsan1l- m - S sudh
that ¢ T ¢, 1 9 ¢¢¢Y ¢, = ¢y = CCC. Moreover, an S-optimal policy is strong-present-value
optimal.

2.2.3 Policy Impro vement

Veinott [Vei69, Vei74 re nes the policy improvemert method givenin [MV69] to 'nd an n-optimal
policy asfollows. For °;+2 ¢, let

¢, rl+Qvi Vit j=i10::: (2.5)
and G, ~ (giil; o0y forn, 1. If £is n-optimal, then
GP,t Oforall°2¢: (2.6)
Conversely if
G'itt Oforall®2¢; (2.7)

then % is n-optimal. Therefore, (2.6) is necessaryand (2.7) is suzcient for n-optimality of +. We
sa& that * satis es the n-optimality conditions if (2.7) holds. If G, A 0 for some® 2 ¢ and
°s = & wherewer G7,, = 0, call ° an n-improvemert of +. In that evernt V." A V. If £hasno
(n+ 1)-improvemen, then it satis es the n-optimalit y conditions.
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LetEi 2" ¢ andE] ~ f°2¢ : G, =Ogforn, j1,s0E] =f°2EM*:g',=0gforn, 1.
SinceV" = V" satises(2.4)forj 1- j - n, £2 E]. Also, for any two policies® and +, Lemma 9
of [Vei69, p. 1648]implies that V." j V" is a linear function of Gi‘;l. In particular,

) ) i ¢
° 2 E! impliesthat V."i 2= Vi band v j v = PgNft = P fpoet VA (2.8a)

and so
Vil = vt impliesthat © 2 Ef Pand 0= vl tj vt = PAgD,: (2.8b)

It is immediate from the rst assertionin (2.8a) and the de nitions involved that
if +is (nj 1)-optimal, then E! p ¢, 4 p EPP 1 (2.9)

Policy improvemert may be implemented inductiv ely as follows [Vei69, Vei74. Given a policy
+ that is (nj 1)-optimal, seard E}' * for an (n+ 1)-improvemert ° of + (so ° is (nj 1)-optimal),
replace+ by °, and repeat this procedureuntil a policy is found with no (n+ 1)-improvemen. The
last policy satis es the n-optimality conditions and sois n-optimal.

2.2.4 Maxim um-T ransient-V alue Policies

If +istransient (seex2.2.1), its value V. = P ilzl P!l 'r. is Tnite, and + hasmaximum transient value
if V. , V- for all transient ° 2 ¢. The maximum-transient-value problem is to nd a transient
policy with maximum value among all such policies. Note that there is no requiremert that every
policy be transient. The paper [EV75] establishesthe following facts about this problem. A policy
+ has maximum transient value if and only if + is transient and V. is the least xed point of the
optimal return operator R dened by RV~ max:,¢ (r- + P-V) for V 2 RS. Sud a policy exists
if and only if there is a transient policy and R has an excessie point, i.e., a V 2 RS for which
V , RV. It is possibleto 'nd a maximum-transient-value policy either by policy iteration or by

B

solving a linear program with S rows and A columns similar to that of d'Epenoux [d'E60].

2.2.5 Maxim um-Rew ard-Rate Policies

The reward rate, i.e., the expectedreward per period, of +is v} 1= P2r.. The maximum-reward-rate
problemis to nd a policy with maximum reward rate. This problem is well-studied and previous
work shows that there is such a policy and it can be found by policy iteration [How60, Bla62] or by
solving a linear program [Bal61, DF68, HK79] with 2S rows and 2A columns.
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2.3 Strong-Presen t-V alue Optimalit y in Polynomial Time

Givenan (nj 1)-optimal policy, this section showvs how to construct an n-optimal policy. It follows
that the construction of such a policy takespolynomial time, soa strong-presen-value optimal policy
may be found in polynomial time.

To that end, let (v *;v3;vi;:::) be the lexicographic maximum of (vi *;vQ;vi;:::) over £2 ¢,
V(v b vl and ED U fe 2 BN+ Qevlj viit=0gforn, j1wherevi?” 0and
Ei2" ¢.

For ead policy 3, obsene that E!' hasthe product property, i.e., is a product E' = £ s2s B
of subsetsE, u As of actions for ead state s2 S. Let EZ be a set of policies sud that

(i) E? hasthe product property Ef = £ s2s EZ for somesubsets; 6 E, p EY
forall s2 S, and

(i) for eadrs2 S, EJ contains ead action that is usedby somepolicy in B for which state s is
recurrent under that policy.

Thus,; 6 E! u E'. The simplest example of such asetE? is B! itself. Section 2.4 givesother
examplesthat lead to substartially more e+cient algorithms for solving the maximum-reward-rate
subproblemin (b) of Theorem 2.1 below. Note that 3 2 E? is possible.

Theorem 2.1 Sequential Decomp osition into Subproblems.
Supmwsen , j L

(@ (nj 1)-Optimalit y Conditions. If £is (nj 1)-optimal, then v" = V! is the least solution
of

i ) ¢
vi= max rtovg Ly pov? W0 (2.10)
02Egi -

for some3 2 EJi ! that is transient on the states s for which vy > Vv, and that agrees with +
otherwise. Moreover, each such ° = 3 maximizes v over all such ° and satis es the (nj 1)-
optimality conditions.?

(b) n-Optimalit y for Recurren t States. If 3 satis es the (nj 1)-optimality conditions, then

i ¢
max V! = v1 + max P2 it 0 (2.12)
°2E D °2E7

Moreover, the sets of maximizers on both sides of (2.11) are nonempty and coincide. Also, each
such common maximizer © = “ is (nj 1)-optimal and is n-optimal on each state that is recurrent

under somen-optimal policy.

2]t is not excient to implement part (&) when n = j 1. In that case, it is better to omit (a) and begin with a
modi cation of part (b) that omits the hypothesis about 3, replaces vi 1 by 0 and E 1 by ¢. Then the modied
version of (b) evidently holds. If also one setsE! 1= ¢, then the policy ° = ~ found in (b) is j 1-optimal, so part

(c) is lunnecessary However, as x2.4 discusses, it is necessaryto solve subproblem (c) for other (often better) choices
of Ei .



CHAPTER 2. POLYNOMIAL-TIME METHODS 10

(c) n-Optimalit y. If ~ is (nj 1)-optimal and is n-optimal on each state that is recurrent under

some n-optimal policy, then v" = vﬂ is the least solution of

V= max rD g v la eyt D (2.12)

c2EQI !
for somep 2 Ei ! that is transient on the set of statess for which vﬂs > v, and that agrees with ~
otherwise. Moreover, each such 1 is n-optimal.

Role of the Three Subproblems It seemsusefulto explain brie°y the role of eat of the three
subproblemstherein. Consider a policy + that is (nj 1)-optimal. Then it is necessaryto nd a °
in ¢, 1 that maximizesvi over ¢ ,,; 1. Unfortunately, this is generally hard to do for two reasons.
First, it isdixcult to 'nd ¢ ,; 1. Second,evenif onehas¢ ,; 1, it may not have the product property,
which signi cantly complicatesthe problem of optimizing over that set. Howewer, it follows from
(2.9) that ¢ ,; 1 hasinner and outer approximations E] and E;' 1 = ENi 1 respectively, that are
easyto compute, have the product property and can be usedas follows.

First solvethe maximum-transient-value subproblemin (a) to nd apolicy ° = 3 that maximizes
v over the ° in Efi ! that are transient on stateswhere ° di®ersfrom +. The policy 3 also satis es
the (nj 1)-optimality conditions. Now solve the maximum-reward-rate subproblemin (b) to nd a
policy ° = * that maximizesv? over EY. Since?3 satis esthe (nj 1)-optimality conditions ((nj 1)-
optimality is not enough), it turns out that ~ is n-optimal on the states where some n-optimal
policy is recurrent (though it doesn't nd those states). Finally, solve the maximum-transient-value
subproblemin (c) to nd a policy ° = p that maximizesv? over ° in E}i ! that are transient on
states where ° di®ersfrom ~. The policy p is n-optimal.

The following corollary is a direct result of the subproblem decomposition of Theorem 2.1.

Corollary 2.2 Polynomial Running Time. The problemof nding an n-optimal, and hene a
strong-present-valueoptimal, policy is solvablein polynomial time.

Pro of. One may nd an n-optimal policy by sequetially solving subproblems (a), (b) (with

E? = B"), and (c) of Theorem2.1to "nd an m-optimal policy in the order m = j 1;0;:::;n. Each
of these 3n+ 5 subproblemsis solvable using a linear program whosesize is polynomial in the size
of the dynamic program. Khachian [Kha79] shows that a linear program is solvable in time that is
polynomial in its size. Also, the size of the solution of a linear program is polynomial in the size of
the linear program itself. The sizeof ead linear program for solving subproblems(a) , (b) , and (c)

dependsonly on the size of the dynamic program and the solutions of the previous linear program.
Therefore, the size of eadh linear program for solving subproblems(a), (b) , and (c) is polynomial
in the sizeof the dynamic program, sothe time required to solve ead subproblemis polynomial in
the size of the dynamic program. Therefore, the time to nd an n-optimal policy is polynomial in
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the size of the dynamic program. Also, sincean S-optimal policy is strong-presen-value optimal, a
strong-presert-value optimal policy may be found in polynomial time. ¥

The rest of this section contains a proof for Theorem 2.1 and an examplethat demonstratesthat
the three subproblemsproduce distinct solutions.

Pro of of Theorem 2.1. Supposethat ® is n-optimal. Also, for parts (b) and (c), let R~ Rg
(resp., T = Te) be the set of states where ® is recurrent (resp., transient). Remenber the setsR
and T partition S.

(@) Suppose+is (nj 1)-optimal. De ne a new systemby rst restricting the policiesto Efi 1,
letting the one-period rewards be r? j vii ! for ° 2 Eli !, and appending a new action in every
state s 2 S that stops and earnsthe one-period reward vi. The policy that stopsin ead state and
period is transient in the new system. Then for all ° 2 ¢, Vg ° V. and, from (2.6), GV * 0.
Also Vit = Vgl sofor® 2 EDi Y= ERi Y, Gt = Oand gfg - 0. The last fact and v , v}
imply that v§ is an excessie point of the operator on the right-hand side of (2.10). Therefore, from
[EVT75], there is a transient policy - in the new systemwhosevalue V. therein is the least solution
of (2.10) and majorizes the value of every other transient policy in that system.

Next construct a policy ® 2 Ef'i 1 in the original systemwith 3 being (nj 1)-optimal and v} = V..
Tothat end,let E = fs2 S: Vs = Vg, soVg A VI; whereG” SnE. Dene 3 by 3¢ ~ # and
3¢ " . Now Pigg = 0O, for otherwise P.gg > Oand soVe = vig = rlc i v{,‘é1+ Piee Vi +
PieaVig < rle i v{}él + PieeVe + PiegVe - Ve, which is a contradiction. Therefore, by
suitably permuting the states,

A ! A ! A !
P. P. P%; PZ 0 P
P, = GG GE and PP = -GG GE _ GE : (2.13)
0 Piee 0 Pre 0 Pke

the last since - is transient, so 3 is transient on G. Also from (2.10), the de nition of - and
+2 EM T = EDi L it follows that ® 2 ENi 1. Thesefacts and (2.8a) imply that V."' 2 = V,"i 2 and
Vil vl = PGl = Pigodhe = 0,502 is (nj 1)-optimal. Now sincePsgg = Pgg is transiert,
V = V. is the unique solution of

A A !
. il
e i Vag + Psgec Psce

AR 0 0

V= Vi (2.14)

Howewer, V = V' also satis es this equation. To seethis for statesin G, substitute viL* = vii!
into g = 0O, while for statesin E, recall that Pseg = P:e¢ = Oand soviz = V. Thussincethe
above equation has a unique solution, V. = vj'.

Since® 2 E}i t = EM L Vit = vt py (2.8a), soGli = GPitt Oforall ®2 ¢ by (2.6).
Also, sincev! satis es (2.10), g, - Oforall® 2 E}i 1= EM 1 je., forall ° with GP' 1 = 0. Hence
GP, 1t Oforall° 2¢, ie., 3 satisesthe (nj 1)-optimality conditions.
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(b) Suppose?® satis esthe (nj 1)-optimality conditions. Now since; 6 E! u B and E! hasthe
product property, it follows from (2.8a) that (2.11) holds and the setsof maximizers on both sides
thereof coincide. Thus, from [How60] and [Bla62], thereisa® = ~ maximizing the right-hand, and so
the left-hand, side of (2.11) becausethe former is a maximum-reward-rate problem with one-period
rewards r?*1 ; vi for ° 2 EP. Since” 2 E! p B, Vil = il py (2.8a), so” is (nj 1)-
optimal. Now Gli ! = 0, from V@i * = V,"i ! (both (nj 1)-optimal) and (2.8b), sogl: - 0 because®
satis es the (nj 1)-optimality conditions. Also, (2.8b) givesO= v3i i V' * = PEgl, = Posr 0% r,
SO Op.gr = O (sincePg , 0). HenceGR.x = O and thereis a, 2 EI with . g = @ and ,
recurrent on R because® is recurrert thereon. Therefore v? - v? by (2.11). Also Pert = 0, so
Vgr = VIR + Vg - Vgg, Whencev'y = vgg.

(c) Suppose” is (nj 1)-optimal and is n-optimal on ead state that is recurrent under somen-
optimal policy. Then from (a) of the Theorem, there is a2 Efi * satisfying the assertionsof (c) of
the Theorem exceptperhapsfor p2 ¢ ,. To shaw the last fact, obsene that sincev;] satis es (2.12),
Ve . V. V'. Moreover, by hypothesisvy = vgr and sovjz = vgg. Also sincev;] satis es (2.12)
and ® 2 ¢ HETL V), rgi vl T+ Pev) = vg + Pe(v) i vg) implying v} i v§, Pe(V) i V)
Iterating this mequahty y|elds Vu i va, PY (v i vg) for N = 0;1;:::. Taking the (C 1) limit of
the last inequality yields v} i v, Pg (Vi i Vg) = Pesgr (Vir i Var) = 0,S0U2 ¢ p.

The following example illustrates the above ideas for n-optimality and that the subproblems
produce distinct solutions.

Example 2.1 Three Subproblems have Distinct Solutions. Considerthe deterministic system
in Figure 2.1 with 2m + 3 states labeled %0;1;:::;m; 0%1%:::;m® wherem , 0. There are two

A ﬁ@zum 1
\
I () I
\ 1
\ /
uf ug 2ug’ uy

Figure 2.1: Three Subproblemshave Distinct Solutions

actionsa and bin states¥and 0, and a single action a in every other state. In state ¥; actionsa and
b move the systemto states 0 and 0° respectively, and ead earnszero one-period reward. Action a
in states s and s® movesthe systemto the respective statess+ 1 and (s + 1)° modulo (m + 1) and
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earns the respective one-period rewards 2ul' and ul' for s = 0;:::;m, whereul * (j 1)5"2¢ for
s= 0;1;:::. Finally, action b in state O earnszero one-period reward and movesthe systemto the
stopped state.

A policy is a pair of actions for states ¥%and 0. For example, bais the policy that takesaction
b in state %and action a in state 0. Let n = mj 1. Then all four policiesare (nj 1)-optimal. If
one starts with the policy £ = ab, solving subproblems(a), (b) and (c) of Theorem 2.1 yields the
respective policies® = b * = baand p= aa. Also, v < vi' < v' < vjj and only pis n-optimal.

2.4 Ezxcien t Implemen tation via State-Classi cation

The subproblems(a) and (c¢) are maximum-transient-value problems and the subproblem (b) is
a maximum-reward-rate problem. One may solve both problems by policy iteration or linear pro-
gramming. This section rst describestwo state spacepartitions and then proceedsto implement
both approachesexciently by partitioning the state space.

2.4.1 Recurrent Classes

As Bather [Bat73, pp. 542{545] shaws, it is usefulto classify the states of a Markov decisionchain
asrecurrent or transient in a manner that generalizesthat for Markov chains. In particular call a
state recurrent or transient accordingasit is recurrent under somepolicy or transient under every
policy. The setsof recurrent and transient states partition the state space.

Bather also gives a recursive procedure for "nding the set of recurrent states and a partition
thereof that is useful for computations. Rossand Varadarajan [RV91, pp. 197{198] shaw that the
members of this partition are preciselythe maximal subsetsof recurrent statesthat form a recurrent
classunder somerandomized stationary Markov policy. For this reason,call each member of the
partition arecurrent class® Bather [Bat73, pp. 542{545]and Rossand Varadarajan [RV91, pp. 197{
198] give di®erert methods of nding the recurrert classesn O(S? + SA) time.

Incidentally, there is a second characterization of the recurrent classesin terms of the (non-
randomized stationary Markov) policies consideredherein. To describe it, form an (undirected)
recurrent-state graph whose nodes are the recurrent states and whose arcs are the pairs (s;t) of
states s;t that both belongto a commonrecurrert classof somepolicy. Then it is easyto seethat
the recurrert classesare preciselythe node setsof the maximal connectedsubgraphs(or componerts)
of the recurrent-state graph.

SRoss and Varadarajan [RV91] use the term strongly communicating class for what we call a recurrent class.
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2.4.2 Comm unicating Classes

While recurrent classesare useful for solving the maximum-reward-rate subproblemin (b) solving
the maximum-transient-value subproblemsin (a) and (c) of Theorem 2.1, requiresa di®erert (well-
known) partition of the state space. It is easiestto explain this in terms of a (directed) graph called
the state-graph. The nodesof this graph are the states and the stopped state and the arcs are the
ordered pairs of states (s;t), s 2 S, for which p(tjs;a) > 0 for somea2 As andt 2 S or for which t
is the stopped state and .5 p(tjs;a) < 1. State s is accessibleto state t if there is a chain from
s to t in the state graph. A state is accessibleto itself with a chain of consisting of only that state.
A communicating class(or strong componert of the state graph) is a maximal subsetof mutually
accessiblestates. The communicating classespartition the state space. Tarjan's [Tar72] depth- rst
seard method can be usedto nd the communicating classesand the communicating-class graph,
i.e., the strong componert graph of the state-graph, in O(S + A) time. Call a stochastic system
communicating if S forms a communicating class.

2.4.3 Solving the Maxim um-Rew ard-Rate Subproblem

Classifying the states into recurrent classespermits the maximum-reward-rate subproblem in (b)
of Theorem 2.1 to be divided into smaller subproblemsof the sametype. The key to doing this is
a felicitous choice of the action setsEf,. To that end, rst form the restricted system by limiting
the actions in ead state s to those in E;. Next use one of the above algorithms to nd the
recurrent classesfor the restricted system. Now for ead state s in somerecurrent classC of the
F}estricted system, let ET bg the set of actions in E], that keepthe systemin C, ie., Efy =

a2E\: cp(cgs;a) =1 . For eadt state s that is transient in the restricted system, let E7 =
f3sg. This de nition of EY assuresthat the required conditions (i) and (i) hold. Finally, choosing
action a 2 EJ in state s results in the reward rate r"*! (s;a) j Vi . The transition rates are the
original ones.

Since eadh recurrent classC of the restricted system has accessonly to statesin C with every
policy in E?, it sutcesto solve the maximum-reward-rate subproblem separatelyon eat such class
C. Then one common maximizer ° = ~ of both sidesof the subproblem (b) is formed by letting
"5 = 34 for eadh state s that is transient in the restricted systemand, for eac recurrert classC of the
restricted system, letting “ ¢ be a maximum-reward-rate policy for the restriction of the subproblem
to C.

To sumup, the above developmen shaws how to divide the maximum-reward-rate subproblemin
(b) of Theorem 2.1 (with E! de ned as above) into a collection of state-disjoint maximum-reward-
rate problems. In ead of thesestate-disjoint problems, the systemis stochastic and the state-space
is a single recurrent class. It is known and easyto seethat a stochastic system has a state-space
that forms a singlerecurrent classif and only if the systemis communicating. Moreover, much more
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excient algorithms are available for communicating stochastic systemsthan for generalones.

Solving a Maxim um-Rew ard-Rate Problem in a Comm unicating Stochastic System.

Consider a communicating stochastic system. Call a policy unichain if its recurrent statesform a
single class; naturally, the remaining states are transient. It is known from Denardo [Den70 that
one maximum-reward-rate policy for this problem is unichain. A unichain maximum-reward-rate
policy can be found by linear programming or policy iteration.

2 Linear Programming It is immediate from Denardo [Den70b] that the basic solutions of
Manne's [Man60] and de Ghellinck's [dG60Q] linear program are preciselythe stationary distributions
of unichain policies. Thus, application of the simplex method, for example, to that linear program
iterates within the classof unichain policies until onewith maximum reward rate is found. Manne's
and de Ghellinck's linear program hasonly S+ 1 rows and A columns, and so is much smaller than
the linear program required for general systems, which has, as discussedabove, 2S rows and 2A
columns.

2 Policy Ilteration Haviv and Puterman [HP91] shov how to carry out the policy iteration
within the classof unichain policies. This is much more etcient than useof generalpolicy iteration
for communicating stochastic systems.

2.4.4 Solving the Maxim um-T ransien t-V alue Subproblem

One can usethe comnmunicating-classgraph to solve a maximum-transient-value problem asfollows.

Let v® = (vg) be the desired maximum transient value. Choosea communicating classC whose
maximum transient values have not beenfound and that is accessiblein one step only to classes
for which those values have been found. (Note that the transient value for the stopped state is

zero.) Denote by T¢ the union of the classeso which C hasaccessn one step. Let the one-period

reward assaiated with ead state s 2 C and ead action a in that state be the sum of its one-period

reward and its expected future reward in other classes,.e., r(s;a) + P 27 P(tis;@)vy. Solve the

maximum-transient-value problem for that class. The maximum transient valuesfor the classare

the desiredvaluesvg for each s 2 C. Repeat this procedureuntil the maximum transient valuesfor

all classeshave beenfound.

2.5 Strongly Polynomial-Time Metho ds for Unique Transi-
tion Systems

In this section we shav how to nd a strong-presen-value optimal policy in strongly polynomial
time in a unique transition system. A unique transition systemis onein which ead state s 2 S and
action a2 A determinesa unique t(s;a) sud that either
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2 t(s;a) 2 S; p(t(s;a)js;a) > 0 and p(tjs;a) = 0for t 2 Snft(s;a)g, or
2 t(s;a) is the stopped state and p(tjs;a) = Ofor eadh t 2 S.

Sudh systemsinclude standard deterministic dynamic programs. Remenber A is the number of
state-actions pairs (s;a) with s2 Sanda2 As.

A unique transition systeminducesa state-action graph with gains on the arcs. The nodesare
the states and the stopped state. Each arc corresponds to a state-action pair (s;a) with s 2 S
and a 2 Ag, the tail and head of the arc are s and t(s;a) respectively, and the arc's gain p(s;a) is
p(t(s;a)js;a) if t(s;a) 2 S and 0 < p(s;a) - 1if t(s;a) is the stopped state. Note that this graph
may have multiple arcsfrom one node to another.

A policy inducesa subgraph of the state-action graph with ead state being the tail of a single
arc. Examination of the strong-componert graph of the subgraph revealsthat the latter is a set of
node-disjoint circuit-ro oted trees that spansthe nodes of the state-action graph. A circuit-ro oted
tree is a subgraph of the state-action graph whose strong-componert graph is a tree with all arcs
directed towards a distinguished root node. The root node is a strong componert consisting of either
a simple circuit or the stopped state, and every other strong componert consistsof a single node.
Figure 2.2 illustrates a circuit-ro oted tree with the solid nodesforming the simple circuit.

Figure 2.2: Circuit-Ro oted Tree

It is possibleto classify the states under a policy with the aid of its induced subgraph. Call
a simple circuit in the subgraph recurrent if the gainson all arcsin the circuit are one; otherwise
call the simple circuit transient. A state in the subgraphis recurrert if it liesin a recurrent simple
circuit; otherwisethe state is transient. A circuit-ro oted tree in the subgraphis transient if its simple
circuit, if any, is transient.

Corollary 2.3 Unigue Transition Systems. In a unique transition system,the problemof "nd-
ing an (nj 2)-optimal policy, j 1- nj 2- S, is solvablein*
(@) Undiscoun ted O(nS[A " S?]+ A) time if p(s;a) = 1 for eachs2 Sanda2 Ag;

4The assumption that nj 2- S is without loss of generality sinceif nj 2> S, a policy is (nj 2)-optimal if and
only if it is S-optimal, or equivalently, strong-present-value optimal.
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(b) Discoun ted O(NS?[A~ S?]+ A) time if p(s;a) =~ < 1for eachs2 Sanda?2 Ag; and
(c) General O(nS2Alog$S) time.

Pro of. For both (a) and (b) , considera pair of states (s;t) wheret is here possibly the stopped
state and t is accessibldrom s in onestep with someaction a2 As. Then, of course,one can choose
an action a 2 A that maximizesr (s;a) subject to t(s;a) = t and eliminate the other actions®2 A
for which t(s;®) = t. This step requires O(A) time and assuresthat at most O(A ~ S?) state-action
pairs must be examined, viz., one for ead pair (s;t) of states.

(&) Undiscoun ted Supposethe hypothesesof part (a) of Corollary 2.3 hold. Then all circuits
in the corresponding collection of circuit-ro oted trees are recurrent. Thus ead transient policy
corresponds to a circuit-ro oted tree in which the root componert is the stopped state. Then the
maximum-transient-value problem may be solved using the Bellman-Ford method [For56, Bel58] for
“nding a maximum-value rooted tree with root the stopped state. The time to nd this tree is
O(S[A ™ S?]). An excient way to do this is to use state-partitioning as discussedin x2.4.

The maximum-reward-rate problem may be solved by implementing Bather's state-partitioning
method as follows. For ead class, use Karp's [Kar78] algorithm to 'nd a maximum-reward-rate
circuit and then usebreadth- rst seart badkwards from the circuit to create a circuit-ro oted tree
and hencea maximum-reward-rate policy on the class. Finally, solve the system-maxinmum-reward-
rate problem discussedn x2.4 by the Bellman-Ford method. The time to solve both of theseproblems
is O(S[A ~ S?)).

Thus the time to solve ead subproblem (a), (b) or (c) of Theorem 2.1 is O(S[A * S?]). Since
3n suc subproblemsmust be solved, part (a) of the Corollary follows immediately.

(b) Discoun ted Supposethe hypothesesof part (b) of the Corollary hold. Then the maximum-
transient-value problem may be solved with the aid of state-partitioning. The method entails solving
a maximume-transient-value problem on ead class. Thus, it suzcesto considerthe casein which the
systemconsistsof a single class. On such a systemand for eah %2 S, nd the maximum-transient-
value Cy, over all circuits that start in % Then solve an augmerted maximum-transient-value
problem wherein eat state %2 S one also allows stopping and earning the terminal reward Csg,

One may nd a maximum-transient-value circuit that starts in state %2 S asfollows. Calculate
the maximum value VN amongall N -step chains from s 2 S to %as follows:

h B i
(VARSI t(ﬁn;a?%(s r(s;a) + Visa) N, 1 (2.15)
where V! = MaX;(s;a)= % (S; @), the maximum being j1  if the set over which a maximum is taken

is empty. Then,

Cy,= max Vi max EVN+_NCQ' (2.16)
TN Ts1)] N T 1N-s A ho '
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Now let UN be the maximum value amongall chains of length N or lessthat beginat s2 S and
earn the terminal reward Cs, if the chain endsin %% Then for eah s 2 S,
h i
Ug'™ = max r(s;a) + “Uflgay iN . O (2.17)
whereUN “ 0if t is the stopped state and UQ = Cs. Then Us ~ U2 is the maximum-transient-value
among all policies and satis es

£ _ =
Us = gg/?i( r(s;a) + Ugsa)

Furthermore, any policy * such that +; = a achievesthe maximum on the right-hand side of the
above equation for eadh s 2 S has maximum transient value.

The time to nd *is O(S?[A* S?]). Thus the time to solve the subproblem (a) of Theorem 2.1
is O(S?[A ~ S?]). Sincethe systemis transient, any policy that solves subproblem (a) also solves
subproblems (b) and (c), so the latter two are not needed. Since n such subproblems must be
solved, part (b) of Corollary 2.3 follows immediately.

(c) General Considerthe generalcaseof part (c) of Corollary 2.3. The maximum-transient
value problem can be solved in O(S?A logS) time as follows. Use the method of Hochbaum and
Naor [HN94, pp. 1181{1184,1186]to nd the least excessie point of the optimal return operator
in O(S?AlogS) time.® Then from [EV75], the least excessie point is the maximum-transient-value
v?; there is a transient policy + suc that v° = r. + P.v"; and ead sud policy has value v®.
As shown in [EV75], one such transient policy £ = (%) can be found in O(SA) time as follows.
Form a revised state-action graph in two steps. First deletearcs (s;a) in the state-action graph for
which vg 6 r(s;a) + p(s;a)vi(s;a). Next, for ead state s for which there is an arc (s;a) in the
remaining graph for which p(s;a) < 1, append an arc (s;a)° from s to the stopped state. Then fan
out badkwards from the stopped state in the revised state-action graph to form a maximal subtree
with all arcsdirected towards the stopped state. The subtree spansthe statesand the stopped state
becausethere is a maximum-value transient policy + such that v® = r, + P.v®. Then for ead state
s, let & be the action assaiated with the unique arc in the subtree leading out of s. The policy *
is transient since ead state is accessibleto the stopped state with positive probability under .

The maximum-reward-rate problem can also be solved in O(S?A logS) time as follows:

1. remove all arcs (s;a) with p(s;a) < 1to form an undiscourted system;

2. solve the maximum-reward-rate problem on the undiscourted systemas outlined in the proof
for part (a) above;

51t is possible to cut the running time to nd U = (Us) using a re nement of Dijkstra's algorithm. However, this
impro vement does not reduce the order of the leading term of the overall running time.

6Their method repeatedly calls the Grapevine Algorithm 1 of Aspvall and Shiloach [AS80, pp. 834{835] to check
whether a given number Vs is or is not as large as the maximum transient value in state s in O(SA) time.
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3. restore all arcs, augmert the system by allowing stopping in ead state with the maximum
reward-rate from that state in the undiscourted system, and solve the maximum-transient-
value problem using the method given above.

Thus, the time to nd a maximum-reward-rate policy is O(S?A logS).

Hence,the time to solve eac subproblem(a), (b) or (c) of Theorem2.1is O(S?A logS). Since,
by Theorem 2.1, 3n such subproblemsmust be solved, part (c) of Corollary 2.3 follows. ¥

Remark. Hartman and Arguelles [HA99, p. 437], Theorem 17 give an algorithm for nding a
maximum-transient-value policy under the hypothesesof (a) of Corollary 2.3 and the assumption
that the actions in ead state consist of choosing the next state to visit. In this ewvent, there are S
actions in ead state, so A = S2. Under this hypothesis, their method runs in O(S*) time. The
running time of the new method for this caseagreeswith theirs, but is faster where A < O(S?).

2.6 Prior Decomp osition Metho ds

The idea of decomposing the problem of nding an n-optimal policy into subproblemsrelated to
those proposed here has been explored previously in some special cases. Following is a review of
someof this work and it's relationship to the approacd presened here.

i 1-Optimalit y (Maxim um-Rew ard-Rate) Problem. Denardo [Den70 shows how to solve
the maximum-reward-rate problem in generalby solving Manne's [Man60] and de Ghellinck's [dG60]
linear program on a sequencenf up to 2n \nested" restrictions of the problem. Here, n is the number
of recurrent classesunder the maximum-reward-rate policy and \nested" meansthat ead restriction
has a state-spacethat is a proper subsetof its predecessor.

Bather [Bat73] 'nds a maximum-reward-rate policy in two steps. First, he separately considers
ead recurrent classtogether with thosetransient classeghat feeddirectly into that class, nding a
maximum-reward-rate policy in the subsystemusinga simpli ed versionof Howard's policy iteration.
Then he usesa maximum-transient-value problem to decideif it is optimal to stay in a recurrent
class(using the policy found within it's subsystem),or to move down to another accessiblerecurrent
class. The resulting policy has maximum reward rate for the original system.

0-Optimalit y Problem.  Building on an ideain [Vei6€g, Denardo [Den704 shows how to decom-
posethe problem of 'nding a 0-optimal policy into three subproblems. His rst subproblemamourts
to nding a maximum-reward-rate policy by policy iteration or linear programming, and sois quite
di®erent from subproblem (a) for "nding a 0-optimal policy. But his secondtwo subproblemsare
closeto subproblems(b) and (c), the di®erencebeing minor if Blackwell's [Bla62] policy iteration
is usedto solve these subproblemsand being greater if linear programming is used.
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n-Optimalit y Problem.  Two prior decompositions for transient and irreducible systemsand a
decomposition outline for the generalcasecurrently exist.

2 Transient Systems For transient systems,i.e., where every policy is transient, results of
Veinott [Vei69 pp. 1638,1648{1649]imply that it is possibleto decommpsethe problem of "nding
an n-optimal policy into a sequenceof n+ 1 subproblemslike subproblem (c) exceptthat one can
omit the vector v". This is possiblein transient systemsbecause,as he shaws, ¢ ,, 1 = Efi 1 and
u2 Efi tis n-optimal if and only if max. eni 1 Oy = 0,i.e, v = v is the unique xed point of
(2.12). This result alsofollows from Theorem 2.1 on observingthat a policy pthat solvessubproblem
(c) for n alsosolvessubproblems(a) and (b) for n+ 1.

2 |rreducible  Systems For irreducible systems,i.e., whereevery policy is irreducible, Avrachenkov
and Altman [AA98] shav how to decompsethe problem of nding an n-optimal policy into a se-
guenceof n+ 2 subproblemslike subproblem (b) . This result also follows from Theorem 2.1 on
observing that a policy ~ that solves subproblem (b) for n also solves subproblem (c) for n and
subproblem(a) for n+ 1.

2.7 Contributions

This chapter presens a new three-step decomposition for "nding strong-presen-value optimal poli-

ciesin substachastic systems. None of the three stepsrequire a speci ¢ methodology, so the ertire

decomposition is independent of the solution methods used at ead step. If linear programming is
usedto solve eath step of the decomposition, the ertire processruns in polynomial time with respect
to the size of the dynamic program. Also, this chapter shovs how to usetwo di®erert state space
partitions (recurrent and communicating classes}o solve ead step exciently (again, no particular

solution method is speci ed). Finally, this chapter de nes unique transition systemsand shows that

the decomposition preseried here may solve in strongly polynomial time (with respect to the sizeof
the dynamic program) for these systems,with the exact running time depending on the properties
of the system (and the specialized methods usedto solve eat step of the decomposition).

Acknowledgemen t The work contained within this chapter is joint work with Prof. Arthur F.
Veinott, Jr.



Chapter 3

Numerically Stable Present-V alue
Expansion

3.1 Intro duction

One of the most important stepsin implementing any method is ensuringthe method remains valid
under nite precision. Both Miller and Veinott's [MV69] and Veinott's [Vei69 policy improvemert
for substochastic systems and Rothblum's [Rot75] extended policy improvemert for normalized
systemsrequire the computation of Laurent expansioncoezcients via a set of linear equations. If
these coexcients are not computed to a high degreeof accuracy then these policy improvemert
methods may be invalidated. This chapter preseris a method for solving the linear equations (thus
computing the coezcients) for systemswith substochastic classeqa subsetof normalized systems).

Section 3.2 preseris the DP formulation, describesthe systemsconsideredin this chapter, and
givesthe modi ed Laurent expansionand linear equationsfor thesesystems. Then, Section3.3 shavs
how to usea the classesof a policy to decomppsethe problem of solving the linear equationsfor a
policy into many problemsthat solve the linear equations within a substochastic, irreducible class.
Section 3.4 shows how to perform numerically stable computations to solve these linear equations
within a substochastic, irreducible class. This provides the necessarybuilding block to compute the
coezxcients for the ertire systemin a numerically stable way. Finally, the question of numerical
stability is addressedin detail in x3.5 and the cortributions of this chapter are summarizedin x3.6.

21
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3.2 Preliminaries

3.2.1 Formulation

Considera generl systemobsenedin periods1;2;:::. The systemexistsin a nite setS of S states.
In ead state s 2 S the systemtakesone of a nite set Ag of actions. The number of state-action
pairs is given by A. Taking action a2 A from s 2 S earnsreward r(s;a) and causesa transition to
statet 2 S with rate p(tjs;a).

Each (stationary) policy +2 ¢ is a function that assignsa unique action 5 2 As to eahh s 2 S,
and inducesa single-period S-column reward vector r, ~ (r(s;%)) and an S £ S transition matrix

P.” (p(tjs; ).

3.2.2 Systems with Substo chastic Classes

The matrix P. de nes a Markov chain, complete with recurrent and transient classesunder +. If
every classC (under ) has0 - p(tjs;a) - land ,cp(tjs;a) - 1,s;t 2 C a2 Ag, then + has
substochastic classes.Also, sincethe blocks of P, corresponding to these classedie on the diagonal
and have spectral radius not exceedingone, P. has spectral radius not exceedingone. If every
(stationary) policy has substochastic classesthen the system has substochastic classes.Also, since
the spectral radius of the transition matrix for every (stationary) policy doesnot exceedone, the
systemis normalized. Hereafter, this chapter only considerssystemwith substochastic classes.

Blackwell's [Bla62] existence theorem holds for normalized systems, so it sutces to restrict
attention to stationary policiesthroughout this chapter. Rothblum [Rot75] shavs how to extend the
policy improvemerts from Miller and Veinott [MV69] and Veinott [Vei69 (for substochastic systems)
to normalized systems. The only di®erencesarisein the Laurent expansionand the linear equations
neededto nd the coezxcients of this expansion.

3.2.3 Laurent Expansion

For eadh policy #, let the degree of + be the smallest nonnegative integer d. ~ i sud that Q‘i and
Q‘,_fl have the samenull space(where Q. ~ P.j 1). Let the systemdegree d”~ max.p¢ d.. For
normalized systems,the Laurent expansionbecomes

VAGE ® LV AVAE (3.1)

o+ Quv =vitj=id:;n+d; (3.2)
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. , P ¢ .
\_Nherero(s;%) " r(s;a), r'(s;a) © Oforj 6 O, r,’ 'ri (s;+) and v'idl 1= 0, then V" ~
|

The remainder of this chapter preseris a numerically stable method for 'nding V," for a given
+2 ¢ andj d- n. More generally, the method "nds a solution of

cd+Qv=vilj=m+1::n+d (3-3)

gven+2 ¢, v" andc/,j = m+ 1;:::;n+ d. Again, only Vi, j = m+ 1;:::;n are uniquely
determined.

3.3 Using the Class Structure

Given a policy * (in a systemwith substochastic classes)the transition matrix P. not only de nes
(recurrent and transient) classesput alsoinducesa dependencepartial ordering amongstthe classes.
In substochastic systems,the only classesthat don't depend on any other classare recurrert. All
other classesare transient. Veinott solvesfor the Laurent coexcients by solving the linear equations
within ead recurrent classseparately (accourting for the singularity presen in these classes)and
using these coexcients to solve for the rest of the system (that is transient). Howewer, in systems
with substochastic classesrecurrent classesmay depend on other (recurrent or transient) classes.

Let Dy be the set of classeghat are independent i.e., don't depend on any other cIassgs.Let D;j
be the set of classeghat depend only on classesn [ }Lol D; andletS;~ s2C2 [}‘:01 D;

For eat classC in D;, consider (3.2) for s 2 C. The dependencepartial ordering shawvs that

p(tjs;+s) > 0 only for t in C[ S;. If one has already calculated V,"* ¢ 'Vir;;vt”"1 vt d for
t 2 S, then solving (3.2) within Creducesto solving (3.3) within C, with m*~ j dj 1,vi% *" Oand
el ori(sik)+ o, p(tjs; )Vl for s 2 C. By solving (3.3) within the classesn D;, i = 0;1;:::, in

order one may solve (3.2) for the ertire systemezxciently. Also, this is done by solving (3.3) within
substochastic, irreducible classes.

3.4 Substo chastic, Irreducible Classes

This section presens a method for solving the linear system (3.3) within a single (substochastic,
irreducible) class. Throughout, the notation for system parameters denotesthose sameparameters
restricted to the class,e.g., S refersto the stateswithin the class,P. refersto the transition matrix
restricted to the statesin the class,etc.
Each class may be either transient or recurrert. In a transient class, limy Pil\‘ = 0, so
iil CPsi )it = o+ P.+ P2+ ¢¢¢ is well-dened (i.e., Q. is non-singular). If the classis
recurrert, then it must be stochastic, i.e., ,5 p(tjs;%s) = 1 for every s 2 S. Then the rows of
Q: sumto zero, so Q. is singular. Sincethe classis irreducible, eliminating any (single) state s
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from the classcausesthe remainder to becometransient. This is equivalent to removing the row
corresponding to the state-action pair (s; ) and the column corresponding to s from P.. Removing
this row and column from Q. causesit to becomenon-singular. Therefore, Q+ hasrank S 1, i.e.,
it is rank-de cient by one.

3.4.1 Rank-rev ealing LU factors

Given a (substochastic, irreducible) class,one may deduceif it is transient or recurrent by means
of a rank-revaaling LU (RRLU) factorization of Q.. Moreover, regardlessof the nature of the class,
the LU factors may still be usedto solve (3.3).

The RRLU takesthe form
A ! A A !
T.Q.T, " T ? a
q
where T, and T, are permutations, @ = LU isan (S 1)£ (Si 1) non-singular matrix, q' and
IT are (S 1)-row vectors,§ and u are (S 1)-column vectors, and " is a valuable indicator if the
permutations are chosencorrectly (accordingto the Threshold Complete Pivoting strategy described
in Chapter 4). If j"] is suitably large Q. is takenasfull rank, but if j"j = O(2), where2 is the machine
precision, Q. is regardedas singular. In particular, it is rank-de cient by one.

For simplicity, assumethe permutations T; and T, arethe identit y and write the LU factorization

A 1A 1A
Qa4 L 0O U u
T - .

q m 1 o "

as

Q:’

Regardlessof the nature of the class,the LU factors may be usedto solve (3.3) becausethe system
is consistert evenif Q. is singular.

3.4.2 Transient classes

If the RRLU factorization shaws that Q. hasfull rank, then the linear system (3.3), equivalently

2 32 3 2 3
Qi Vm+l m l Cm+l
il Qs ym+2 j cm*2
= ) ; (3.4)
il QJ_r Vn+d i Cn+d

is nonsingular and block triangular. It may therefore be solved sequettially by black forward substi-
tution:
Qv =il ¢l (3.5)
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3.4.3 Recurrent classes

If the RRLU factorization shows that Q. is rank-de cient by one, then the linear system (3.3) may
be represerted in matrix form

2 32 3 2 3
Q q ¢m+1 Omi am+1
q vgrt vg gt
il Q 4 om2 i 2
i1 q v§?r=8 ig? 1; (3.6)
i | Q q 0n+d l Cn+d
i 1 qT ' Vg+d i Cg+d

where¥ and & represen the rst S 1elemens of vi andc! respectively. Rearranging (3.6) gives

2 32 3 2
Q q gm+1 ¢m I am+1
il Q q om*2 i €2
il Q q gn+d _ i en+d
qT ' VSm+1 Vsml CrSn+l
qT i 1 ' VSm+2 i CQ+2
qT l 1 Vg+d i Cg+d
Since Q. is rank-de cient by one, the last row of the system
Q+Vm+l = ym i Cm+1.
e, g oMt + v 2 = v cD* s redundant and may be omitted. Also, since v"*¢ is not

determined uniquely, one may assign vg“j " 0 and eliminate the column corresponding to this
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variable. The remaining system

2 32 32 3

Q q gm+1 omi am+1
il Q a om+2 i a2

i | Q q 0n+d| 1 Cn+d' 1

il Q ontd =g o (3.6)
qT | 1 ' Vg]+l | Cg‘|+2
vy 2 :
qT i 1 ' Cg+di 1
qT i 1 Vg+di 1 I Cg+d

has a unique solution (as it hasfull rank). Label the various componerts showvn in (3.6") as

" #ro# v #
A | 0 e
C

° - o (3.7)
‘ D Vs Cs . .

Sinced is nonsingular (and @ = LU hasalready beenfound) it is easyto solve a systemAx = b
sequettially . Hencea block LU factorization,
" # " #" #
A B A Y

c D c 1 Y4

solves the full system exciently. First, solve AY = B and calculate the Schur complementZ =
D i CY, then useblock-forward and block-backward substitution, i.e., solve
n #II # n # n #Il # n #
A R e Y ¢ R
= and = ;
C | Xs Cs Z Vs Xs

to solve (3.6"). The remainder of this section breaks down ead step of the process.

Solving AY = B. Expanding A and B into matrix form gives
2 3 2 3

Q q
il Q a
i|' Q ‘Q
il Q
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Therefore, the rst column of Y solvesthe following block-diagonal system:

2 32 0y 3 23
il Q ym+2 0
il Q yn+di1 0

il Q ymd 0

(whereym ~ @). The blocks of the “rst columnof Y give all elemeris of the following Toeplitz matrix:

ym+1 3
ym+2 ym+1

Y = ym+2
yn+di 1 ym+1
yn+d yn+di 1 ym+2

Forming Z = D j CY. SinceC is block-diagonal and Y is block-upper triangular, the product
CY hasthe form

2qum+2 qum+1 3
cy = qum+3 qum+2
: . qum+1
qun+d qun+di 1 qum+2
giving
2i 1 ° Zqum qrym*t °
. i 1 | qum+3 qum+2
' ' . . qum+l

i1 qryntd  gryn+dil qr ym+2

21_,_ gy qly™*t 3
qrym*3 1+ qlym+2

o E qum+1 P

qryn+d gfyn+di 1 1+ qTym+2
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However, Qym*! = ¢, soq"y™*! = ' (becauseQ: is rank-decient by one), so Z is both lower
triangular and Toeplitz:

2
1+ qym*
g q ym+3 1+ qum+2

n+d qun+dj 1 1+ qum+2

Blo ck-forw ard substitution. The solution ® of AR = ¢ is found sequetially. Then xs may be
calculated directly from xs = ¢sj CR.

Blo ck-bac kw ard substitution. If Z is large, the solution of Zvs = xs may be found using
special methods for (lower) triangular Toeplitz systems[Tre87]. Otherwise (Z is of moderate size)
and ordinary forward substitution sutcesto nd vs. Then, ¢ is obtained directly from ¢ = R Yvs.

3.5 Numerical Stabilit y

Regardlessof whether a classis transient or recurrent, one will always solve a block-lower trian-
gular system sequetially (block-forward substitution) using a nonsingular matrix Q (* Q. for
transient classes,” @ for recurrent classes). Since the block-forward substitution is equivalent
to using (Q)ji M j = m+1:::;n+ d, any errors in solving with Q will grow exponertially . If
Q is ill-conditioned, one may reduce this e®ectby keepingthe interval n+ dj m in (3.3) small.
Implementing policy improvemert as suggestedby Veinott [Vei69, i.e., nding m-optimal policies
for m = j d;:::;n sequetially, givesV,"! ! throughout and one only searhesfor m;:::;m + d-
improvemerts (agam in order). Finding an (m + d)-improvemert requiresV,"" 4 sothe interval for
(3.3)is(at mosty m+ 2dj (mi 1)= 2d+ 1. Therefore, the smaller the degreeof the system, the
more reliable calculations become.

The RRLU is essetial in this method. If a classis recurrent, but the LU fails to identify the
singularity in Q, then Q will be extremely ill conditioned and computational errors may become
prominent.

For recurrent classesthe methods works with the block LU factorization (3.7). The factorization
is stable as long as A is not almost singular and the elemers of either B or C (or both) are not
much larger than the biggestelemen of A.

The Sdur complemer Z is lower triangular with the constart diagonalelemen Az © 1+ qTy™*2 .
The condition of Z will be reasonableif A; is not closeto zero and not signi cantly smaller than
the o®-diagonalelemers q' y™*3 ; ¢¢¢; q" y"* 9.
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3.6 Contributions

Given a policy in a system with substochastic classes,this chapter presers a new method for

‘nding Laurent expansion coezcients (for the preser value of the policy). A rank-revealing LU

factorization indicates if eadh (communicating) classis transient or recurrent. For transient classes,
the LU factors provide a numerically stable method for "nding the coezxcients. For recurrent classes,
this chapter givesa matrix decomposition basedon well de ned submatrices of the LU factors to

‘nd the coezcients. Finally, this chapter discusseswhere numerical instability may arise during

computation of the coexcients.

Acknowledgemen t The work contained within this chapter is joint work with Prof. Michael A.
Saunders.



Chapter 4

On a Rank-Rev ealing Sparse LU
Factorization

4.1 Intro duction

This chapter presents a rank-revealing LU (RRLU) factorization for generalsparsematrices (which
may be squareor rectangular). Although denseRRLU factorizations exist [Cha84, HLY92], as do
sparseLU factorizations ([DR96, DEG™ 99] and many others), no previous sparseLU factorizations
have focused on rank-revealing properties. The method preseried here is implemented as a new
option within LUSOL, the sparselLU factorization described by Gill, Murray, Saunders,and Wright
[GMSW87]. LUSOL usesa Markowitz pivot strategy to maintain sparsity, along with threshold
partial pivoting (TPP) to presene stability. The new option implements threshold complete piv-
oting (TCP). While requiring relatively few changesto the code, it provides signi cant rewards.
In particular, the stricter stability test is guaranteed to move the smaller pivots (if any) to the
end of the factorization. This is sutcient to reveal the rank of most matrices except for the best-
known pathological example. The TCP factorization alsotendsto presene sparsity well. The main
challengeis to stay as near as possibleto the linear running time that is usually achieved by the
converntional TPP factorization.

Section 4.2 describesvarious forms of LU factorization, including the original TPP factorization
and the modi cations made to LUSOL to implement the TCP pivoting strategy. Section 4.3 illus-
trates the rank-revealing property of the new factorization on somesmall classicaltest cases.Next,
x4.4 describesexperiments on many sparseexamplesfrom a dynamic programming application. The
complexity appearsto be polynomial but lessthan quadratic in the number of nonzerosin the LU
factors. Section 4.5 describes the usefulnessof the new factorization within optimization codes.
Finally, x4.6 summarizesthe cortributions within this chapter.

30
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4.2 LU Factorization

P
The LU factors of a matrix A may be writen asA = LU =, l,u}, wherel, and u} are the
columnsof L and the rows of U. With A® = A, the kth factorization step produces

A = Al

in which somenonzero elemen Ai(jk) is chosenas \piv ot", and the assaiated row i and column j
becomezero. (Thus, AK*D) cortains k empty rows and columns.) For simplicity k is omitted and
ead step is written as

l=Aj=A;; U =A;; AAA;IUT;

The resulting L and U are permuted triangles. In pivot order, the diagonals of L are 1 and the
pivots A becomethe diagonalsof U.

The processis stableif the elemens of A do not grow large at any stage,and the factors tend to
be sparse if the rank-one updateslu™ are formed from sparsepivot rows and columns. In practice,
one attempts to control elemen growth by bounding the elemens of L. The following terms are
needed(where\ A" still meansA®)):

FactorT ol A stability tolerance for controlling the magnitude of jL; j. Pivots are chosenso that
1- klk; - FactorTol - 100 (say).

DropT ol A tolerancefor ignoring negligible ertries. Updated elemeris are treated aszeroif jAj j <
DropTol. Sincethe concernis rank estimation, a suitable value is DropTol = 2kAk, where
21, 2:2£ 10 16 is the precision of most of today's machines.

Mark owitz strategy A method for choosing sparseupdates [Mar57]. A potential pivot Aj is
desirableif the merit function My ~ (rij 1)(¢ i 1) is low, wherer; and ¢ are the number of
nonzerosin the assaiated row and column of the current matrix A. (M boundsthe number
of new nonzeroscreated by |u'.)

Threshold Partial Piv oting A strategy for balancing stability and sparsity. A pivot chosenfrom
the remaining columns of A should not be too small comparedto other nonzerosin its own
column.

Threshold Complete Piv oting A strategy with stricter stability test. A pivot chosenfrom the
remaining columns of A should not be too small comparedto other nonzerosin all columns.

Mo di'ed columns Those that change during the lu™ update (excluding the pivot column and
columns whoseelemert of u is zero).

nnz(A) The number of nonzerosin the sparsematrix A.
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4.2.1 Dense Partial and Complete Piv oting

For adensen£ n matrix, LU factorization requiresabout %ne’ arithmetic operations. Partial pivoting
is usually employed with FactorTol = 1 (sincesparsity is not an issue). Finding the largest elemen
in ead pivot column requires O(n?) comparison operations in total (negligible comparedto the
arithmetic operations).

Complete pivoting is known to be numerically preferable, as it is even more likely to prevent
elemen growth. Finding the largest elemert in all remaining rows and columns requires about %n3
comparisons,almost doubling the cost of denseLU factorization. (Note that in the sparsecase,one
would be delighted if complete pivoting cost only twice as much as sparsepartial pivoting.)

Businger [Bus7]] has shovn how to avoid most of the extra cost by switching from partial
to complete pivoting only in rare circumstances: when the elemens of ux becometoo large, not
courting the pivots. (This involves monitoring the o®-diagonalelemens of the current rows of U.)
For densematrices only O(n?) comparisonsare required. Businger's approad also seemssuitable
in the sparsecase(to ensurestability). It will be consideredfor future implementation.

4.2.2 Stabilit y and Rank Detection

By de nition, a stable method computes LU factors for any matrix, regardlessof condition or
singularity, with the relation A = LU holding to high accuracyin all cases.If A is ill-conditioned,
at leastone of L or U must be also. For example, considern £ n matrices of the form

for which cond(B,) ¥ 10" with only one small singular value. For n | 15, B is essetially singular
and rank(Bn) = nj 1. Partial pivoting exhibits perfect stability by returning L = | and U = B,.
Complete pivoting cannot be more stable, but by disallowing the diagonal 0.1 pivots, it ultimately
returns a U with one small diagonal Uy, , clearly indicating the rank.

Note that Matlab 's condest [HTOO] correctly estimatescond(B15) ¥4 10 and returns a vector v
for which B1sv = O(2). However, the elemeris of v are smoothly graded: v = [0:9; j 0:09; 0:009 :::;
i 9£ 10 *; 9£ 10 '5]"; giving no indication of the sourceor degreeof singularity. For the appli-
cations discussediater, the requiremerts are these:

2 An RRLU factorization should be stablein the sensethat A = LU holdsto high accuracy and
sparse whenewer A is sparse.

2 The factors should indicate which columns of A could be removed (as few as possible) to
improve the condition signi cantly.
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4.2.3 Threshold Partial Pivoting (TPP)

Threshold pivoting methods balance stability and sparsity by using FactorTol > 1. For TPP the
Markowitz strategy suggestssparsepivots A; and the stability test requires

jAijj. Ajmax =FactorTol ; (4.1)

where Aj max is the largest elemert in column j. This is the strategy usedby traditional sparseLU
padkages,including LAO5, MA28, MA48, Y12M, LUSOL and MOPS [Rei82, Duf77, DR96, ZWS81,
GMSW87, SS90](some of them oriented by rows rather than columns).

Typically, nnz(L + U) is 1{3 times as many asnnz(A) for the original A (and rarely as much as
10times). SinceA tendsto have only 1{10 ertries per column and the averageMarkowitz cournt Mj
tendsto below, the total storageand work required are both typically O(n). Variousimplementation
strategieshave beenproposedto achieve this exciency. In particular:

S1: Zlatev [ZIa80] seardes only a few of the sparsestrows and columns of the updated A for
suitable pivots.

S2: Suhland Suhl[SS9( store the largestelemert of eat column of the updated A at the beginning
of the column’s data structure, to facilitate the stability test.

Both strategiesare usedin the current versionof LUSOL. Strategy S2is especially important for our
rank-revealingimplementation. Note that the largestelemen must be found in eac modi ed column
(de'ned above), but the total searding involved in Strategy S2tends to be linear in nnz(L + U),
as desired.

4.2.4 Threshold Rook Pivoting (TRP)

A stricter stability test would be
JAij. Ajmax =FactorTol and jAjj, Aimax =FactorTol ; (4.2)

where A nax IS the largest elemert row i. This thresholdrook pivoting (TRP) strategy has been
implemented by Gupta [Gup0Q] in the WSMP padkage for judicious use when the preferred TPP
strategy fails. For the densecasewith FactorTol = 1, Foster [Fos97]has shavn that rook pivoting
prevents exponertial growth in the sizeof jA; j, and suggeststhat it has rank-revealing properties.
The threshold form therefore warrants future study. In the LUSOL context, TRP would complicate
the Markowitz strategy (perhapsrequiring the nonzerosto be stored by rows as well as columns),
but it may involve lesssearding overall than the TCP strategy described next.
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4.2.5 Threshold Complete Pivoting (TCP)

This is the new option implemented in LUSOL. The stability test is
iAi j . Amax =FactorTol ; 4.3)

where Anax is the largest elemert in the current A. While the changesin the pivot selectionscheme
are conceptually minor, they allow the rank of the matrix to be accurately revealedby moving small
elemerts to the later pivot positions. The Markowitz strategy becomesslightly simpler, but may
cortin ue longer before an acceptablepivot is found. There are two signi cant costs:

2 Decreasedsparsity in L and U comparedto TPP.
2 The needto maintain A at ead stage.

The “rst cost seemsinevitable, but Strategy S2 helpswith the second.With the largest elemeri of
ead column known, Amnax could be found at stage k by searding nj k elemens. Howewer, this
approac entails O(n?) comparisonsin total. To economize after ea elimination we nd

Amod = the largest element in the modi ed columns

and then considerfour cases.Supposecolumn j max contains Anax before the elimination.

1. If column jmax Was modi ed (or deleted as pivot column),
la. if Amax © Amod then Amax A Amod
1b. elseseardh all columnsfor a new A nax

2. else
Za. |f Amax < Amod then Amax A Amod
2b. elseAnax remainsthe same.

Only caselb requiresa seard of nj k elemens. The complexity now dependson how often this case
arises, i.e., how often does A decrease? For matrices with many nonzerosof equal magnitude,
it may not be often. Otherwise, it may be rather often, especially when FactorTol is rather low.

For the sparsetest matrices of x4.4, the total work appearsto be lessthan O(n?) but signi cantly

more than O(n). However, for those results the implementation avoided a full seart only in casela.
More detailed experiments are neededwith the current implementation on a larger range of sparse
examples.

4.2.6 Triangular Prepro cessing

As in sewral other codes, LUSOL's Markowitz strategy has the e®ectof isolating a \backward
triangle” U; and a \forw ard triangle" L, before any elimination is performed on the remaining
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block B. The structure revealedis of the form

@
@@
U V
@ 1
@
@
@
@
@
@
@
@
L@

@

M

35

With the normal TPP partial pivoting option, LUSOL acceptsall rows of U; and V asthey come,
without numerical tests on the pivots. (On the other hand, columnsof L; and M must satisfy test

(4.1) to ensurethat L is well-conditioned for LUSOL's updating routines.)

For the TCP option, more careis neededwith U; to obtain an RRLU factorization. At “rst sight
it seemsthat all diagonalsof U; should be subjected to the complete pivoting test (4.3). However,
in optimization algorithms it is common for \A" to contain many unit vectors corresponding to
sladk variables. Ideally they should nd their way into Uy, but if A contains a nonzerolarger than
FactorTol , the TCP test would reject them all. Looking more closely we seethat the top rows

have the following structure:

@
@ |@ U1 Vi
@ @
@J@lz A
@

The matrix 81 denotescolumns assaiated with sladk variables (and any other unit vectorsin A).
When the LU factors are usedto solve linear systems,ead solve with U will involve a system of the
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form 0 10 1
8§l U V;

- zs;;:%gg;

where z, y and x are determined in that order by badk-substitution. As long asthe TCP test is
applied to all diagonalsafter §1, any singularities there will be detectedand (we assume)corrected.
Thus, z and y will not be pathologically large and x = § (U1 + V1z) will be well de ned. (Since
the matrices U;; and V; are original data, they should not cortain extremely large numbers.)

4.2.7 The Test for Singularit y

After completing a factorization, LUSOL examinesthe diagonalsof U and °ags any that are \small"
in absolute terms or relative to other elemerts in the samecolumn of U:

jYjji - Utoly

o I (4.4)
or jUjjj - Utol o £ max; jUj j

Typical valuesfor Utol ; and Utol , are 22=3 14, 3:7£ 10' 1! when the factors are being usedto solve
linear systems. For rank determination in the Matlab ernvironment, we have used

Utol 1 = nkAkz; Utol » = 0;

with kAk obtained from norm or normest for denseor sparse A respectively. This matches the
tolerance Matlab usesfor determining rank via svd.

4.3 Rank-Rev ealing Tests on Classical Examples

For densematrices, Chan [Cha84], Hwang, Lin, and Yang [HLY92], and Hwang and Lin [HL97]
describe two-pasgprocedyresfor dgtecting one or more singularities. These RRLU factorizations

L
reduce P, AP, to | Un  Ur
22

The rst passperforms an LU factorization using partial pivoting. The secondpassusesinverse

, Where P; and P, are permutations and U,, is closeto zero.

iteration (involving seweral solves)to nd arank-revealing permutation. The [HLY92] procedurethen
performs another (modi ed partial pivoting) LU factorization that presenesthis permutation and
stopsonce Uy, is found (leaving U, unfactorized). The work required is given as 2n+ 2Jn?r + 2nr
operations, wherer is the rank-de ciency of the n£ n matrix and J is the number of inverseiterations
used.

SinceTCP is a variant of LU factorization (producing completefactors L and U), no secondpass
or inverseiteration is neededto reveal the rank of A. For densematrices, the work required is also
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about Zn® operations.

Both [Cha84 and [HLY92] give examplesof matrices where normal LU factorizations will not

detect (near) singularities. In this section, the examplesare usedto compare v e di®eren factor-

izations:
MD

MS
MCS
TPP
TCP

Matlab DenselLU

Matlab SparselLU

Matlab SparseLU with colmmdpreprocessing
SparseLU with threshold partial pivoting
SparseLU with threshold complete pivoting

All Matlab factorizations use partial pivoting. MS and MCS have a parameter thresh that cor-
respondsto 1/FactorTol . (SeeMatlab help for lu and colimmdin appendix B.) For these small
examplesthe Matlab codesusedthresh = 1.0 (the most reliable value), while TPP and TCP used
FactorTol = 1.25to allow at least a little emphasison sparsity.

The tests here and later were performed on an SGI Origin 2000with 195 MHz R10000CPUs,
running Irix 6.5and Matlab version6.0.0.88(R12) with machine precision2 = 2i 52 = 2:2£ 10 16,

Example 4.1 [Cha84, p. 543]. The matrix T, = T with
38 0 1
% 1 =] 1 i1 i1 ;1
T 1i<ic 1. 0 eg. T 191 i1
i =i <] S O IO | B 9., = ;
i §| <] I 4 1 1
: i>j 1

is nearly singular for large n. Chan [Cha84] shows that, for a certain permutation of T,, an LU
factorization hasthe nth pivot equalto 2i ("i 2 Once 2i ("i 2 js lessthan machine precision, the
matrix is e®ectively singular. Since2 = 2i 52, Ts, has e®ective rank 49. None of the factorizations
tested uncovered the singularity correctly. All returned U with a unit diagonal, except MCS, which
gave Usg:s0 = 4:8£ 101 7.

This is an extremely pathological casein being already triangular with all nonzero elemerts of
equal magnitude. MD and MS 'nd there is nothing to eliminate, returning L = I, U = T. MCS
happens to reorder the columns and carry out some elimination, but gives only a small hint of
singularity.

Somecolumn re-ordering is certainly required (cf. [Cha84]). Howewer, given T with any ordering
of its rows and columns, LUSOL reconstructs the original ordering during its \backward triangle"
phase. TPP acceptsall +1 pivots without numerical testing, and TCP would not reject them even
with FactorTol = 1.0.

Example 4.2 [Cha84, p. 544]. This example actually comesfrom [Wil65, p. 308 and p. 325]
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and demonstratesthat partial pivoting may not produce diagonalssmall enoughto reveal the rank
successfully The 21£ 21 matrix

0 1
10 1
1 9 1
¢ ¢ ¢
1 1 1
W = 1 0 1
1 i1 1
¢ ¢ ¢
19 1
1 i 10

has one singularity (i.e., exact rank 20). MD and MS both give jU,1.21j = 8:2£ 10 1%, just missing
the indication of singularity. MCS successfullyrevealsthe singularity (one zero pivot), asdo TPP
and TCP.

i ¢
Example 4.3 [HL Y92, p. 133]. Starting with the matrix A = ' Tao 1, andmaking the following
changes:
for i = 1:40
A(1:40;81; i)= A(1:40;81; i)+ A(1:40;i)
A(i; 41:80)= A(i; 41:80)+ A(81 i;41:80)

end
givesa matrix 0 1
1 ¢ ¢ 1|1 ¢ ¢ 1 2
il ¢ ¢ ¢ 2 i1
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¢ j1]i1 2 ¢ ¢
A= 1] 2 i1 ¢ ¢ i1
1 i1 ¢ il
1 i1 ¢
¢ ¢ ¢
¢ i1
1

The three smallest singular valuesare [0:62, 1:9£ 10 ?; 1:9£ 10 '?] and Hwang, Lin, and Yang

[HLY92] Td Uy = LIS, 310050 MD and MS both give U = A (failure). With MCS,

the two smallest diagonalsof U are [j 0:5; 1:5£ 10" 1]. TPP alsoproducesU = A, but TCP gives
the last three pivots as[j 0:67; j 7:3£ 10 *?; | 3:6 £ 10' '?] (success).

u T

T30

Example 4.4 [HLY92, pp. 133{134]. Starting with the matrix A = Tao and making
30

the following changes:
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for i=1:30;
A(:90;61; i) = A(1:40;61; i)+ A(1:90;i)
A(i; 1:90) = A(i; 1:90)+ A(B1 i;1:90)
end
for i =1:30;
A(1:90;91 i) = A(1:40;91; i)+ A(1:90;30+ i)
A(BO+i;1:90)= A(30+i;1:90)+ A(91j i;1:90)
end

givesa matrix

1
1 i1 ¢ ¢ j1/j1 ¢ ¢ i1 2| 2 i1 ¢ ¢ ;1

1 i1 ¢| ¢ ¢ 2 j1|ij1 2 ¢ ¢ G

bt

¢ ¢ ¢/ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¢ i1li1 2 ¢ ¢| ¢ ¢ 2 16

=

11 2 j1 ¢ iliil ¢ ¢ ;1 2 ¢

1 i1 ¢ illil ¢ ¢ j1 Zi

1 i1 ¢| ¢ ¢ 2 j1¢

b

A= ¢ ¢l ¢ ¢ ¢ ¢ ¢

illi1 2 ¢ ¢E

1] 2 j1 ¢ ¢ j1¢

1 i1 ¢ ¢ j1&

-

1 1 ¢

>

¢ ¢ &

bt

i1 K
1

with three near-singularities. The four smallestsingular valuesare [0:40; 2:8£ 10' °; 1:4£ 10 °; 1:4£
10 °], and Hwang, Lin, and Yang[HLY92] nd U, with valuesranging in magnitude from 3:7£ 10 °
to 5:9£ 10 26, MD and MS both return U = A. For MCS the last three pivots (the smallest) were
[0:33 3:3£ 10 4; { 1.:5£ 10 5]. TPP alsoproducesU = A, but TCP givesthe last four pivots as
[ 0:67, | 7:4£ 10 °; 3:7£ 10 °; | 3:7£ 10 °].

Example 4.5 [HL Y92, pp. 134{136]. Starting with the matrix A = (W, ) and making the
following changes:

for i=1:23
A(1:21;435 i) = A(1:2L43; i)+ A(1:2Li)
A(i; 22:42) = A(i;22:42) + A(43 i;22:42)
end
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givesa matrix

1 2 0
9 1 2 0 2
¢ ¢ ¢ ¢ ¢
1 0 1 2 0 2
¢ ¢ ¢ ¢ ¢ ¢
19 1] 2 0 2
A = 110 0 2
10 1
1 9 1
¢ ¢ ¢
1 0 1
¢ ¢ ¢
1i9 1
110

with two singularities (i.e., exact rank 40). Hwang, Lin, and Yang [HLY92] nd U,, with values
between10' 16 and 10' 7. MD and MS both give 8:2£ 10 ! for the last pivot. MCS successfully
revealsthe singularity (two zero pivots), asdo TPP and TCP.

The above examplesdemonstrate that, of all the factorizations tested, only TCP is likely to be
rank-revealing (for all but the most pathological example), aslong asFactorTol is suitably low. For
triangular matrices A or permuted triangles, a necessarycondition is 1 - FactorTol < maxjAj j;
which is possiblefor matrices with at least somevariation in the magnitude of the nonzeroelemers.

4.4 Dynamic Programming Application

The sparse TCP factorization was deweloped to enhancestability within the computation of Lau-
rent expansion coetcients (see Chapter 3). Dr. Richard Grinold (Barclays Global Investmens,
San Francisco) provided a large, sparse,substochastic dynamic programming problem, and solving
this example by policy improvemert requiresthe Laurent expansioncoezcients for many di®eren
policies. The method from Chapter 3 'nds these coetcients by solving multiple linear systemsof
varying size,ead involving a sparsematrix Q with at most one singularity. Correct rank detection
of eath Q is crucial for the method. This motivated the sparse,RRLU factorization preseried here.

Extracting a subsetof the Q matrices from the Barclays example provided a test-bed. Each Q
(nf£n, Q" Pj I for P substochastic) hasthe following special properties:

2 Q hasat most 1 singularity;
20- g - 1,i6];

P
2.0 =i jgiQJ;
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1 Condition of Factors
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Figure 4.1: Comparing the condition of the factors for MS and MCS
for 1 - i;j - n. The same v e factorizations used in x4.3 were applied to these matrices, but

di®eren valuesfor thresh , FactorTol and DropTol were used. The results con'rmed that TCP is
at least competitiv e with all the other factorizations for the measurestaken. Comparisonsbetween
the factorizations were made using four di®erert measures:

Rank-rev ealing prop erty Doesthe diagonal of the U factor reveal the rank of the matrix? As in
x4.3, the rank estimation is given by the number of diagonal elemens of U > tol © n£ kQKE 2
(seex4.2.7).

Condition of the factors Numerically stable policy improvemert (seeChapter 3) solves systems
of linear equationsusing only the the nonsingular submatricesof L and U. If Q is nonsingular,
thesearethe factorsL and U in their ertirety. If Q hasa singularity, then thesesubmatricesare
the factors L and U with the last row and column removed. If a factorization is numerically
stable, then the condition of the non-singular submatrices should be (relatively) low. The
condition of L multiplied by the condition of U givesa single measureof the condition of the
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x 10° Sparsit y of Factors
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Figure 4.2: Comparing the sparsity of the factors for MS and MCS

factors. SincelL and U are sparse,this quartit y is estimated by condest(L) * condest(U) .!

Sparsit y of factors Good sparseLU factorizations keepthe number of nonzerosin the factors to
a minimum. The total number of nonzerosin the factors (i.e., sum of the nonzerosin L and
U) givesa measureof the sparsity of the factors.

Time per factorization If a factorization is to be usedrepeatedly on di®erent matrices (as is the
casein many applications of sparseLU factorizations, including the numerically stable policy
improvemert from Chapter 3), then the time for a single factorization needsto be small.
Timing the CPU during ead factorization givesthis measure.

Figures 4.1-4.3showv a comparisonof MS and MCS for two valuesof thresh (0.2 and 1). Notice
that for thresh = 1, the condition of the factors decreasegrepresering greater numerical stabilit y).
In fact, with thresh = 0.2, MS fails to reveal the rank for "v e of the test matrices. The condition

1SeeMatlab help for condest in appendix B.
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Time per Factorization
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Figure 4.3: Comparing time per factorization for MS and MCS

of the factors for these v e caseswere so high they are omitted from Figure 4.1 (to provide a clearer
comparison of this measurewhen the factorizations are rank-revealing). For both Figure 4.2 and
Figure 4.3 di®eren values of thresh give the sameresult for MCS. Howewer, di®erert values of
thresh a®ectMS in the expected way (i.e., higher valuesfor thresh improve the condition of the
factors, decreasethe sparsity of the factors, and slow the factorization down). All three gures
show that MCS works considerably better as a sparserank-revealing factorization for the given
test matrices. Also, it shaws that using thresh = 1 improvesthe conditions of the factors without
signi cantly decreasingsparsity or slowing the factorization down. Hereafter, MCS refersto Matlab
SparseLU with colmmdpreprocessingand thresh = 1.

Of the other factorizations tested, TPP and TCP were tested using FactorTol = 5 and 10.
These factorizations along with MD all successfullyrevealedthe rank of every test matrix. It may
be that the special structure of the test matrices allows partial pivoting to becomerank revealing.

Figure 4.4 shaws that TPP performs the worst numerically (for FactorTol = 5 and 10), but
TCP with FactorTol = 5 and MCS both perform almost aswell asMD using this measure. For the



CHAPTER 4. RANK-REVEALING SPARSE LU 44

1 Condition of Factors
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Figure 4.4: Comparing the condition of the factors

sparsity of factors and the time per factorization measuresMD is omitted sinceit performssopoorly
asto obscuredi®erencedetweenthe other factorizations. When comparing the factorizations using
the sparsity of factors measure(seeFigure 4.5), the performance order is reversed. TPP performs
the best (with either FactorTol ), then TCP, and lastly MCS. Even with FactorTol = 5, TCP
shows a considerableimprovemert over MCS.

Next, Figure 4.6 comparesthe time per factorization and shows the one weaknessof TCP. Even
with FactorTol = 10 (allowing more °exibilit y in choosingdiagonals,and therefore faster execution),
the time per factorization appearsto be growing faster for TCP than either MCS or TPP. It appears
that both TCP and MCS take polynomial time with respectto the number of nonzerosin the original
matrix, whereasTPP appearsto grow linearly.

A further test helped discern the merits of the di®erert sparselLU factorizations. The largest
test matrix wasused(3699£ 3699with onesingularity). With FactorTol ranging from 1to 50 (and
thresh = 1=FactorTol ), it becameclear how MCS, TPP and TCP could be changedto improve
performancein any of the measuresused. All successfullyreveal the rank of the matrix, but it
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X 10° Sparsit y of Factors
T T T T
{ MCS (thresh = 1.0)
% TPP (FactorTol = 5.0) O
1.8H O TCP (FactorTol = 5.0) —
+  TPP (FactorTol = 10.0)
X TCP (FactorTol = 10.0)
1.6 o |
O
1.4 B
— o &
2
S 12 °© °
5 o
2 o ©
+  1F o 9 L ° f
- SN .
e} @ @) ¢ @)
g 081 o 09Q ? b
c X X,
S © o X N
© 8 ¢ o *1 .
+ * ]
(@] o X * - * +
X o
Tk |
b
! ! !
500 1000 1500 2000 2500 3000 3500 4000

Matrix Dimension

Figure 4.5: Comparing the sparsity of the factors

appearsthat nding the rank of theseparticular test matrices is not ditcult. Figures 4.7{4.9 shows
that for MCS only the condition of the factors is a®ectedby changesin thresh . Setting thresh

= 1 appearsto give the optimal performancefor MCS. For both TPP and TCP, the condition of
the factors improves as FactorTol drops towards 1, but the sparsity of the factors and time per
factorization both deteriorate. It appearsthat FactorTol = 10.0 would be a reliable yet e+cient
value.

Finally, Figure 4.10 comparesthe running times of MCS, TPP, and TCP. It also shavs O(p)
and O(p?) times (the lower line and upper line, respectively), where p = nnz(A), the number of
nonzerosin A. The running time for TPP appearsto be O(p) (very satisfactory). TCP appears
to be competitive with MCS (with more variabilit y), but both factorizations display times that are
O(p¥), 1< k < 2. The cost of maintaining Anax is evidert. On the other hand, sincep¢ m £ n if
catastrophic Tl-in doesn't occur, these factorizations will generally perform better than the O(n?)
time for denseLU factorizations.

Figure 4.11 changesthe horizontal axis of Figure 4.10 from the number of nozerosin A to the
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Time per Factorization
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Figure 4.6: Comparing the time per factorization

sparsity of the factors (total nonzerosin L and U). Only the TCP factorization (with FactorTol =
5.0 and 10.0) are shavn, along with O(p) and O(p?) times. Now p = nnz(L + U) represers density
of the factors. Ideally the running time should be O(p), but it appearsthat TCP is again O(p¥) for
1< k < 2. TCP alsoruns in polynomial time with respect to the sparsity of its factors, but the
degreeof the polynomial is lessthan 2.

4.5 Optimization Application

One major application of sparselLU factorizations is within large-scaleoptimization systems. In
particular, LUSOL is usedwithin MINOS and SNOPT [MS83, GMS97] to implement the simplex
method and various quadratic programming and nonlinear programming algorithms. In this corntext,
if a basismatrix appearsto be singular, certain columnsare replacedby unit vectors (corresponding
to slak variables) and the factorization is repeated. LUSOL signals singularity or ill-conditioning
by °agging small diagonalsof U asdescribed in x4.2.7. The new TCP option has proved invaluable



CHAPTER 4. RANK-REVEALING SPARSE LU 47

5 Condition of Factors
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Figure 4.7: Comparing the condition of the factors as FactorTol changes

for ensuringreliabilit y in thesetests. Preliminary experiencewith SNOPT is described in [GMSO02].

In particular, the “rst basis matrix is often ill-conditioned as it is chosenheuristically by the
optimizer's Crash procedure,or input by the user (with unpredictable properties). In one casewith
n = 10000, the usual TPP factorization with FactorTol = 4.0 indicated 243 singularities. After
slacks were inserted, the next factorization indicated 47 additional singularities, the next a further
25, then 18, 14, 10, and so on. Nearly 30 TPP factorizations and 460 new sladks were required
before the basis was regarded as suitably nonsingular. SincelL and U ead had about a million
nonzerosin all factorizations, the repeated failures were rather expensiwe. In contrast, a single TCP
factorization with FactorTol = 2:5 indicated 100 singularities, after which the modi ed B proved
to be very well conditioned. Although L and U were more dense(1.35 million nonzerosead) and
much more expensive to compute, the subsequeh optimization required signi cantly fewer major
and minor iterations.

In general, TCP is the primary recoursewhen unexpectedgrowth occursin kxk following solution
of Ax = b. (If necessaryFactorTol is gradually reducedtowards 1.1 until x appearsto be accurate.)
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Figure 4.8: Comparing the sparsity of the factors as FactorTol changes

The new option has proved valuable for someoptimization problemsarising from partial di®ereriial
equations. A regular \marching pattern" is sometimespreser in A, particularly in the rst basis
from Crash (as mentioned). With threshold partial pivoting the factors display no small diagonals
in U, yet the TCP factors reveal a large number of dependernt columns.

4.6 Contributions

This chapter preserns a new pivoting strategy for sparselLU factorizations, thresholdcomplete pivot-
ing (TCP). As in the densecase,this pivoting strategy is likely to be more stable than the traditional

threshold partial pivoting, and mostimportantly it appearsto be rank-revealing for all but the most
pathological matrices. The rank-revealing property is discussedand comparedfor someclassicalex-
amplesaswell asthe DP application that motivated developing TCP. Finally, this chapter describes
the bene'ts of TCP within classicaloptimization algorithms.
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Figure 4.9: Comparing the time per factorization as FactorTol changes
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App endix A

Counterexample to Metho d for
Finding 1-Optimal Policies

Denardo[Den71, p. 491]sketchestwo methods he stateswill 'nd a 1-optimal policy. One method uses
policy improvemert and the other useslinear programming together with someauxiliary routines.
Both methods can fail to nd a 1-optimal policy asthe following example shaws.

Example A.1 Consider the deterministic systemin Figure A.1. A policy is an ordered pair of

b i 3 e

Figure A.1: Counterexample for Denardo's Method

actions for the states 1 and 2. For example, bais the policy that takesaction bin state 1 and action
a in state 2. In this example, all policies are 0-optimal, but only ® " aa is 1-optimal.

Starting with £~ bband implemerting either of Denardo's methods shavs rst that + is 0-
optimal [Den704. Next Denardo nds a column S-vector v! that satis es Q.v! = vg. One such

52



CHAPTER A. COUNTEREXAMPLE FOR 1-OPTIMALITY METHOD 53

3
N
vectorisvi= 1 j1 0 2 . Hethen denesthe setE? of policies® for which Qv! = v? and

solves a maximum-reward-rate problem over E1. SinceE?! is the singleton set f g, * is the unique
solution of that problem whether solved by policy improvemert or linear programming. The nal
step of each of Denardo's methods nds a policy ° that is transient on states where + is transient,
viz., states 1 and 2. Consequetly, ° cannot be ® becausestates 1 and 2 are recurrent under ®.
Thus Denardo's methods both fail to nd a 1-optimal policy.



App endix B

Matlab Help Files

LU LU factorization.

[L,U] = LU(X) stores an upper triangular matrix in Uand a
"psychologically lower triangular  matrix" (i.e. a product of
lower triangular and permutation matrices) in L, so that X =
L*U. X must be square.

[LLUP] = LU(X) returns lower triangular matrix L, upper
triangular  matrix U, and permutation matrix P so that P*X = L*U.

LU(X), with one output argument, returns the output from LAPACK'S
DGETRIBr ZGETRFoutine.

LU(X,THRESHXontrols pivoting in sparse matrices, where THRESH
is a pivot threshold in [0,1]. Pivoting occurs whenthe diagonal
entry in a column has magnitude less than THRESHmes the
magnitude of any sub-diagonal entry in that column.

THRESH 0 forces diagonal pivoting. THRESH 1 is the default.

See also LUINC, QR, RREF.

COLMMOolumn minimum degree permutation.

P = COLMMD(Skturns the column minimumdegree permutation
vector for the sparse matrix S. For a non-symmetric matrix S,
S(;,P) tends to have sparser LU factors than S.

See also SYMMMIBYMRCM;OLPERM.
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CONDESTI-norm condition number estimate.

C = CONDEST(Agomputes a lower bound C for the 1-norm
condition number of a square matrix A.

C = CONDEST(A,Txhanges T, a positive integer parameter equal
to the number of columns in an underlying iteration  matrix.
Increasing the number of columns usually gives a better condition
estimate but increases the cost. The default is T = 2, which
almost always gives an estimate correct to within a factor 2.

[C,V] = CONDEST(Adlso computes a vector V which is an
approximate null vector if Cis large. V satisfies NORM(A*V,1)
= NORM(A,1)*NORM(V,1)/C.

Note: CONDESifvokes RAND.If repeatable results are required
then invoke RAND('STATE'J), for somelJ, before calling this
function.

Uses block 1-norm power method of Higham and Tisseur.

See also NORMESTXCOND,NORM.
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