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Abstract

Two unresolved issuesregarding dynamic programming over an in¯nite time horizon are addressed

within this dissertation. Previous research usespolicy improvement to ¯nd a strong-present-value

optimal policy in such systems,but the time complexity of policy improvement is not known. Here,

a method is presented for substochastic systemsthat breaksthe problem of ¯nding a strong-present-

value optimal policy into a number of smaller dynamic programming subproblems. Each of the sub-

problems may be solved using linear programming, giving the entire processa polynomial running

time with regard to the sizeof the original dynamic programming problem. Also, for unique transi-

tion systems(a specialization of substochastic systemsthat includesgeneraldeterministic systems),

other solution methods may be applied and the time complexity becomesstrongly polynomial.

For normalized systems, policy improvement is still the method of choice. However, policy

improvement requires the solution of linear systemsthat may not always have full rank. In a ¯nite

precision environment, the stabilit y of solution methods for these linear systems is critical. One

may simplify the computations associated with policy improvement by classifying the states and

considering each class separately. Here, a method is presented that applies to any policy with

substochastic classes.The method usesthe state classi¯cation to break the linear systeminto many

smaller linear systemsthat are either of full rank or rank-de¯cient by one. Each of the smaller linear

systemsis then solved in a numerically stable way.

During the development of the previous numerically stable method, the needfor a sparserank-

revealing LU factorization becameapparent. No such factorization exists in current literature. Here,

a new sparseLU factorization is presented that usesa threshold form of complete pivoting. It is

found to be rank-revealing for all but the most pathological matrices.
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Chapter 1

In tro duction

Many diverseapplications exist for in¯nite-time-horizon dynamic programming (DP), e.g., develop-

ing medical treatment programs, determining harvest limits, and optimizing stock portfolios. This

dissertation developsresults in in¯nite-horizon DP and numerical linear algebrawith applications to

DP. The in¯nite-horizon results consist of polynomial-time and strongly polynomial-time methods

for ¯nding strong-present-value optimal policiesin substochastic systems.The numerical linear alge-

bra results include a stable method for calculating the present-value Laurent expansioncoe±cients

for policieswith substochastic classes.This method bene¯ts from the other numerical linear algebra

result, a sparserank-revealing LU factorization.

The rest of this chapter is organized as follows. Section 1.1 discussesthe appropriatenessof

strong-present-value optimalit y as the optimalit y criterion of choice. Previous research on sub-

stochastic systemsis intro duced in x1.2 and the lack of time complexity results discussed.Section

1.3 intro ducesthe extension of the work on substochastic systemsto normalized systems,and dis-

cussesimplementation issuesarising from a ¯nite-precision environment. Finally, x1.4 summarizes

the contributions of this dissertation in more detail.

1.1 Strong-Presen t-V alue Optimalit y

Considera ¯nite-state-and-action Markov decisionchain (referred to hereasa DP system,or system

for short). How does one solve the DP problem of selecting a policy to control this process? For

¯nite time horizons, the total (expected) reward a policy earnsover the lifetime of the processgives

a measurewith which to comparepolicies. However, an in¯nite time horizon may allow policies to

earn in¯nite total reward. Previous research usesconceptssuch as maximum reward rate, present-

value optimalit y, and strong-present-value optimalit y to di®erentiate betweenpolicies in the in¯nite

horizon case.

The concept of maximum reward rate comparespolicies by looking at the averagereward per

1



CHAPTER 1. INTR ODUCTION 2

period each policy earnsover the lifetime of the process.However, this optimalit y conceptignoresthe

initial (possibly transient) behavior of a policy, focusing on long-term rewards. On the other hand,

present-value optimalit y assumesa (positive) interest rate and comparespolicies by discounting all

future rewards to the present. This optimalit y conceptfocuseson short-term rewards generatedby a

policy, sincethe importance of any long-term behavior will be reducedby discounting. Under strong-

present-value optimalit y, optimal policies are those that simultaneously maximize present-value for

all small (positive) interest rates. Such policies also earn maximum reward rate. Strong-present-

value optimalit y considersshort, intermediate, and long-term behavior when comparing policies.

1.2 Substo chastic Systems

In a substochastic system, the transition matrix for each stationary policy is substochastic. Blackwell

[Bla62] intro ducesthe problem of ¯nding a strong-present-value optimal policy, i.e., a policy that has

maximum present value for all su±ciently small positive interest rates, and shows non-constructively

that a stationary strong-present-value optimal policy exists. Miller and Veinott [MV69] give a

constructive proof by developing a policy-improvement method for ¯nding such a policy. This

method exploits the fact that the present value of the expected rewards that a policy earns has a

Laurent expansionin the interest rate.

Previous work builds towards strong-present-value optimalit y by developing the weaker concept

of ¯nding a stationary policy that is n-optimal, i.e., lexicographically maximizes the ¯rst n + 2

coe±cients of the Laurent expansionof the present value. Where n = ¡ 1, this is the classicconcept

of ¯nding a stationary maximum-reward-rate policy. Howard [How60]1 and Blackwell [Bla62] show

how to solve that problem by policy improvement. Manne [Man60], de Ghellinck [dG60], Derman

[Der62] and Denardo [Den70b] develop one linear programming method for doing this, and Balinski

[Bal61], Denardo and Fox [DF68], and Hordijk and Kallenberg [HK79] give another. Blackwell

[Bla62] intro duces the stronger concept of ¯nding a stationary 0-optimal policy. Veinott [Vei66]

shows how to solve this problem by policy improvement and Denardo [Den70a] shows how to do this

by linear programming.

Veinott [Vei66, Vei68, Vei69, Vei74] intro duces the problem of ¯nding a stationary n-optimal

policy and shows its equivalenceto ¯nding a stationary n-present-value (resp., n-Cesµaro-overtaking)

optimal policy. A stationary policy is strong-present-value optimal if and only if it is S-optimal

whereS is the number of states. The papers [Vei69, Vei74] re¯ne the policy-improvement algorithm

of [MV69] to ¯nd a stationary n-optimal policy and suggestthat a good way to implement that

algorithm is to ¯nd a stationary m-optimal policy for m = ¡ 1; : : : ; n in that order.

Veinott [Vei69] and Avrachenkov and Altman [AA98] show how to ¯nd an n-optimal policy in

specialized systems(transient and irreducible, respectively) using a sequenceof smaller problems

1See[Vei66, pp. 1291{1293] for a development that ¯lls a lacunae in the proof in [How60].



CHAPTER 1. INTR ODUCTION 3

that may be solved using linear programming.

Denardo [Den71, p. 491] sketches a method for ¯nding an n-optimal policy using either policy

improvement or a combination of linear programming and some intermediate algorithms to solve

a sequenceof simpler DP problems. However, his method is subject to counterexample. Indeed,

appendix A givesan example in which his method fails to ¯nd a 1-optimal policy.

No previous work successfullyshows how to use linear programming alone to ¯nd either an n-

optimal policy for n > 0 or a strong-present-value optimal policy. Since the time complexity of

policy improvement is unknown, the time required to ¯nd a strong-present-value optimal policy is

not currently known.

1.3 Normalized Systems

In a normalized system, the transition matrix of every stationary policy has spectral radius not

exceedingone. As Rothblum [Rot75] notes, Blackwell's [Bla62] proof of existenceof a stationary

strong-present-value optimal policy for substochastic systemsextends in a straightforward way to

normalized systems. Rothblum [Rot75] extends the methods from Miller and Veinott [MV69] and

Veinott [Vei69, Vei74] by giving an augmented Laurent expansionof the present value and general-

izing their policy improvement method to normalized systems.

The (more general) policy improvement requires the coe±cients of the (augmented) Laurent ex-

pansion. These coe±cients are the unique solution of a set of linear equations (identical to those

from Veinott [Vei69] except for the number of arbitrary variables). Veinott [Vei69] shows how to

e±ciently solve these linear equations (for substochastic systems) by identifying recurrent classes,

solving within each such (stochastic, irreducible) classby repeated application of a Gaussianelim-

ination matrix, and using these solutions to solve the remainder of the system. Rothblum [Rot75]

notes that Veinott's [Vei69] method may be extendedto normalized systems,but this requiresextra

work to partition the systeminto communicating classesand identify which classesare recurrent. No

previous work discussesthe numerical properties of the linear equations (although Veinott [Vei69]

usesthe linear dependenceof theseequationswithin recurrent classes)or the numerical stabilit y of

solution methods.

1.4 Dissertation Outline

Chapter 2 presents a new method for ¯nding an n-optimal (resp., strong-present-value optimal) pol-

icy within a substochastic systemby solving a sequenceof 3n+ 5 simpler, well-studied DP subprob-

lems. Previous work shows that thesesubproblemsmay be solved using either policy improvement

or linear programming. Since linear programming can be solved in time that is polynomial in the

size of the problem, this method ¯nds an n-optimal (resp., strong-present-value optimal) policy in
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polynomial time when using linear programming.

For a special re¯nement of substochastic systems,referred to here as unique transition systems,

this method ¯nds an n-optimal (resp., strong-present-value optimal) policy in strongly polynomial

time. This result is especially appealing becausethe re¯nement includes generaldeterministic sys-

tems.

Chapter 3 presents a new method similar to Veinott's [Vei69] for determining the coe±cients of

the Laurent expansionin a system with substochastic classes.This method reducesthe problem to

that of ¯nding the coe±cients within a number of irreducible, substochastic systems.By partitioning

the state spaceinto communicating classesand following the induced dependencepartial ordering,

the coe±cients for the entire system are found by considering each classseparately. Within each

(irreducible, substochastic) class, the new method determines if the class is recurrent or transient

using a rank-revealing LU (RRLU) factorization, then computesthe coe±cients by solving the linear

equations (for that class) in a numerically stable way.

The research contained in Chapter 4 arose during the development of the numerically stable

computations from Chapter 3. In large, sparseDP problems, solving the linear equations (for each

class) may require factorizing a large, sparsematrix with a possible singularity. Since many of

these coe±cient matrices are encountered within each iteration, a fast, sparseRRLU factorization

is desirable. Chan [Cha84], Hwang, Lin and Yang [HLY92], and Hwang and Lin [HL97] give dense

RRLU factorizations. The LUSOL package of Gill, Murray, Saunders, and Wright [GMSW87]

contains a fast, sparseLU factorization using threshold partial pivoting. This is sometimes,but

not always, rank-revealing. Chapter 4 shows that adding a threshold form of complete pivoting to

LUSOL givesa sparseRRLU factorization. This is comparedwith several other factorizations using

di®erent measures.



Chapter 2

Polynomial-Time Dynamic

Programming

2.1 In tro duction

This chapter presents a method that ¯nds a strong-present-value optimal policy for a ¯nite-state-

and-action in¯nite-horizon Markov decision chain in polynomial time. Using the weaker notion of

n-optimalit y, this new method starts with an arbitrary policy and sequentially improves the policy

until a strong-present-value optimal policy is found. The problem of ¯nding an n-optimal policy

from an (n¡ 1)-optimal policy is decomposedinto three simpler subproblems,each of which may be

solved in polynomial time using linear programming. If n is the number of states the method yields

a strong-present-value optimal policy in polynomial time.

Section2.2 formulates the problem of ¯nding a strong-present-value optimal policy. That section

de¯nes the system, intro ducesrelevant optimalit y conceptsand conditions, and discussesprevious

approaches for ¯nding such policies. It also intro duces the subproblems at the core of the new

method. The method itself is intro duced in x2.3, taking the form of a theorem that demonstrates

how to move from an (n ¡ 1)-optimal policy to a n-optimal policy using three simple (dynamic

programming) subproblems. The extension of this theorem to ¯nd a strong-present-value optimal

policy in polynomial time is then given. Next, by classifying the states, x2.4 shows how to e±ciently

implement the new method. The running time of this method becomesstrongly polynomial for

unique transition systems, a re¯nement of the original system de¯nition that includes standard

deterministic ¯nite-state-and-action in¯nite-horizon dynamic programs. Section 2.5 describes three

di®erent forms of thesesystems,and givesthe new running time in each case.Finally, x2.6 compares

earlier decomposition methods with the new method and x2.7 summarizesthe contributions within

this chapter.

5



CHAPTER 2. POLYNOMIAL-TIME METHODS 6

2.2 Preliminaries

2.2.1 Form ulation

Consider a substochastic systemobserved in periods 1; 2; : : : . In each period, the system is in one

of a ¯nite collection S of S states or is in the stopped state. In each state s 2 S, a ¯nite set A s of

actions is available. The set of state-action pairs f (s;a) j s 2 S; a 2 A sg has cardinalit y A. If one

observes in a period that the system is in state s 2 S and choosesaction a 2 A s, the system earns

expected reward r (s;a) and next period moves to state t 2 S with probabilit y p(tjs;a) ¸ 0 and the

stopped state with probabilit y 1¡
P

t 2S p(tjs;a). Oncea systementers the stopped state it remains

there and earnsno further reward.

SinceBlackwell [Bla62] provesthe existenceof a stationary strong-present-value optimal policy,

it su±ces to restrict attention to stationary policieswithin this chapter. Throughout, a (stationary)

policy is a function ± that assignsan action ±s 2 A s to each state s 2 S. Each policy ± inducesan

S-vector r ± ´ (r (s;±s)) of expected rewards and an S £ S transition matrix P± ´ (p(tjs;±s)) . Let ¢

be the set of all policies.

The N -period transition matrix for a policy ± is the N th power PN
± of P±. This leads to the

de¯nition of a stationary transition matrix P ¤
± ´ limN !1

1
N

P 1
i =1 P i ¡ 1

± for a policy ±. Now each

policy ± partitions S into the transient states T± ´ f t 2 S j P ¤
±st = 0 for all s 2 Sg under ± and the

recurrent states R ± ´ S n T± under ±.1 If T± = S (i.e., P ¤
± = 0), then ± is said to be transient.

2.2.2 Optimalit y Concepts and Conditions

Strong-presen t-v alue optimalit y. Suppose that rewards carried from one period to the next

earn interest at the rate 100½% (½> 0) and let ¯ ´ 1
1+ ½ be the discount factor. The present value

V ½
± of a policy ± is the (expected) present value of the rewards that ± earnsin each period discounted

to the beginning of period 0, i.e., V ½
± ´

P 1
N =1 ¯ N PN ¡ 1

± r±. A policy ± is present-valueoptimal if

V ½
± ¸ V ½

° for all ° 2 ¢. Finally, ± is strong-present-valueoptimal if it is present-value optimal for all

su±ciently small ½.

n -Optimalit y. It is computationally challenging to discern directly whether or not a policy is

strong-present-value optimal. However, building a sequenceof n-optimal policies is more e±cient

and attains strong-present-value optimalit y (when n = S).

A policy ± is n-present-valueoptimal if

lim
½#0

½¡ n ¡
V ½

± ¡ V ½
°

¢
¸ 0 for all ° 2 ¢ : (2.1)

1The classi¯cation of states as transien t or recurrent under a given policy leads to the concept of recurrent classes
de¯ned in x2.4.
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Evidently

V ½
± = ¯ r ± + ¯ P±V ½

± : (2.2)

Also, V ½
± has the Laurent expansion

V ½
± =

1X

n = ¡ 1

½n vn
± (2.3)

in small ½> 0 [MV69]. By substituting (2.3) into (2.2), multiplying by 1+½and equating coe±cients

of like powers of ½, onesseesthat V n +1 ´
¡
v¡ 1; v0; : : : ; vn +1

¢
=

¡
v¡ 1

± ; v0
±; : : : ; vn +1

±

¢
satis¯es

r j
± + Q±vj = vj ¡ 1; j = ¡ 1; 0; : : : ; n + 1; (2.4)

where Q± = P± ¡ I , r 0
± = r ±, r j

± = 0; j 6= 0, and v¡ 2
± = 0 [MV69]. Conversely, if the matrix

V n +1 ´
¡
V n ; vn +1

¢
satis¯es (2.4) then V n = V n

± ´
¡
v¡ 1

± ; v0
±; : : : ; vn

±

¢
[Vei69]. Thus, (2.4) uniquely

determinesthe vector V n = V n
± , but not vn +1 .

Writing B º C for two matrices of like size meansthat each row of B ¡ C is lexicographically

nonnegative. Combining (2.1) and (2.3), a policy ± is n-present-value optimal if and only if ± is

n-optimal, i.e., V n
± º V n

° for all ° 2 ¢.

Denote the set of n-optimal policies by ¢ n and notice that the n-optimal sets are nested, i.e.,

¢ ¶ ¢ ¡ 1 ¶ ¢ 0 ¶ ¢ 1 ¶ ¢¢¢. Extending [MV69], [Vei69] shows that there exists an 1 · m · S such

that ¢ ¶ ¢ ¡ 1 ¶ ¢¢¢¶ ¢ m = ¢ m +1 = ¢¢¢. Moreover, an S-optimal policy is strong-present-value

optimal.

2.2.3 Policy Impro vement

Veinott [Vei69, Vei74] re¯nes the policy improvement method given in [MV69] to ¯nd an n-optimal

policy as follows. For ° ; ± 2 ¢, let

gj
° ± ´ r j

° + Q° vj
± ¡ vj ¡ 1

± ; j = ¡ 1; 0; : : : (2.5)

and Gn
° ± ´ (g¡ 1

° ± ; : : : ; gn
° ±) for n ¸ ¡ 1. If ± is n-optimal, then

Gn
° ± ¹ 0 for all ° 2 ¢ : (2.6)

Conversely, if

Gn +1
° ± ¹ 0 for all ° 2 ¢ ; (2.7)

then ± is n-optimal. Therefore, (2.6) is necessaryand (2.7) is su±cient for n-optimalit y of ±. We

say that ± satis¯es the n-optimalit y conditions if (2.7) holds. If Gn
° ± Â 0 for some ° 2 ¢ and

° s = ±s wherever Gn
° ±s = 0, call ° an n-improvement of ±. In that event V n

° Â V n
± . If ± has no

(n+ 1)-improvement, then it satis¯es the n-optimalit y conditions.
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Let E¡ 2
± ´ ¢ and En

± ´ f ° 2 ¢ : Gn
° ± = 0g for n ¸ ¡ 1, soEn

± = f ° 2 En ¡ 1
± : gn

° ± = 0g for n ¸ ¡ 1.

SinceV n = V n
± satis¯es (2.4) for ¡ 1 · j · n, ± 2 En

± . Also, for any two policies ° and ±, Lemma 9

of [Vei69, p. 1648] implies that V n
° ¡ V n

± is a linear function of Gn +1
° ± . In particular,

° 2 En
± implies that V n ¡ 1

° = V n ¡ 1
± and vn

° ¡ vn
± = P¤

° gn +1
° ± = P¤

°

¡
r n +1

° ¡ vn
±

¢
(2.8a)

and so

V n ¡ 1
° = V n ¡ 1

± implies that ° 2 En ¡ 1
± and 0 = vn ¡ 1

° ¡ vn ¡ 1
± = P¤

° gn
° ±: (2.8b)

It is immediate from the ¯rst assertion in (2.8a) and the de¯nitions involved that

if ± is (n¡ 1)-optimal, then En
± µ ¢ n ¡ 1 µ En ¡ 1

± : (2.9)

Policy improvement may be implemented inductiv ely as follows [Vei69, Vei74]. Given a policy

± that is (n ¡ 1)-optimal, search En ¡ 1
± for an (n + 1)-improvement ° of ± (so ° is (n ¡ 1)-optimal),

replace± by ° , and repeat this procedureuntil a policy is found with no (n+ 1)-improvement. The

last policy satis¯es the n-optimalit y conditions and so is n-optimal.

2.2.4 Maxim um-T ransien t-V alue Policies

If ± is transient (seex2.2.1), its value V± =
P 1

i =1 P i ¡ 1
± r± is ¯nite, and ± hasmaximum transient value

if V± ¸ V° for all transient ° 2 ¢. The maximum-transient-value problem is to ¯nd a transient

policy with maximum value among all such policies. Note that there is no requirement that every

policy be transient. The paper [EV75] establishesthe following facts about this problem. A policy

± has maximum transient value if and only if ± is transient and V± is the least ¯xed point of the

optimal return operator R de¯ned by RV ´ max ° 2 ¢ (r ° + P° V) for V 2 RS . Such a policy exists

if and only if there is a transient policy and R has an excessive point, i.e., a V 2 RS for which

V ¸ RV . It is possible to ¯nd a maximum-transient-value policy either by policy iteration or by

solving a linear program with S rows and A columns similar to that of d'Epenoux [d'E60].

2.2.5 Maxim um-Rew ard-Rate Policies

The reward rate, i.e., the expectedreward per period, of ± is v¡ 1
± = P¤

± r±. The maximum-reward-rate

problem is to ¯nd a policy with maximum reward rate. This problem is well-studied and previous

work shows that there is such a policy and it can be found by policy iteration [How60, Bla62] or by

solving a linear program [Bal61, DF68, HK79] with 2S rows and 2A columns.
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2.3 Strong-Presen t-V alue Optimalit y in Polynomial Time

Given an (n¡ 1)-optimal policy, this section shows how to construct an n-optimal policy. It follows

that the construction of such a policy takespolynomial time, soa strong-present-valueoptimal policy

may be found in polynomial time.

To that end, let (v¡ 1
¤ ; v0

¤ ; v1
¤ ; : : : ) be the lexicographic maximum of (v¡ 1

± ; v0
±; v1

±; : : : ) over ± 2 ¢,

V n
¤ ´ (v¡ 1

¤ ; : : : ; vn
¤ ) and En

¤ ´ f ° 2 En ¡ 1
¤ : r n

° + Q° vn
¤ ¡ vn ¡ 1

¤ = 0g for n ¸ ¡ 1 where v¡ 2
¤ ´ 0 and

E¡ 2
¤ ´ ¢.

For each policy ³ , observe that En
³ has the product property, i.e., is a product En

³ = £ s2S En
³ s

of subsetsEn
³ s µ A s of actions for each state s 2 S. Let E n

³ be a set of policies such that

(i) E n
³ has the product property E n

³ = £ s2S En
³ s for somesubsets; 6= E n

³ s µ En
³ s

for all s 2 S, and

(ii) for each s 2 S, E n
³ s contains each action that is usedby somepolicy in En

³ for which state s is

recurrent under that policy.

Thus, ; 6= E n
³ µ En

³ . The simplest example of such a set E n
³ is En

³ itself. Section 2.4 givesother

examplesthat lead to substantially more e±cient algorithms for solving the maximum-reward-rate

subproblem in (b) of Theorem 2.1 below. Note that ³ =2 E n
³ is possible.

Theorem 2.1 Sequential Decomp osition in to Subproblems.

Supposen ¸ ¡ 1.

(a) (n ¡ 1) -Optimalit y Conditions. If ± is (n¡ 1)-optimal, then vn = vn
³ is the least solution

of

vn = max
° 2E n ¡ 1

¤

¡
r n

° ¡ vn ¡ 1
¤ + P° vn ¢

_ vn
± (2.10)

for some ³ 2 En ¡ 1
¤ that is transient on the states s for which vn

³ s > vn
±s and that agrees with ±

otherwise. Moreover, each such ° = ³ maximizes vn
° over all such ° and satis¯es the (n ¡ 1)-

optimality conditions.2

(b) n -Optimalit y for Recurren t States. If ³ satis¯es the (n¡ 1)-optimality conditions, then

max
° 2E n

³

vn
° = vn

³ + max
° 2E n

³

P¤
°

¡
r n +1

° ¡ vn
³

¢
: (2.11)

Moreover, the sets of maximizers on both sides of (2.11) are nonempty and coincide. Also, each

such common maximizer ° = ´ is (n ¡ 1)-optimal and is n-optimal on each state that is recurrent

under somen-optimal policy.
2 It is not e±cien t to implement part (a) when n = ¡ 1. In that case, it is better to omit (a) and begin with a

modi¯cation of part (b) that omits the hypothesis about ³ , replaces v ¡ 1
³ by 0 and E¡ 1

³ by ¢. Then the modi¯ed

version of (b) evidently holds. If also one sets E ¡ 1
³ = ¢, then the policy ° = ´ found in (b) is ¡ 1-optimal, so part

(c) is unnecessary. However, as x2.4 discusses,it is necessary to solve subproblem (c) for other (often better) choices
of E ¡ 1

³ .
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(c) n -Optimalit y. If ´ is (n¡ 1)-optimal and is n-optimal on each state that is recurrent under

somen-optimal policy, then vn = vn
µ is the least solution of

vn = max
° 2E n ¡ 1

¤

¡
r n

° ¡ vn ¡ 1
¤ + P° vn ¢

_ vn
´ (2.12)

for someµ 2 En ¡ 1
¤ that is transient on the set of statess for which vn

µs > vn
´ s and that agrees with ´

otherwise. Moreover, each such µ is n-optimal.

Role of the Three Subproblems It seemsuseful to explain brie°y the role of each of the three

subproblemstherein. Consider a policy ± that is (n ¡ 1)-optimal. Then it is necessaryto ¯nd a °

in ¢ n ¡ 1 that maximizes vn
° over ¢ n ¡ 1. Unfortunately, this is generally hard to do for two reasons.

First, it is di±cult to ¯nd ¢ n ¡ 1. Second,even if onehas¢ n ¡ 1, it may not have the product property,

which signi¯cantly complicates the problem of optimizing over that set. However, it follows from

(2.9) that ¢ n ¡ 1 has inner and outer approximations En
± and En ¡ 1

± = En ¡ 1
¤ , respectively, that are

easyto compute, have the product property and can be usedas follows.

First solve the maximum-transient-value subproblemin (a) to ¯nd a policy ° = ³ that maximizes

vn
° over the ° in En ¡ 1

¤ that are transient on states where ° di®ersfrom ±. The policy ³ also satis¯es

the (n¡ 1)-optimalit y conditions. Now solve the maximum-reward-rate subproblem in (b) to ¯nd a

policy ° = ´ that maximizesvn
° over E n

³ . Since³ satis¯es the (n¡ 1)-optimalit y conditions ((n¡ 1)-

optimalit y is not enough), it turns out that ´ is n-optimal on the states where some n-optimal

policy is recurrent (though it doesn't ¯nd those states). Finally, solve the maximum-transient-value

subproblem in (c) to ¯nd a policy ° = µ that maximizes vn
° over ° in En ¡ 1

¤ that are transient on

states where ° di®ersfrom ´ . The policy µ is n-optimal.

The following corollary is a direct result of the subproblem decomposition of Theorem 2.1.

Corollary 2.2 Polynomial Running Time. The problem of ¯nding an n-optimal, and hence a

strong-present-valueoptimal, policy is solvablein polynomial time.

Pro of. One may ¯nd an n-optimal policy by sequentially solving subproblems (a) , (b) (with

E n
³ = En

³ ), and (c) of Theorem 2.1 to ¯nd an m-optimal policy in the order m = ¡ 1; 0; : : : ; n. Each

of these 3n+ 5 subproblemsis solvable using a linear program whosesize is polynomial in the size

of the dynamic program. Khachian [Kha79] shows that a linear program is solvable in time that is

polynomial in its size. Also, the sizeof the solution of a linear program is polynomial in the sizeof

the linear program itself. The sizeof each linear program for solving subproblems(a) , (b) , and (c)

dependsonly on the sizeof the dynamic program and the solutions of the previous linear program.

Therefore, the sizeof each linear program for solving subproblems(a) , (b) , and (c) is polynomial

in the sizeof the dynamic program, so the time required to solve each subproblem is polynomial in

the size of the dynamic program. Therefore, the time to ¯nd an n-optimal policy is polynomial in
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the sizeof the dynamic program. Also, sincean S-optimal policy is strong-present-value optimal, a

strong-present-value optimal policy may be found in polynomial time. ¥

The rest of this sectioncontains a proof for Theorem 2.1 and an examplethat demonstratesthat

the three subproblemsproduce distinct solutions.

Pro of of Theorem 2.1. Supposethat ® is n-optimal. Also, for parts (b) and (c) , let R ´ R ®

(resp., T ´ T®) be the set of states where ® is recurrent (resp., transient). Remember the sets R

and T partition S.

(a) Suppose± is (n ¡ 1)-optimal. De¯ne a new system by ¯rst restricting the policies to En ¡ 1
¤ ,

letting the one-period rewards be r n
° ¡ vn ¡ 1

¤ for ° 2 En ¡ 1
¤ , and appending a new action in every

state s 2 S that stops and earnsthe one-period reward vn
±s. The policy that stops in each state and

period is transient in the new system. Then for all ° 2 ¢, V n
® º V n

° and, from (2.6), Gn
° ® ¹ 0.

Also V n ¡ 1
± = V n ¡ 1

® , so for ° 2 En ¡ 1
¤ = En ¡ 1

® , Gn ¡ 1
° ® = 0 and gn

° ® · 0. The last fact and vn
® ¸ vn

±

imply that vn
® is an excessive point of the operator on the right-hand side of (2.10). Therefore, from

[EV75], there is a transient policy · in the new system whosevalue V· therein is the least solution

of (2.10) and majorizes the value of every other transient policy in that system.

Next construct a policy ³ 2 En ¡ 1
¤ in the original systemwith ³ being (n¡ 1)-optimal and vn

³ = V· .

To that end, let E = f s 2 S : V·s = vn
±sg, so V·G À vn

±G where G ´ S nE. De¯ne ³ by ³E ´ ±E and

³G ´ · G . Now P±E G = 0, for otherwise P±E G > 0 and so V·E = vn
±E = r n

±E ¡ vn ¡ 1
¤E + P±E E vn

±E +

P±E G vn
±G < r n

±E ¡ vn ¡ 1
¤E + P±E E V·E + P±E G V·G · V·E , which is a contradiction. Therefore, by

suitably permuting the states,

P³ =

Ã
P·GG P·GE

0 P±E E

!

and P¤
³ =

Ã
P¤

·GG P¤
³ GE

0 P¤
±E E

!

=

Ã
0 P¤

³ GE

0 P¤
±E E

!

; (2.13)

the last since · is transient, so ³ is transient on G. Also from (2.10), the de¯nition of · and

± 2 En ¡ 1
± = En ¡ 1

¤ , it follows that ³ 2 En ¡ 1
¤ . These facts and (2.8a) imply that V n ¡ 2

³ = V n ¡ 2
¤ and

vn ¡ 1
³ ¡ vn ¡ 1

¤ = P¤
³ gn

³ ± = P¤
³ SE gn

±±E = 0, so ³ is (n¡ 1)-optimal. Now sinceP³ GG = P·GG is transient,

V = V· is the unique solution of

V =

Ã
r n

³ G ¡ vn ¡ 1
¤G

vn
±E

!

+

Ã
P³ GG P³ GE

0 0

!

V: (2.14)

However, V = vn
³ also satis¯es this equation. To seethis for states in G, substitute vn ¡ 1

³ G = vn ¡ 1
¤G

into gn
³ ³ G = 0, while for states in E , recall that P³ E G = P±E G = 0 and so vn

³ E = vn
±E . Thus sincethe

above equation has a unique solution, V· = vn
³ .

Since ³ 2 En ¡ 1
¤ = En ¡ 1

± , V n ¡ 1
³ = V n ¡ 1

± by (2.8a), so Gn ¡ 1
° ³ = Gn ¡ 1

° ± ¹ 0 for all ° 2 ¢ by (2.6).

Also, sincevn
³ satis¯es (2.10), gn

° ³ · 0 for all ° 2 En ¡ 1
¤ = En ¡ 1

³ , i.e., for all ° with Gn ¡ 1
° ³ = 0. Hence

Gn
° ³ ¹ 0 for all ° 2 ¢, i.e., ³ satis¯es the (n¡ 1)-optimalit y conditions.
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(b) Suppose³ satis¯es the (n¡ 1)-optimalit y conditions. Now since; 6= E n
³ µ En

³ and E n
³ has the

product property, it follows from (2.8a) that (2.11) holds and the setsof maximizers on both sides

thereof coincide. Thus, from [How60] and [Bla62], there is a ° = ´ maximizing the right-hand, and so

the left-hand, side of (2.11) becausethe former is a maximum-reward-rate problem with one-period

rewards r n +1
° ¡ vn

³ for ° 2 E n
³ . Since ´ 2 E n

³ µ En
³ , V n ¡ 1

´ = V n ¡ 1
³ by (2.8a), so ´ is (n ¡ 1)-

optimal. Now Gn ¡ 1
®³ = 0, from V n ¡ 1

® = V n ¡ 1
³ (both (n¡ 1)-optimal) and (2.8b), sogn

®³ · 0 because³

satis¯es the (n¡ 1)-optimalit y conditions. Also, (2.8b) gives0 = vn ¡ 1
® ¡ vn ¡ 1

³ = P¤
®gn

®³ = P¤
®SR gn

®³ R ,

so gn
®³ R = 0 (since P ¤

® ¸ 0). Hence Gn
®³ R = 0 and there is a ¸ 2 E n

³ with ¸ R = ®R and ¸

recurrent on R because® is recurrent thereon. Therefore vn
¸ · vn

´ by (2.11). Also P®R T = 0, so

vn
®R = vn

¸R · vn
´ R · vn

®R , whencevn
´ R = vn

®R .

(c) Suppose´ is (n¡ 1)-optimal and is n-optimal on each state that is recurrent under somen-

optimal policy. Then from (a) of the Theorem, there is a µ 2 En ¡ 1
¤ satisfying the assertionsof (c) of

the Theorem except perhapsfor µ 2 ¢ n . To show the last fact, observe that sincevn
µ satis¯es (2.12),

vn
® ¸ vn

µ ¸ vn
´ . Moreover, by hypothesisvn

´ R = vn
®R and so vn

µR = vn
®R . Also sincevn

µ satis¯es (2.12)

and ® 2 ¢ n µ En ¡ 1
¤ , vn

µ ¸ r n
® ¡ vn ¡ 1

¤ + P®vn
µ = vn

® + P®(vn
µ ¡ vn

®) implying vn
µ ¡ vn

® ¸ P®(vn
µ ¡ vn

®).

Iterating this inequality yields vn
µ ¡ vn

® ¸ PN
® (vn

µ ¡ vn
®) for N = 0; 1; : : : . Taking the (C; 1) limit of

the last inequality yields vn
µ ¡ vn

® ¸ P¤
® (vn

µ ¡ vn
®) = P¤

®SR (vn
µR ¡ vn

®R ) = 0, so µ 2 ¢ n . ¥

The following example illustrates the above ideas for n-optimalit y and that the subproblems

produce distinct solutions.

Example 2.1 Three Subproblems have Distinct Solutions. Considerthe deterministic system

in Figure 2.1 with 2m + 3 states labeled ¾; 0; 1; : : : ; m; 00; 10; : : : ; m0 where m ¸ 0. There are two

PSfrag replacements

¾

a

ab

b

mm0

00

10

2um
0 2um

1

2um
m ¡ 12um

m

um
0um

1

um
m ¡ 1 um

m

0

0

0 0

1

Figure 2.1: Three Subproblemshave Distinct Solutions

actions a and b in states¾and 0, and a singleaction a in every other state. In state ¾, actions a and

b move the system to states 0 and 00 respectively, and each earnszero one-period reward. Action a

in states s and s0 moves the system to the respective states s + 1 and (s + 1)0 modulo (m + 1) and
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earns the respective one-period rewards 2um
s and um

s for s = 0; : : : ; m, where um
s ´ (¡ 1)s

¡ m
s

¢
for

s = 0; 1; : : : . Finally, action b in state 0 earnszero one-period reward and moves the system to the

stopped state.

A policy is a pair of actions for states ¾and 0. For example, ba is the policy that takes action

b in state ¾ and action a in state 0. Let n = m ¡ 1. Then all four policies are (n ¡ 1)-optimal. If

one starts with the policy ± = ab, solving subproblems(a) , (b) and (c) of Theorem 2.1 yields the

respective policies ³ = bb, ´ = ba and µ = aa. Also, vn
± < vn

³ < vn
´ < vn

µ and only µ is n-optimal.

2.4 E±cien t Implemen tation via State-Classi¯cation

The subproblems (a) and (c) are maximum-transient-value problems and the subproblem (b) is

a maximum-reward-rate problem. One may solve both problems by policy iteration or linear pro-

gramming. This section ¯rst describes two state spacepartitions and then proceedsto implement

both approachese±ciently by partitioning the state space.

2.4.1 Recurren t Classes

As Bather [Bat73, pp. 542{545] shows, it is useful to classify the states of a Markov decisionchain

as recurrent or transient in a manner that generalizesthat for Markov chains. In particular call a

state recurrent or transient according as it is recurrent under somepolicy or transient under every

policy. The setsof recurrent and transient states partition the state space.

Bather also gives a recursive procedure for ¯nding the set of recurrent states and a partition

thereof that is useful for computations. Rossand Varadarajan [RV91, pp. 197{198] show that the

membersof this partition are preciselythe maximal subsetsof recurrent states that form a recurrent

classunder somerandomized stationary Markov policy. For this reason, call each member of the

partition a recurrent class.3 Bather [Bat73, pp. 542{545]and Rossand Varadarajan [RV91, pp. 197{

198] give di®erent methods of ¯nding the recurrent classesin O(S2 + SA) time.

Incidentally , there is a secondcharacterization of the recurrent classesin terms of the (non-

randomized stationary Markov) policies consideredherein. To describe it, form an (undirected)

recurrent-state graph whose nodes are the recurrent states and whose arcs are the pairs (s; t) of

states s; t that both belong to a common recurrent classof somepolicy. Then it is easyto seethat

the recurrent classesarepreciselythe nodesetsof the maximal connectedsubgraphs(or components)

of the recurrent-state graph.

3Ross and Varadara jan [RV91] use the term strongly communicating class for what we call a recurrent class.
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2.4.2 Comm unicating Classes

While recurrent classesare useful for solving the maximum-reward-rate subproblem in (b) solving

the maximum-transient-value subproblemsin (a) and (c) of Theorem 2.1, requiresa di®erent (well-

known) partition of the state space.It is easiestto explain this in terms of a (directed) graph called

the state-graph. The nodesof this graph are the states and the stopped state and the arcs are the

ordered pairs of states (s; t), s 2 S, for which p(tjs;a) > 0 for somea 2 A s and t 2 S or for which t

is the stopped state and
P

t 2S p(tjs;a) < 1. State s is accessibleto state t if there is a chain from

s to t in the state graph. A state is accessibleto itself with a chain of consisting of only that state.

A communicating class(or strong component of the state graph) is a maximal subset of mutually

accessiblestates. The communicating classespartition the state space.Tarjan's [Tar72] depth-¯rst

search method can be used to ¯nd the communicating classesand the communicating-class graph,

i.e., the strong component graph of the state-graph, in O(S + A) time. Call a stochastic system

communicating if S forms a communicating class.

2.4.3 Solving the Maxim um-Rew ard-Rate Subproblem

Classifying the states into recurrent classespermits the maximum-reward-rate subproblem in (b)

of Theorem 2.1 to be divided into smaller subproblemsof the sametype. The key to doing this is

a felicitous choice of the action sets E n
³ s. To that end, ¯rst form the restricted system by limiting

the actions in each state s to those in En
³ s. Next use one of the above algorithms to ¯nd the

recurrent classesfor the restricted system. Now for each state s in somerecurrent classC of the

restricted system, let E n
³ s be the set of actions in En

³ s that keep the system in C, i.e., E n
³ s =n

a 2 En
³ s :

P
c2 C p(cjs;a) = 1

o
. For each state s that is transient in the restricted system, let E n

³ s =

f ³sg. This de¯nition of E n
³ assuresthat the required conditions (i) and (ii) hold. Finally, choosing

action a 2 E n
³ s in state s results in the reward rate r n +1 (s;a) ¡ vn

³ s. The transition rates are the

original ones.

Since each recurrent classC of the restricted system has accessonly to states in C with every

policy in E n
³ , it su±ces to solve the maximum-reward-rate subproblemseparatelyon each such class

C. Then one common maximizer ° = ´ of both sidesof the subproblem (b) is formed by letting

´ s = ³ s for each state s that is transient in the restricted systemand, for each recurrent classC of the

restricted system, letting ´ C be a maximum-reward-rate policy for the restriction of the subproblem

to C.

To sum up, the above development shows how to divide the maximum-reward-rate subproblemin

(b) of Theorem 2.1 (with E n
³ de¯ned as above) into a collection of state-disjoint maximum-reward-

rate problems. In each of thesestate-disjoint problems, the systemis stochastic and the state-space

is a single recurrent class. It is known and easy to seethat a stochastic system has a state-space

that forms a single recurrent classif and only if the systemis communicating. Moreover, much more
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e±cient algorithms are available for communicating stochastic systemsthan for generalones.

Solving a Maxim um-Rew ard-Rate Problem in a Comm unicating Sto chastic System.

Consider a communicating stochastic system. Call a policy unichain if its recurrent states form a

single class;naturally , the remaining states are transient. It is known from Denardo [Den70b] that

one maximum-reward-rate policy for this problem is unichain. A unichain maximum-reward-rate

policy can be found by linear programming or policy iteration.

² Linear Programming It is immediate from Denardo [Den70b] that the basic solutions of

Manne's [Man60] and de Ghellinck's [dG60] linear program are preciselythe stationary distributions

of unichain policies. Thus, application of the simplex method, for example, to that linear program

iterates within the classof unichain policiesuntil onewith maximum reward rate is found. Manne's

and de Ghellinck's linear program has only S + 1 rows and A columns, and so is much smaller than

the linear program required for general systems, which has, as discussedabove, 2S rows and 2A

columns.

² Policy Iteration Haviv and Puterman [HP91] show how to carry out the policy iteration

within the classof unichain policies. This is much more e±cient than useof generalpolicy iteration

for communicating stochastic systems.

2.4.4 Solving the Maxim um-T ransien t-V alue Subproblem

One can usethe communicating-classgraph to solve a maximum-transient-value problem as follows.

Let v¤ = (v¤
s ) be the desired maximum transient value. Choose a communicating class C whose

maximum transient values have not been found and that is accessiblein one step only to classes

for which those values have been found. (Note that the transient value for the stopped state is

zero.) Denote by TC the union of the classesto which C has accessin one step. Let the one-period

reward associated with each state s 2 C and each action a in that state be the sum of its one-period

reward and its expected future reward in other classes,i.e., r (s;a) +
P

t 2 TC
p(tjs;a)v¤

t . Solve the

maximum-transient-value problem for that class. The maximum transient values for the classare

the desiredvaluesv¤
s for each s 2 C. Repeat this procedureuntil the maximum transient valuesfor

all classeshave beenfound.

2.5 Strongly Polynomial-Time Metho ds for Unique Transi-

tion Systems

In this section we show how to ¯nd a strong-present-value optimal policy in strongly polynomial

time in a unique transition system. A unique transition systemis one in which each state s 2 S and

action a 2 A s determinesa unique t(s;a) such that either
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² t(s;a) 2 S; p(t(s;a)js;a) > 0 and p(tjs;a) = 0 for t 2 S n f t(s;a)g, or

² t(s;a) is the stopped state and p(tjs;a) = 0 for each t 2 S.

Such systemsinclude standard deterministic dynamic programs. Remember A is the number of

state-actions pairs (s;a) with s 2 S and a 2 A s.

A unique transition system inducesa state-action graph with gains on the arcs. The nodesare

the states and the stopped state. Each arc corresponds to a state-action pair (s;a) with s 2 S

and a 2 A s, the tail and head of the arc are s and t(s;a) respectively, and the arc's gain p(s;a) is

p(t(s;a)js;a) if t(s;a) 2 S and 0 < p(s;a) · 1 if t(s;a) is the stopped state. Note that this graph

may have multiple arcs from one node to another.

A policy inducesa subgraph of the state-action graph with each state being the tail of a single

arc. Examination of the strong-component graph of the subgraph reveals that the latter is a set of

node-disjoint circuit-ro oted trees that spansthe nodes of the state-action graph. A circuit-ro oted

tree is a subgraph of the state-action graph whosestrong-component graph is a tree with all arcs

directed towards a distinguished root node. The root node is a strong component consistingof either

a simple circuit or the stopped state, and every other strong component consistsof a single node.

Figure 2.2 illustrates a circuit-ro oted tree with the solid nodesforming the simple circuit.

Figure 2.2: Circuit-Ro oted Tree

It is possible to classify the states under a policy with the aid of its induced subgraph. Call

a simple circuit in the subgraph recurrent if the gains on all arcs in the circuit are one; otherwise

call the simple circuit transient. A state in the subgraph is recurrent if it lies in a recurrent simple

circuit; otherwisethe state is transient. A circuit-ro oted tree in the subgraphis transient if its simple

circuit, if any, is transient.

Corollary 2.3 Unique Transition Systems. In a unique transition system, the problemof ¯nd-

ing an (n ¡ 2)-optimal policy, ¡ 1 · n ¡ 2 · S, is solvablein4

(a) Undiscoun ted O(nS[A ^ S2] + A) time if p(s;a) = 1 for each s 2 S and a 2 A s;

4The assumption that n ¡ 2 · S is without loss of generalit y since if n ¡ 2 > S, a policy is (n ¡ 2)-optimal if and
only if it is S-optimal, or equivalently , strong-present-v alue optimal.
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(b) Discoun ted O(nS2[A ^ S2] + A) time if p(s;a) = ¯ < 1 for each s 2 S and a 2 A s; and

(c) General O(nS2A logS) time.

Pro of. For both (a) and (b) , consider a pair of states (s; t) where t is here possibly the stopped

state and t is accessiblefrom s in onestep with someaction a 2 A s. Then, of course,onecan choose

an action a 2 A s that maximizesr (s;a) subject to t(s;a) = t and eliminate the other actions ® 2 A s

for which t(s;®) = t. This step requiresO(A) time and assuresthat at most O(A ^ S2) state-action

pairs must be examined,viz., one for each pair (s; t) of states.

(a) Undiscoun ted Supposethe hypothesesof part (a) of Corollary 2.3 hold. Then all circuits

in the corresponding collection of circuit-ro oted trees are recurrent. Thus each transient policy

corresponds to a circuit-ro oted tree in which the root component is the stopped state. Then the

maximum-transient-value problem may be solved using the Bellman-Ford method [For56, Bel58] for

¯nding a maximum-value rooted tree with root the stopped state. The time to ¯nd this tree is

O(S[A ^ S2]). An e±cient way to do this is to usestate-partitioning as discussedin x2.4.

The maximum-reward-rate problem may be solved by implementing Bather's state-partitioning

method as follows. For each class, use Karp's [Kar78] algorithm to ¯nd a maximum-reward-rate

circuit and then use breadth-¯rst search backwards from the circuit to create a circuit-ro oted tree

and hencea maximum-reward-rate policy on the class. Finally, solve the system-maximum-reward-

rate problem discussedin x2.4by the Bellman-Ford method. The time to solveboth of theseproblems

is O(S[A ^ S2]).

Thus the time to solve each subproblem (a) , (b) or (c) of Theorem 2.1 is O(S[A ^ S2]). Since

3n such subproblemsmust be solved, part (a) of the Corollary follows immediately.

(b) Discoun ted Supposethe hypothesesof part (b) of the Corollary hold. Then the maximum-

transient-value problem may be solved with the aid of state-partitioning. The method entails solving

a maximum-transient-value problem on each class. Thus, it su±ces to considerthe casein which the

systemconsistsof a singleclass. On such a systemand for each ¾2 S, ¯nd the maximum-transient-

value C¾ over all circuits that start in ¾. Then solve an augmented maximum-transient-value

problem where in each state ¾2 S one also allows stopping and earning the terminal reward C¾.

One may ¯nd a maximum-transient-value circuit that starts in state ¾2 S as follows. Calculate

the maximum value V N
s among all N -step chains from s 2 S to ¾as follows:

V N +1
s = max

t (s;a )2S

h
r (s;a) + ¯ V N

t (s;a )

i
; N ¸ 1 (2.15)

where V 1
s = maxt (s;a )= ¾ r (s;a), the maximum being ¡1 if the set over which a maximum is taken

is empty. Then,

C¾ = max
1· N · S

V N
¾

1 ¡ ¯ N = max
1· N · S

£
V N

¾ + ¯ N C¾
¤

: (2.16)
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Now let UN
s be the maximum value amongall chains of length N or lessthat begin at s 2 S and

earn the terminal reward C¾ if the chain ends in ¾. Then for each s 2 S,

UN +1
s = max

a2A s

h
r (s;a) + ¯ UN

t (s;a )

i
; N ¸ 0 (2.17)

whereUN
t ´ 0 if t is the stopped state and U0

s = Cs. Then Us ´ US
s is the maximum-transient-value

among all policies and satis¯es

Us = max
a2A s

£
r (s;a) + ¯ Ut (s;a )

¤
:5

Furthermore, any policy ± such that ±s = a achieves the maximum on the right-hand side of the

above equation for each s 2 S has maximum transient value.

The time to ¯nd ± is O(S2[A ^ S2]). Thus the time to solve the subproblem (a) of Theorem 2.1

is O(S2[A ^ S2]). Since the system is transient, any policy that solves subproblem (a) also solves

subproblems (b) and (c) , so the latter two are not needed. Since n such subproblems must be

solved, part (b) of Corollary 2.3 follows immediately.

(c) General Consider the general caseof part (c) of Corollary 2.3. The maximum-transient

value problem can be solved in O(S2A logS) time as follows. Use the method of Hochbaum and

Naor [HN94, pp. 1181{1184,1186] to ¯nd the least excessive point of the optimal return operator

in O(S2A logS) time.6 Then from [EV75], the least excessive point is the maximum-transient-value

v¤; there is a transient policy ± such that v¤ = r ± + P±v¤; and each such policy has value v¤.

As shown in [EV75], one such transient policy ± = (±s) can be found in O(SA ) time as follows.

Form a revised state-action graph in two steps. First delete arcs (s;a) in the state-action graph for

which v¤
s 6= r (s;a) + p(s;a)v¤

t (s;a). Next, for each state s for which there is an arc (s;a) in the

remaining graph for which p(s;a) < 1, append an arc (s;a)0 from s to the stopped state. Then fan

out backwards from the stopped state in the revised state-action graph to form a maximal subtree

with all arcsdirected towards the stopped state. The subtreespansthe statesand the stopped state

becausethere is a maximum-value transient policy ± such that v¤ = r ± + P±v¤. Then for each state

s, let ±s be the action associated with the unique arc in the subtree leading out of s. The policy ±

is transient sinceeach state is accessibleto the stopped state with positive probabilit y under ±.

The maximum-reward-rate problem can also be solved in O(S2A logS) time as follows:

1. remove all arcs (s;a) with p(s;a) < 1 to form an undiscounted system;

2. solve the maximum-reward-rate problem on the undiscounted system as outlined in the proof

for part (a) above;

5 It is possible to cut the running time to ¯nd U = (Us ) using a re¯nemen t of Dijkstra's algorithm. However, this
impro vement does not reduce the order of the leading term of the overall running time.

6Their metho d repeatedly calls the Grap evine Algorithm 1 of Aspvall and Shiloach [AS80, pp. 834{835] to check
whether a given number Vs is or is not as large as the maxim um transien t value in state s in O(SA) time.
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3. restore all arcs, augment the system by allowing stopping in each state with the maximum

reward-rate from that state in the undiscounted system, and solve the maximum-transient-

value problem using the method given above.

Thus, the time to ¯nd a maximum-reward-rate policy is O(S2A logS).

Hence,the time to solve each subproblem(a) , (b) or (c) of Theorem 2.1 is O(S2A logS). Since,

by Theorem 2.1, 3n such subproblemsmust be solved, part (c) of Corollary 2.3 follows. ¥

Remark. Hartman and Arguelles [HA99, p. 437], Theorem 17 give an algorithm for ¯nding a

maximum-transient-value policy under the hypothesesof (a) of Corollary 2.3 and the assumption

that the actions in each state consist of choosing the next state to visit. In this event, there are S

actions in each state, so A = S2. Under this hypothesis, their method runs in O(S4) time. The

running time of the new method for this caseagreeswith theirs, but is faster where A < O(S2).

2.6 Prior Decomp osition Metho ds

The idea of decomposing the problem of ¯nding an n-optimal policy into subproblems related to

those proposedhere has been explored previously in somespecial cases. Following is a review of

someof this work and it's relationship to the approach presented here.

¡ 1-Optimalit y (Maxim um-Rew ard-Rate) Problem. Denardo [Den70b] shows how to solve

the maximum-reward-rate problem in generalby solving Manne's [Man60] and de Ghellinck's [dG60]

linear program on a sequenceof up to 2n \nested" restrictions of the problem. Here, n is the number

of recurrent classesunder the maximum-reward-rate policy and \nested" meansthat each restriction

has a state-spacethat is a proper subsetof its predecessor.

Bather [Bat73] ¯nds a maximum-reward-rate policy in two steps. First, he separately considers

each recurrent classtogether with those transient classesthat feeddirectly into that class,¯nding a

maximum-reward-rate policy in the subsystemusinga simpli¯ed versionof Howard's policy iteration.

Then he usesa maximum-transient-value problem to decide if it is optimal to stay in a recurrent

class(using the policy found within it's subsystem),or to move down to another accessiblerecurrent

class. The resulting policy has maximum reward rate for the original system.

0-Optimalit y Problem. Building on an idea in [Vei66], Denardo [Den70a] shows how to decom-

posethe problem of ¯nding a 0-optimal policy into three subproblems. His ¯rst subproblemamounts

to ¯nding a maximum-reward-rate policy by policy iteration or linear programming, and so is quite

di®erent from subproblem (a) for ¯nding a 0-optimal policy. But his secondtwo subproblemsare

closeto subproblems(b) and (c) , the di®erencebeing minor if Blackwell's [Bla62] policy iteration

is usedto solve thesesubproblemsand being greater if linear programming is used.
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n -Optimalit y Problem. Two prior decompositions for transient and irreducible systemsand a

decomposition outline for the generalcasecurrently exist.

² Transien t Systems For transient systems, i.e., where every policy is transient, results of

Veinott [Vei69, pp. 1638,1648{1649]imply that it is possibleto decomposethe problem of ¯nding

an n-optimal policy into a sequenceof n+ 1 subproblemslike subproblem (c) except that one can

omit the vector vn
´ . This is possible in transient systemsbecause,as he shows, ¢ n ¡ 1 = En ¡ 1

¤ and

µ 2 En ¡ 1
¤ is n-optimal if and only if max° 2E n ¡ 1

¤
gn

° µ = 0, i.e., vn = vn
µ is the unique ¯xed point of

(2.12). This result alsofollows from Theorem 2.1 on observingthat a policy µ that solvessubproblem

(c) for n also solvessubproblems(a) and (b) for n+ 1.

² Irreducible Systems For irreducible systems,i.e., whereevery policy is irreducible, Avrachenkov

and Altman [AA98] show how to decomposethe problem of ¯nding an n-optimal policy into a se-

quenceof n + 2 subproblems like subproblem (b) . This result also follows from Theorem 2.1 on

observing that a policy ´ that solves subproblem (b) for n also solves subproblem (c) for n and

subproblem (a) for n+ 1.

2.7 Con tributions

This chapter presents a new three-step decomposition for ¯nding strong-present-value optimal poli-

cies in substochastic systems. None of the three steps require a speci¯c methodology, so the entire

decomposition is independent of the solution methods used at each step. If linear programming is

usedto solve each step of the decomposition, the entire processruns in polynomial time with respect

to the size of the dynamic program. Also, this chapter shows how to use two di®erent state space

partitions (recurrent and communicating classes)to solve each step e±ciently (again, no particular

solution method is speci¯ed). Finally, this chapter de¯nes unique transition systemsand shows that

the decomposition presented heremay solve in strongly polynomial time (with respect to the sizeof

the dynamic program) for thesesystems,with the exact running time depending on the properties

of the system (and the specializedmethods usedto solve each step of the decomposition).

Ac kno wledgemen t The work contained within this chapter is joint work with Prof. Arth ur F.

Veinott, Jr.



Chapter 3

Numerically Stable Present-V alue

Expansion

3.1 In tro duction

One of the most important stepsin implementing any method is ensuring the method remains valid

under ¯nite precision. Both Miller and Veinott's [MV69] and Veinott's [Vei69] policy improvement

for substochastic systems and Rothblum's [Rot75] extended policy improvement for normalized

systemsrequire the computation of Laurent expansioncoe±cients via a set of linear equations. If

these coe±cients are not computed to a high degreeof accuracy, then these policy improvement

methods may be invalidated. This chapter presents a method for solving the linear equations (thus

computing the coe±cients) for systemswith substochastic classes(a subsetof normalized systems).

Section 3.2 presents the DP formulation, describes the systemsconsideredin this chapter, and

givesthe modi¯ed Laurent expansionand linear equationsfor thesesystems.Then, Section3.3shows

how to usea the classesof a policy to decomposethe problem of solving the linear equations for a

policy into many problems that solve the linear equations within a substochastic, irreducible class.

Section 3.4 shows how to perform numerically stable computations to solve these linear equations

within a substochastic, irreducible class. This provides the necessarybuilding block to compute the

coe±cients for the entire system in a numerically stable way. Finally, the question of numerical

stabilit y is addressedin detail in x3.5 and the contributions of this chapter are summarizedin x3.6.

21
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3.2 Preliminaries

3.2.1 Form ulation

Considera general systemobserved in periods 1; 2; : : : . The systemexists in a ¯nite set S of S states.

In each state s 2 S the system takes one of a ¯nite set A s of actions. The number of state-action

pairs is given by A. Taking action a 2 A s from s 2 S earnsreward r (s;a) and causesa transition to

state t 2 S with rate p(tjs;a).

Each (stationary) policy ± 2 ¢ is a function that assignsa unique action ±s 2 A s to each s 2 S,

and inducesa single-period S-column reward vector r ± ´ (r (s;±s)) and an S £ S transition matrix

P± ´ (p(tjs;±s)) .

3.2.2 Systems with Substo chastic Classes

The matrix P± de¯nes a Markov chain, complete with recurrent and transient classesunder ±. If

every classC (under ±) has 0 · p(tjs;a) · 1 and
P

t 2C p(tjs;a) · 1, s; t 2 C, a 2 A s, then ± has

substochastic classes.Also, sincethe blocks of P± corresponding to theseclasseslie on the diagonal

and have spectral radius not exceedingone, P± has spectral radius not exceedingone. If every

(stationary) policy has substochastic classes,then the system has substochastic classes.Also, since

the spectral radius of the transition matrix for every (stationary) policy does not exceedone, the

system is normalized. Hereafter, this chapter only considerssystem with substochastic classes.

Blackwell's [Bla62] existence theorem holds for normalized systems, so it su±ces to restrict

attention to stationary policies throughout this chapter. Rothblum [Rot75] shows how to extend the

policy improvements from Miller and Veinott [MV69] and Veinott [Vei69] (for substochastic systems)

to normalized systems. The only di®erencesarise in the Laurent expansionand the linear equations

neededto ¯nd the coe±cients of this expansion.

3.2.3 Lauren t Expansion

For each policy ±, let the degree of ± be the smallest nonnegative integer d± ´ i such that Qi
± and

Qi +1
± have the samenull space(where Q± ´ P± ¡ I ). Let the system degree d ´ max ±2 ¢ d±. For

normalized systems,the Laurent expansionbecomes

V ½
± =

1X

n = ¡ d

½n vn
± : (3.1)

If V n + d ´
¡
v¡ d; : : : ; vn + d

¢
is a solution of

r j
± + Q±vj = vj ¡ 1; j = ¡ d; : : : ; n + d; (3.2)



CHAPTER 3. NUMERICALL Y STABLE METHOD 23

where r 0(s;a) ´ r (s;a), r j (s;a) ´ 0 for j 6= 0, r j
± ´

¡
r j (s;±s)

¢
and v¡ d¡ 1

± = 0, then V n ´
¡
v¡ d

± ; : : : ; vn
±

¢
=

¡
v¡ d; : : : ; vn

¢
. The variables vn +1 ; : : : ; vn + d are not uniquely determined.

The remainder of this chapter presents a numerically stable method for ¯nding V n
± for a given

± 2 ¢ and ¡ d · n. More generally, the method ¯nds a solution of

c j + Q±vj = vj ¡ 1; j = m + 1; : : : ; n + d (3.3)

given ± 2 ¢, vm and c j , j = m + 1; : : : ; n + d. Again, only vj , j = m + 1; : : : ; n are uniquely

determined.

3.3 Using the Class Structure

Given a policy ± (in a system with substochastic classes),the transition matrix P± not only de¯nes

(recurrent and transient) classes,but alsoinducesa dependencepartial ordering amongstthe classes.

In substochastic systems,the only classesthat don't depend on any other classare recurrent. All

other classesare transient. Veinott solvesfor the Laurent coe±cients by solving the linear equations

within each recurrent classseparately (accounting for the singularity present in these classes)and

using these coe±cients to solve for the rest of the system (that is transient). However, in systems

with substochastic classes,recurrent classesmay depend on other (recurrent or transient) classes.

Let D0 be the set of classesthat are independent, i.e., don't depend on any other classes.Let D i

be the set of classesthat depend only on classesin [ i ¡ 1
j =0 D j and let Si ´

©
s 2 C 2 [ i ¡ 1

j =0 D j
ª

.

For each class C in D i , consider (3.2) for s 2 C. The dependencepartial ordering shows that

p(tjs;±s) > 0 only for t in C[ Si . If one has already calculated V n + d
t ´

¡
V n

±t ; vn +1
t ; : : : ; vn + d

t

¢
for

t 2 Si , then solving (3.2) within Creducesto solving (3.3) within C, with m ´ ¡ d¡ 1, v¡ d¡ 1
± ´ 0 and

c j
s ´ r j (s;±s) +

P
t 2S i

p(tjs;±s)vj
t for s 2 C. By solving (3.3) within the classesin D i , i = 0; 1; : : : , in

order one may solve (3.2) for the entire system e±ciently . Also, this is done by solving (3.3) within

substochastic, irreducible classes.

3.4 Substo chastic, Irreducible Classes

This section presents a method for solving the linear system (3.3) within a single (substochastic,

irreducible) class. Throughout, the notation for system parametersdenotesthose sameparameters

restricted to the class,e.g., S refers to the states within the class,P± refers to the transition matrix

restricted to the states in the class,etc.

Each class may be either transient or recurrent. In a transient class, lim N !1 PN
± = 0, so

Q¡ 1
± ´ (P± ¡ I )¡ 1 = ¡

¡
I + P± + P2

± + ¢¢¢
¢

is well-de¯ned (i.e., Q± is non-singular). If the classis

recurrent, then it must be stochastic, i.e.,
P

t 2S p(tjs;±s) = 1 for every s 2 S. Then the rows of

Q± sum to zero, so Q± is singular. Since the class is irreducible, eliminating any (single) state s
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from the classcausesthe remainder to becometransient. This is equivalent to removing the row

corresponding to the state-action pair (s;±s) and the column corresponding to s from P±. Removing

this row and column from Q± causesit to becomenon-singular. Therefore, Q± has rank S ¡ 1, i.e.,

it is rank-de¯cient by one.

3.4.1 Rank-rev ealing LU factors

Given a (substochastic, irreducible) class,one may deduceif it is transient or recurrent by means

of a rank-revealing LU (RRLU) factorization of Q±. Moreover, regardlessof the nature of the class,

the LU factors may still be usedto solve (3.3).

The RRLU takesthe form

T1Q±T T
2 ´ T1

Ã
Q̂ q̂

qT '

!

T T
2 =

Ã
L 0

lT 1

! Ã
U u

0 "

!

;

where T1 and T2 are permutations, Q̂ = LU is an (S ¡ 1) £ (S ¡ 1) non-singular matrix, qT and

lT are (S ¡ 1)-row vectors, q̂ and u are (S ¡ 1)-column vectors, and " is a valuable indicator if the

permutations are chosencorrectly (according to the Threshold Complete Pivoting strategy described

in Chapter 4). If j" j is suitably large Q± is taken asfull rank, but if j" j = O(²), where² is the machine

precision, Q± is regardedas singular. In particular, it is rank-de¯cient by one.

For simplicit y, assumethe permutations T1 and T2 are the identit y and write the LU factorization

as

Q± ´

Ã
Q̂ q̂

qT '

!

=

Ã
L 0

lT 1

! Ã
U u

0 "

!

:

Regardlessof the nature of the class,the LU factors may be usedto solve (3.3) becausethe system

is consistent even if Q± is singular.

3.4.2 Transien t classes

If the RRLU factorization shows that Q± has full rank, then the linear system (3.3), equivalently

2

6
6
6
6
6
4

Q±

¡ I Q±

. . .
. . .

¡ I Q±

3

7
7
7
7
7
5

2

6
6
6
6
6
4

vm +1

vm +2

...

vn + d

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

vm ¡ cm +1

¡ cm +2

...

¡ cn + d

3

7
7
7
7
7
5

; (3.4)

is nonsingular and block triangular. It may therefore be solved sequentially by block forward substi-

tution :

Q±vj = vj ¡ 1 ¡ c j (3.5)
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in order for j = m + 1; : : : ; n + d (using the full LU factors of Q±).

3.4.3 Recurren t classes

If the RRLU factorization shows that Q± is rank-de¯cient by one, then the linear system (3.3) may

be represented in matrix form

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

Q̂ q̂

qT '

¡ I

¡ 1

Q̂ q̂

qT '
. . .

. . .

¡ I

¡ 1

Q̂ q̂

qT '

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m +1

vm +1
S

v̂m +2

vm +2
S
...

v̂n + d

vn + d
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m ¡ ĉm +1

vm
S ¡ cm +1

S

¡ ĉm +2

¡ cm +2
S
...

¡ ĉn + d

¡ cn + d
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

; (3.6)

where v̂j and ĉj represent the ¯rst S ¡ 1 elements of vj and c j respectively. Rearranging (3.6) gives

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

Q̂ q̂

¡ I Q̂ q̂
. . .

. . .
. . .

¡ I Q̂ q̂

qT '

qT ¡ 1 '
. . .

. . .
. . .

qT ¡ 1 '

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m +1

v̂m +2

...

v̂n + d

vm +1
S

vm +2
S
...

vn + d
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m ¡ ĉm +1

¡ ĉm +2

...

¡ ĉn + d

vm
S ¡ cm +1

S

¡ cm +2
S
...

¡ cn + d
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

SinceQ± is rank-de¯cient by one, the last row of the system

Q±vm +1 = vm ¡ cm +1 ;

i.e., qT v̂m +1 + 'v m +1
S = vm

S ¡ cm +1
S , is redundant and may be omitted. Also, since vn + d is not

determined uniquely, one may assign vn + d
S ´ 0 and eliminate the column corresponding to this



CHAPTER 3. NUMERICALL Y STABLE METHOD 26

variable. The remaining system

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

Q̂ q̂

¡ I Q̂ q̂
. . .

. . .
. . .

¡ I Q̂ q̂

¡ I Q̂

qT ¡ 1 '
. . .

. . .
. . .

qT ¡ 1 '

qT ¡ 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m +1

v̂m +2

...

v̂n + d¡ 1

v̂n + d

vm +1
S

vm +2
S
...

vn + d¡ 1
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

v̂m ¡ ĉm +1

¡ ĉm +2

...

¡ ĉn + d¡ 1

¡ ĉn + d

¡ cm +2
S
...

¡ cn + d¡ 1
S

¡ cn + d
S

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.6')

has a unique solution (as it has full rank). Label the various components shown in (3.6') as

"
A B

C D

# "
v̂

vS

#

=

"
ĉ

cS

#

: (3.7)

SinceQ̂ is nonsingular (and Q̂ = LU hasalready beenfound) it is easyto solve a systemAx = b

sequentially . Hencea block LU factorization,

"
A B

C D

#

=

"
A

C I

# "
I Y

Z

#

;

solves the full system e±ciently . First, solve AY = B and calculate the Schur complement Z =

D ¡ CY, then useblock-forward and block-backward substitution, i.e., solve

"
A

C I

# "
x̂

xS

#

=

"
ĉ

cS

#

and

"
I Y

Z

# "
v̂

vS

#

=

"
x̂

xS

#

;

to solve (3.6'). The remainder of this section breaks down each step of the process.

Solving AY = B . Expanding A and B into matrix form gives

2

6
6
6
6
6
6
6
4

Q̂

¡ I Q̂
. . .

. . .

¡ I Q̂

¡ I Q̂

3

7
7
7
7
7
7
7
5

Y =

2

6
6
6
6
6
6
6
4

q̂

q̂
. . .

q̂

3

7
7
7
7
7
7
7
5

:
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Therefore, the ¯rst column of Y solvesthe following block-diagonal system:

2

6
6
6
6
6
6
6
4

Q̂

¡ I Q̂
. . .

. . .

¡ I Q̂

¡ I Q̂

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

ym +1

ym +2

...

yn + d¡ 1

yn + d

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

q̂

0
...

0

0

3

7
7
7
7
7
7
7
5

:

One may solve the systemsequentially (cf. x3.4.2), i.e., LU yj = yj ¡ 1 in order for j = m+ 1; : : : ; n+ d

(whereym ´ q̂). The blocks of the ¯rst column of Y giveall elements of the following Toeplitz matrix:

Y =

2

6
6
6
6
6
6
6
6
4

ym +1

ym +2 ym +1

... ym +2 . . .

yn + d¡ 1
...

. . . ym +1

yn + d yn + d¡ 1 ym +2

3

7
7
7
7
7
7
7
7
5

:

Forming Z = D ¡ CY. Since C is block-diagonal and Y is block-upper triangular, the product

CY has the form

CY =

2

6
6
6
6
6
4

qT ym +2 qT ym +1

qT ym +3 qT ym +2 . . .
...

...
. . . qT ym +1

qT yn + d qT yn + d¡ 1 qT ym +2

3

7
7
7
7
7
5

;

giving

Z =

2

6
6
6
6
6
4

¡ 1 '

¡ 1
. . .
. . . '

¡ 1

3

7
7
7
7
7
5

¡

2

6
6
6
6
6
4

qT ym +2 qT ym +1

qT ym +3 qT ym +2 . . .
...

...
. . . qT ym +1

qT yn + d qT yn + d¡ 1 qT ym +2

3

7
7
7
7
7
5

= ¡

2

6
6
6
6
6
4

1 + qT ym +2 qT ym +1 ¡ '

qT ym +3 1 + qT ym +2 . . .
...

...
. . . qT ym +1 ¡ '

qT yn + d qT yn + d¡ 1 1 + qT ym +2

3

7
7
7
7
7
5

:
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However, Q̂ym +1 = q̂, so qT ym +1 = ' (becauseQ± is rank-de¯cient by one), so Z is both lower

triangular and Toeplitz:

Z = ¡

2

6
6
6
6
6
4

1 + qT ym +2

qT ym +3 1 + qT ym +2

...
...

. . .

qT yn + d qT yn + d¡ 1 1 + qT ym +2

3

7
7
7
7
7
5

:

Blo ck-forw ard substitution. The solution x̂ of Ax̂ = ĉ is found sequentially . Then xS may be

calculated directly from xS = cS ¡ Cx̂.

Blo ck-bac kw ard substitution. If Z is large, the solution of Z vS = xS may be found using

special methods for (lower) triangular Toeplitz systems[Tre87]. Otherwise (Z is of moderate size)

and ordinary forward substitution su±ces to ¯nd vS . Then, v̂ is obtained directly from v̂ = x̂ ¡ YvS .

3.5 Numerical Stabilit y

Regardlessof whether a class is transient or recurrent, one will always solve a block-lower trian-

gular system sequentially (block-forward substitution) using a nonsingular matrix Q (´ Q± for

transient classes,´ Q̂ for recurrent classes). Since the block-forward substitution is equivalent

to using (Q) j ¡ m , j = m + 1; : : : ; n + d, any errors in solving with Q will grow exponentially . If

Q is ill-conditioned, one may reduce this e®ectby keeping the interval n + d ¡ m in (3.3) small.

Implementing policy improvement as suggestedby Veinott [Vei69], i.e., ¯nding m-optimal policies

for m = ¡ d; : : : ; n sequentially , gives V m ¡ 1
± throughout and one only searches for m; : : : ; m + d-

improvements (again in order). Finding an (m + d)-improvement requiresV m + d
± , so the interval for

(3.3) is (at most) m + 2d ¡ (m ¡ 1) = 2d + 1. Therefore, the smaller the degreeof the system, the

more reliable calculations become.

The RRLU is essential in this method. If a class is recurrent, but the LU fails to identify the

singularity in Q, then Q will be extremely ill conditioned and computational errors may become

prominent.

For recurrent classes,the methods works with the block LU factorization (3.7). The factorization

is stable as long as A is not almost singular and the elements of either B or C (or both) are not

much larger than the biggest element of A.

The Schur complement Z is lower triangular with the constant diagonalelement ÁZ ´ 1+ qT ym +2 .

The condition of Z will be reasonableif ÁZ is not closeto zero and not signi¯cantly smaller than

the o®-diagonalelements qT ym +3 ; ¢¢¢; qT yn + d.
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3.6 Con tributions

Given a policy in a system with substochastic classes,this chapter presents a new method for

¯nding Laurent expansion coe±cients (for the present value of the policy). A rank-revealing LU

factorization indicates if each (communicating) classis transient or recurrent. For transient classes,

the LU factors provide a numerically stable method for ¯nding the coe±cients. For recurrent classes,

this chapter gives a matrix decomposition basedon well de¯ned submatrices of the LU factors to

¯nd the coe±cients. Finally, this chapter discusseswhere numerical instabilit y may arise during

computation of the coe±cients.

Ac kno wledgemen t The work contained within this chapter is joint work with Prof. Michael A.

Saunders.



Chapter 4

On a Rank-Rev ealing Sparse LU

Factorization

4.1 In tro duction

This chapter presents a rank-revealing LU (RRLU) factorization for generalsparsematrices (which

may be squareor rectangular). Although denseRRLU factorizations exist [Cha84, HLY92], as do

sparseLU factorizations ([DR96, DEG+ 99] and many others), no previous sparseLU factorizations

have focused on rank-revealing properties. The method presented here is implemented as a new

option within LUSOL, the sparseLU factorization described by Gill, Murray, Saunders,and Wright

[GMSW87]. LUSOL usesa Markowitz pivot strategy to maintain sparsity, along with threshold

partial pivoting (TPP) to preserve stabilit y. The new option implements threshold complete piv-

oting (TCP). While requiring relatively few changesto the code, it provides signi¯cant rewards.

In particular, the stricter stabilit y test is guaranteed to move the smaller pivots (if any) to the

end of the factorization. This is su±cient to reveal the rank of most matrices except for the best-

known pathological example. The TCP factorization also tends to preserve sparsity well. The main

challenge is to stay as near as possible to the linear running time that is usually achieved by the

conventional TPP factorization.

Section 4.2 describesvarious forms of LU factorization, including the original TPP factorization

and the modi¯cations made to LUSOL to implement the TCP pivoting strategy. Section 4.3 illus-

trates the rank-revealing property of the new factorization on somesmall classicaltest cases.Next,

x4.4 describesexperiments on many sparseexamplesfrom a dynamic programming application. The

complexity appears to be polynomial but lessthan quadratic in the number of nonzerosin the LU

factors. Section 4.5 describes the usefulnessof the new factorization within optimization codes.

Finally, x4.6 summarizesthe contributions within this chapter.

30



CHAPTER 4. RANK-REVEALING SPARSE LU 31

4.2 LU Factorization

The LU factors of a matrix A may be written as A = LU =
P

k lk uT
k , where lk and uT

k are the

columns of L and the rows of U. With A (1) = A, the kth factorization step produces

A (k+1) = A (k ) ¡ lk uT
k ;

in which somenonzero element A (k )
ij is chosenas \piv ot", and the associated row i and column j

becomezero. (Thus, A (k+1) contains k empty rows and columns.) For simplicit y k is omitted and

each step is written as

l = A :j =A ij ; uT = A i: ; A Ã A ¡ luT ;

The resulting L and U are permuted triangles. In pivot order, the diagonals of L are 1 and the

pivots A ij becomethe diagonalsof U.

The processis stable if the elements of A do not grow large at any stage,and the factors tend to

be sparse if the rank-one updates luT are formed from sparsepivot rows and columns. In practice,

one attempts to control element growth by bounding the elements of L . The following terms are

needed(where \ A" still meansA (k ) ):

FactorT ol A stabilit y tolerance for controlling the magnitude of jL ij j. Pivots are chosenso that

1 · klk1 · FactorTol · 100 (say).

DropT ol A tolerancefor ignoring negligible entries. Updated elements are treated aszeroif jA ij j <

DropTol . Since the concern is rank estimation, a suitable value is DropTol = ²kAk, where

² ¼ 2:2 £ 10¡ 16 is the precision of most of today's machines.

Mark owitz strategy A method for choosing sparseupdates [Mar57]. A potential pivot A ij is

desirableif the merit function M ij ´ (r i ¡ 1)(cj ¡ 1) is low, where r i and cj are the number of

nonzerosin the associated row and column of the current matrix A. (M ij bounds the number

of new nonzeroscreated by luT .)

Threshold Partial Piv oting A strategy for balancing stabilit y and sparsity. A pivot chosenfrom

the remaining columns of A should not be too small compared to other nonzerosin its own

column.

Threshold Complete Piv oting A strategy with stricter stabilit y test. A pivot chosenfrom the

remaining columns of A should not be too small comparedto other nonzerosin all columns.

Mo di¯ed columns Those that change during the luT update (excluding the pivot column and

columns whoseelement of u is zero).

nnz(A) The number of nonzerosin the sparsematrix A.
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4.2.1 Dense Partial and Complete Piv oting

For a densen£ n matrix, LU factorization requiresabout 1
3 n3 arithmetic operations. Partial pivoting

is usually employed with FactorTol = 1 (sincesparsity is not an issue). Finding the largest element

in each pivot column requires O(n2) comparison operations in total (negligible compared to the

arithmetic operations).

Complete pivoting is known to be numerically preferable, as it is even more likely to prevent

element growth. Finding the largest element in all remaining rows and columns requiresabout 1
3 n3

comparisons,almost doubling the cost of denseLU factorization. (Note that in the sparsecase,one

would be delighted if complete pivoting cost only twice as much as sparsepartial pivoting.)

Businger [Bus71] has shown how to avoid most of the extra cost by switching from partial

to complete pivoting only in rare circumstances: when the elements of uk becometoo large, not

counting the pivots. (This involvesmonitoring the o®-diagonalelements of the current rows of U.)

For densematrices only O(n2) comparisonsare required. Businger's approach also seemssuitable

in the sparsecase(to ensurestabilit y). It will be consideredfor future implementation.

4.2.2 Stabilit y and Rank Detection

By de¯nition, a stable method computes LU factors for any matrix, regardlessof condition or

singularity, with the relation A = LU holding to high accuracy in all cases.If A is ill-conditioned,

at least one of L or U must be also. For example, considern £ n matrices of the form

Bn =

0

B
B
B
B
B
B
@

0:1 1

0:1 1

¢ ¢

0:1 1

0:1

1

C
C
C
C
C
C
A

;

for which cond(Bn ) ¼ 10n with only one small singular value. For n ¸ 15, Bn is essentially singular

and rank(Bn ) = n ¡ 1. Partial pivoting exhibits perfect stabilit y by returning L = I and U = B n .

Complete pivoting cannot be more stable, but by disallowing the diagonal 0.1 pivots, it ultimately

returns a U with one small diagonal Unn , clearly indicating the rank.

Note that Ma tlab 's condest [HT00] correctly estimatescond(B 15) ¼ 1015 and returns a vector v

for which B15v = O(²). However, the elements of v aresmoothly graded: v = [0:9; ¡ 0:09; 0:009; : : : ;

¡ 9 £ 10¡ 14; 9 £ 10¡ 15]T ; giving no indication of the sourceor degreeof singularity. For the appli-

cations discussedlater, the requirements are these:

² An RRLU factorization should be stable in the sensethat A = LU holds to high accuracy, and

sparse whenever A is sparse.

² The factors should indicate which columns of A could be removed (as few as possible) to

improve the condition signi¯cantly .
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4.2.3 Threshold Partial Piv oting (TPP)

Threshold pivoting methods balance stabilit y and sparsity by using FactorTol > 1. For TPP the

Markowitz strategy suggestssparsepivots A ij and the stabilit y test requires

jA ij j ¸ A j max =FactorTol ; (4.1)

where A j max is the largest element in column j . This is the strategy usedby traditional sparseLU

packages,including LA05, MA28, MA48, Y12M, LUSOL and MOPS [Rei82, Duf77, DR96, ZWS81,

GMSW87, SS90](someof them oriented by rows rather than columns).

Typically, nnz(L + U) is 1{3 times as many as nnz(A) for the original A (and rarely as much as

10 times). SinceA tends to have only 1{10 entries per column and the averageMarkowitz count M ij

tends to be low, the total storageand work required areboth typically O(n). Various implementation

strategieshave beenproposedto achieve this e±ciency. In particular:

S1: Zlatev [Zla80] searches only a few of the sparsest rows and columns of the updated A for

suitable pivots.

S2: Suhl and Suhl [SS90] store the largestelement of each column of the updated A at the beginning

of the column's data structure, to facilitate the stabilit y test.

Both strategiesare usedin the current versionof LUSOL. Strategy S2is especially important for our

rank-revealing implementation. Note that the largest element must be found in each modi¯ed column

(de¯ned above), but the total searching involved in Strategy S2 tends to be linear in nnz(L + U),

as desired.

4.2.4 Threshold Ro ok Piv oting (TRP)

A stricter stabilit y test would be

jA ij j ¸ A j max =FactorTol and jA ij j ¸ A i max =FactorTol ; (4.2)

where A i max is the largest element row i . This threshold rook pivoting (TRP) strategy has been

implemented by Gupta [Gup00] in the WSMP package for judicious use when the preferred TPP

strategy fails. For the densecasewith FactorTol = 1, Foster [Fos97]has shown that rook pivoting

prevents exponential growth in the sizeof jA ij j, and suggeststhat it has rank-revealing properties.

The threshold form therefore warrants future study. In the LUSOL context, TRP would complicate

the Markowitz strategy (perhaps requiring the nonzerosto be stored by rows as well as columns),

but it may involve lesssearching overall than the TCP strategy described next.
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4.2.5 Threshold Complete Piv oting (TCP)

This is the new option implemented in LUSOL. The stabilit y test is

jA ij j ¸ Amax =FactorTol ; (4.3)

whereAmax is the largest element in the current A. While the changesin the pivot selectionscheme

are conceptually minor, they allow the rank of the matrix to be accurately revealedby moving small

elements to the later pivot positions. The Markowitz strategy becomesslightly simpler, but may

continue longer beforean acceptablepivot is found. There are two signi¯cant costs:

² Decreasedsparsity in L and U comparedto TPP.

² The needto maintain Amax at each stage.

The ¯rst cost seemsinevitable, but Strategy S2 helps with the second.With the largest element of

each column known, Amax could be found at stage k by searching n ¡ k elements. However, this

approach entails O(n2) comparisonsin total. To economize,after each elimination we ¯nd

Amo d ´ the largest element in the modi¯ed columns

and then consider four cases.Supposecolumn j max contains Amax before the elimination.

1. If column j max was modi¯ed (or deleted as pivot column),

1a. if Amax · Amo d then Amax Ã Amo d

1b. elsesearch all columns for a new Amax

2. else

2a. if Amax < Amo d then Amax Ã Amo d

2b. elseAmax remains the same.

Only case1b requiresa search of n ¡ k elements. The complexity now dependson how often this case

arises, i.e., how often does Amax decrease? For matrices with many nonzerosof equal magnitude,

it may not be often. Otherwise, it may be rather often, especially when FactorTol is rather low.

For the sparsetest matrices of x4.4, the total work appears to be lessthan O(n2) but signi¯cantly

more than O(n). However, for thoseresults the implementation avoided a full search only in case1a.

More detailed experiments are neededwith the current implementation on a larger range of sparse

examples.

4.2.6 Triangular Prepro cessing

As in several other codes, LUSOL's Markowitz strategy has the e®ect of isolating a \backward

triangle" U1 and a \forw ard triangle" L 1 before any elimination is performed on the remaining
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block B . The structure revealedis of the form

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@
@

U1 V

L 1

M B

:

With the normal TPP partial pivoting option, LUSOL acceptsall rows of U1 and V as they come,

without numerical tests on the pivots. (On the other hand, columns of L 1 and M must satisfy test

(4.1) to ensurethat L is well-conditioned for LUSOL's updating routines.)

For the TCP option, more care is neededwith U1 to obtain an RRLU factorization. At ¯rst sight

it seemsthat all diagonalsof U1 should be subjected to the complete pivoting test (4.3). However,

in optimization algorithms it is common for \ A" to contain many unit vectors corresponding to

slack variables. Ideally they should ¯nd their way into U1, but if A contains a nonzero larger than

FactorTol , the TCP test would reject them all. Looking more closely, we seethat the top rows

have the following structure:

@
@

@
@

@
@

@
@

§ I U11

U12

V1

V2

:

The matrix § I denotescolumns associated with slack variables (and any other unit vectors in A).

When the LU factors are usedto solve linear systems,each solve with U will involve a systemof the
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form 0

B
B
@

§ I U11 V1

U12 V2

U2

1

C
C
A

0

B
B
@

x

y

z

1

C
C
A =

0

B
B
@

b

c

d

1

C
C
A ;

where z, y and x are determined in that order by back-substitution. As long as the TCP test is

applied to all diagonalsafter § I , any singularities there will be detectedand (we assume)corrected.

Thus, z and y will not be pathologically large and x = § (U11y + V1z) will be well de¯ned. (Since

the matrices U11 and V1 are original data, they should not contain extremely large numbers.)

4.2.7 The Test for Singularit y

After completing a factorization, LUSOL examinesthe diagonalsof U and °ags any that are \small"

in absolute terms or relative to other elements in the samecolumn of U:

jUj j j · Utol 1

or jUj j j · Utol 2 £ maxi jUij j
(4.4)

Typical valuesfor Utol 1 and Utol 2 are ²2=3 ¼ 3:7 £ 10¡ 11 when the factors are being usedto solve

linear systems. For rank determination in the Ma tlab environment, we have used

Utol 1 = nkAk²; Utol 2 = 0;

with kAk obtained from norm or normest for denseor sparseA respectively. This matches the

tolerance Ma tlab usesfor determining rank via svd.

4.3 Rank-Rev ealing Tests on Classical Examples

For densematrices, Chan [Cha84], Hwang, Lin, and Yang [HLY92], and Hwang and Lin [HL97]

describe two-passproceduresfor detecting one or more singularities. These RRLU factorizations

reduce P1AP2 to
Ã

L

I

! Ã
U11 U12

U22

!

, where P1 and P2 are permutations and U22 is closeto zero.

The ¯rst passperforms an LU factorization using partial pivoting. The secondpassusesinverse

iteration (involving several solves)to ¯nd a rank-revealingpermutation. The [HLY92] procedurethen

performs another (modi¯ed partial pivoting) LU factorization that preserves this permutation and

stopsonceU22 is found (leaving U22 unfactorized). The work required is given as 2
3 n3 + 2J n2r + 2nr

operations, wherer is the rank-de¯ciency of the n£ n matrix and J is the number of inverseiterations

used.

SinceTCP is a variant of LU factorization (producing completefactors L and U), no secondpass

or inverseiteration is neededto reveal the rank of A. For densematrices, the work required is also
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about 2
3 n3 operations.

Both [Cha84] and [HLY92] give examplesof matrices where normal LU factorizations will not

detect (near) singularities. In this section, the examplesare used to compare ¯v e di®erent factor-

izations:
MD Ma tlab DenseLU

MS Ma tlab SparseLU

MCS Ma tlab SparseLU with colmmdpreprocessing

TPP SparseLU with threshold partial pivoting

TCP SparseLU with threshold complete pivoting

All Ma tlab factorizations use partial pivoting. MS and MCS have a parameter thresh that cor-

responds to 1/ FactorTol . (SeeMa tlab help for lu and colmmdin appendix B.) For these small

examplesthe Ma tlab codesusedthresh = 1.0 (the most reliable value), while TPP and TCP used

FactorTol = 1.25 to allow at least a little emphasison sparsity.

The tests here and later were performed on an SGI Origin 2000 with 195 MHz R10000CPUs,

running Irix 6.5 and Ma tlab version6.0.0.88(R12) with machine precision ² = 2¡ 52 = 2:2£ 10¡ 16.

Example 4.1 [Cha84 , p. 543]. The matrix Tn ´ T with

Tij =

8
>>><

>>>:

1 i = j

¡ 1 i < j ; 1 · i; j · n

0 i > j

; e.g., T4 =

0

B
B
B
B
@

1 ¡ 1 ¡ 1 ¡ 1

1 ¡ 1 ¡ 1

1 ¡ 1

1

1

C
C
C
C
A

;

is nearly singular for large n. Chan [Cha84] shows that, for a certain permutation of Tn , an LU

factorization has the nth pivot equal to 2¡ (n ¡ 2) . Once 2¡ (n ¡ 2) is lessthan machine precision, the

matrix is e®ectively singular. Since ² = 2¡ 52, T50 has e®ective rank 49. None of the factorizations

tested uncovered the singularity correctly. All returned U with a unit diagonal, except MCS, which

gave U50;50 = 4:8 £ 10¡ 7.

This is an extremely pathological casein being already triangular with all nonzero elements of

equal magnitude. MD and MS ¯nd there is nothing to eliminate, returning L = I , U = T. MCS

happens to reorder the columns and carry out some elimination, but gives only a small hint of

singularity.

Somecolumn re-ordering is certainly required (cf. [Cha84]). However, given T with any ordering

of its rows and columns, LUSOL reconstructs the original ordering during its \backward triangle"

phase. TPP acceptsall +1 pivots without numerical testing, and TCP would not reject them even

with FactorTol = 1.0.

Example 4.2 [Cha84 , p. 544]. This example actually comesfrom [Wil65, p. 308 and p. 325]
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and demonstratesthat partial pivoting may not produce diagonalssmall enoughto reveal the rank

successfully. The 21£ 21 matrix

W =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

10 1

1 9 1

¢ ¢ ¢

1 1 1

1 0 1

1 ¡ 1 1

¢ ¢ ¢

1 ¡ 9 1

1 ¡ 10

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

has one singularity (i.e., exact rank 20). MD and MS both give jU21;21 j = 8:2 £ 10¡ 11, just missing

the indication of singularity. MCS successfullyreveals the singularity (one zero pivot), as do TPP

and TCP.

Example 4.3 [HL Y92 , p. 133]. Starting with the matrix A =
¡ T40

T40

¢
and making the following

changes:

for i = 1 : 40;

A(1 : 40; 81 ¡ i ) = A(1 : 40; 81 ¡ i ) + A(1 : 40; i )

A(i; 41 : 80) = A(i; 41 : 80) + A(81 ¡ i; 41 : 80)

end

givesa matrix

A =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 ¡ 1 ¢ ¢ ¡ 1 ¡ 1 ¢ ¢ ¡ 1 2

1 ¡ 1 ¢ ¢ ¢ 2 ¡ 1

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¢ ¡ 1 ¡ 1 2 ¢ ¢

1 2 ¡ 1 ¢ ¢ ¡ 1

1 ¡ 1 ¢ ¢ ¡ 1

1 ¡ 1 ¢

¢ ¢ ¢

¢ ¡ 1

1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

The three smallest singular values are [0:62; 1:9 £ 10¡ 12; 1:9 £ 10¡ 12] and Hwang, Lin, and Yang

[HLY92] ¯nd U22 =
³

1:0£ 10¡ 15 3:6£ 10¡ 12

¡ 3:6£ 10¡ 12 1:3£ 10¡ 23

´
. MD and MS both give U = A (failure). With MCS,

the two smallest diagonalsof U are [¡ 0:5; 1:5 £ 10¡ 11]. TPP also producesU = A, but TCP gives

the last three pivots as [¡ 0:67; ¡ 7:3 £ 10¡ 12; ¡ 3:6 £ 10¡ 12] (success).

Example 4.4 [HL Y92 , pp. 133{134]. Starting with the matrix A =
µ

T30
T30

T30

¶
and making

the following changes:
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for i = 1 : 30;

A(1 : 90; 61 ¡ i ) = A(1 : 40; 61 ¡ i ) + A(1 : 90; i )

A(i; 1 : 90) = A(i; 1 : 90) + A(61 ¡ i; 1 : 90)

end

for i = 1 : 30;

A(1 : 90; 91 ¡ i ) = A(1 : 40; 91 ¡ i ) + A(1 : 90; 30 + i )

A(30 + i; 1 : 90) = A(30 + i; 1 : 90) + A(91 ¡ i; 1 : 90)

end

givesa matrix

A =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 ¡ 1 ¢ ¢ ¡ 1 ¡ 1 ¢ ¢ ¡ 1 2 2 ¡ 1 ¢ ¢ ¡ 1

1 ¡ 1 ¢ ¢ ¢ 2 ¡ 1 ¡ 1 2 ¢ ¢

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¢ ¡ 1 ¡ 1 2 ¢ ¢ ¢ ¢ 2 ¡ 1

1 2 ¡ 1 ¢ ¢ ¡ 1 ¡ 1 ¢ ¢ ¡ 1 2

1 ¡ 1 ¢ ¢ ¡ 1 ¡ 1 ¢ ¢ ¡ 1 2

1 ¡ 1 ¢ ¢ ¢ 2 ¡ 1

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

¢ ¡ 1 ¡ 1 2 ¢ ¢

1 2 ¡ 1 ¢ ¢ ¡ 1

1 ¡ 1 ¢ ¢ ¡ 1

1 ¡ 1 ¢

¢ ¢ ¢

¢ ¡ 1

1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

with three near-singularities. The four smallestsingular valuesare [0:40; 2:8£ 10¡ 9; 1:4£ 10¡ 9; 1:4£

10¡ 9], and Hwang, Lin, and Yang [HLY92] ¯nd U22 with valuesranging in magnitude from 3:7£ 10¡ 9

to 5:9 £ 10¡ 26. MD and MS both return U = A. For MCS the last three pivots (the smallest) were

[0:33; 3:3 £ 10¡ 4; ¡ 1:5 £ 10¡ 5]. TPP also producesU = A, but TCP gives the last four pivots as

[¡ 0:67; ¡ 7:4 £ 10¡ 9; 3:7 £ 10¡ 9; ¡ 3:7 £ 10¡ 9].

Example 4.5 [HL Y92, pp. 134{136]. Starting with the matrix A = ( W
W ) and making the

following changes:

for i = 1 : 21;

A(1 : 21; 43 ¡ i ) = A(1 : 21; 43 ¡ i ) + A(1 : 21; i )

A(i; 22 : 42) = A(i; 22 : 42) + A(43 ¡ i; 22 : 42)

end
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givesa matrix

A =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

10 1 2 0

1 9 1 2 0 2

¢ ¢ ¢ ¢ ¢ ¢

1 0 1 2 0 2

¢ ¢ ¢ ¢ ¢ ¢

1 ¡ 9 1 2 0 2

1 ¡ 10 0 2

10 1

1 9 1

¢ ¢ ¢

1 0 1

¢ ¢ ¢

1 ¡ 9 1

1 ¡ 10

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

with two singularities (i.e., exact rank 40). Hwang, Lin, and Yang [HLY92] ¯nd U22 with values

between10¡ 16 and 10¡ 17. MD and MS both give 8:2 £ 10¡ 11 for the last pivot. MCS successfully

reveals the singularity (two zero pivots), as do TPP and TCP.

The above examplesdemonstrate that, of all the factorizations tested, only TCP is likely to be

rank-revealing (for all but the most pathological example), as long asFactorTol is suitably low. For

triangular matrices A or permuted triangles, a necessarycondition is 1 · FactorTol < max jA ij j;

which is possiblefor matrices with at least somevariation in the magnitude of the nonzeroelements.

4.4 Dynamic Programming Application

The sparseTCP factorization was developed to enhancestabilit y within the computation of Lau-

rent expansion coe±cients (see Chapter 3). Dr. Richard Grinold (Barclays Global Investments,

San Francisco) provided a large, sparse,substochastic dynamic programming problem, and solving

this example by policy improvement requires the Laurent expansioncoe±cients for many di®erent

policies. The method from Chapter 3 ¯nds these coe±cients by solving multiple linear systemsof

varying size,each involving a sparsematrix Q with at most one singularity. Correct rank detection

of each Q is crucial for the method. This motivated the sparse,RRLU factorization presented here.

Extracting a subset of the Q matrices from the Barclays example provided a test-bed. Each Q

(n £ n, Q ´ P ¡ I for P substochastic) has the following special properties:

² Q has at most 1 singularity;

² 0 · qij · 1, i 6= j ;

² qii = ¡
P

j 6= i qij ;
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Figure 4.1: Comparing the condition of the factors for MS and MCS

for 1 · i; j · n. The same ¯v e factorizations used in x4.3 were applied to these matrices, but

di®erent valuesfor thresh , FactorTol and DropTol were used. The results con¯rmed that TCP is

at least competitiv e with all the other factorizations for the measurestaken. Comparisonsbetween

the factorizations were made using four di®erent measures:

Rank-rev ealing prop ert y Doesthe diagonal of the U factor reveal the rank of the matrix? As in

x4.3, the rank estimation is given by the number of diagonal elements of U > tol ´ n £ kQk£ ²

(seex4.2.7).

Condition of the factors Numerically stable policy improvement (seeChapter 3) solvessystems

of linear equationsusing only the the nonsingular submatricesof L and U. If Q is nonsingular,

theseare the factors L and U in their entiret y. If Q hasa singularity, then thesesubmatricesare

the factors L and U with the last row and column removed. If a factorization is numerically

stable, then the condition of the non-singular submatrices should be (relativ ely) low. The

condition of L multiplied by the condition of U givesa single measureof the condition of the
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Figure 4.2: Comparing the sparsity of the factors for MS and MCS

factors. SinceL and U are sparse,this quantit y is estimated by condest(L) * condest(U) .1

Sparsit y of factors Good sparseLU factorizations keepthe number of nonzerosin the factors to

a minimum. The total number of nonzerosin the factors (i.e., sum of the nonzerosin L and

U) givesa measureof the sparsity of the factors.

Time per factorization If a factorization is to be usedrepeatedly on di®erent matrices (as is the

casein many applications of sparseLU factorizations, including the numerically stable policy

improvement from Chapter 3), then the time for a single factorization needs to be small.

Timing the CPU during each factorization givesthis measure.

Figures 4.1-4.3show a comparisonof MS and MCS for two valuesof thresh (0.2 and 1). Notice

that for thresh = 1, the condition of the factors decreases(representing greater numerical stabilit y).

In fact, with thresh = 0.2, MS fails to reveal the rank for ¯v e of the test matrices. The condition

1SeeMa tlab help for condest in appendix B.
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Figure 4.3: Comparing time per factorization for MS and MCS

of the factors for these¯v e casesweresohigh they are omitted from Figure 4.1 (to provide a clearer

comparison of this measurewhen the factorizations are rank-revealing). For both Figure 4.2 and

Figure 4.3 di®erent values of thresh give the same result for MCS. However, di®erent values of

thresh a®ectMS in the expected way (i.e., higher values for thresh improve the condition of the

factors, decreasethe sparsity of the factors, and slow the factorization down). All three ¯gures

show that MCS works considerably better as a sparse rank-revealing factorization for the given

test matrices. Also, it shows that using thresh = 1 improves the conditions of the factors without

signi¯cantly decreasingsparsity or slowing the factorization down. Hereafter, MCS refersto Ma tlab

SparseLU with colmmdpreprocessingand thresh = 1.

Of the other factorizations tested, TPP and TCP were tested using FactorTol = 5 and 10.

These factorizations along with MD all successfullyrevealed the rank of every test matrix. It may

be that the special structure of the test matrices allows partial pivoting to becomerank revealing.

Figure 4.4 shows that TPP performs the worst numerically (for FactorTol = 5 and 10), but

TCP with FactorTol = 5 and MCS both perform almost aswell asMD using this measure.For the
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sparsity of factors and the time per factorization measures,MD is omitted sinceit performssopoorly

as to obscuredi®erencesbetweenthe other factorizations. When comparing the factorizations using

the sparsity of factors measure(seeFigure 4.5), the performanceorder is reversed. TPP performs

the best (with either FactorTol ), then TCP, and lastly MCS. Even with FactorTol = 5, TCP

shows a considerableimprovement over MCS.

Next, Figure 4.6 comparesthe time per factorization and shows the one weaknessof TCP. Even

with FactorTol = 10(allowing more°exibilit y in choosingdiagonals,and thereforefaster execution),

the time per factorization appearsto be growing faster for TCP than either MCS or TPP. It appears

that both TCP and MCS take polynomial time with respect to the number of nonzerosin the original

matrix, whereasTPP appears to grow linearly.

A further test helped discern the merits of the di®erent sparseLU factorizations. The largest

test matrix wasused(3699£ 3699with onesingularity). With FactorTol ranging from 1 to 50 (and

thresh = 1=FactorTol ), it becameclear how MCS, TPP and TCP could be changed to improve

performance in any of the measuresused. All successfullyreveal the rank of the matrix, but it
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Figure 4.5: Comparing the sparsity of the factors

appearsthat ¯nding the rank of theseparticular test matrices is not di±cult. Figures 4.7{4.9 shows

that for MCS only the condition of the factors is a®ectedby changesin thresh . Setting thresh

= 1 appears to give the optimal performance for MCS. For both TPP and TCP, the condition of

the factors improves as FactorTol drops towards 1, but the sparsity of the factors and time per

factorization both deteriorate. It appears that FactorTol = 10.0 would be a reliable yet e±cient

value.

Finally, Figure 4.10 comparesthe running times of MCS, TPP, and TCP. It also shows O(p)

and O(p2) times (the lower line and upper line, respectively), where p = nnz(A), the number of

nonzerosin A. The running time for TPP appears to be O(p) (very satisfactory). TCP appears

to be competitiv e with MCS (with more variabilit y), but both factorizations display times that are

O(pk ), 1 < k < 2. The cost of maintaining Amax is evident. On the other hand, sincep ¿ m £ n if

catastrophic ¯ll-in doesn't occur, these factorizations will generally perform better than the O(n3)

time for denseLU factorizations.

Figure 4.11 changesthe horizontal axis of Figure 4.10 from the number of nozerosin A to the
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sparsity of the factors (total nonzerosin L and U). Only the TCP factorization (with FactorTol =

5.0 and 10.0) are shown, along with O(p) and O(p2) times. Now p = nnz(L + U) represents density

of the factors. Ideally the running time should be O(p), but it appearsthat TCP is again O(pk ) for

1 < k < 2. TCP also runs in polynomial time with respect to the sparsity of its factors, but the

degreeof the polynomial is lessthan 2.

4.5 Optimization Application

One major application of sparseLU factorizations is within large-scaleoptimization systems. In

particular, LUSOL is used within MINOS and SNOPT [MS83, GMS97] to implement the simplex

method and various quadratic programming and nonlinear programming algorithms. In this context,

if a basismatrix appearsto be singular, certain columnsare replacedby unit vectors (corresponding

to slack variables) and the factorization is repeated. LUSOL signals singularity or ill-conditioning

by °agging small diagonalsof U as described in x4.2.7. The new TCP option has proved invaluable
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for ensuring reliabilit y in thesetests. Preliminary experiencewith SNOPT is described in [GMS02].

In particular, the ¯rst basis matrix is often ill-conditioned as it is chosen heuristically by the

optimizer's Crash procedure,or input by the user (with unpredictable properties). In one casewith

n = 10000, the usual TPP factorization with FactorTol = 4.0 indicated 243 singularities. After

slacks were inserted, the next factorization indicated 47 additional singularities, the next a further

25, then 18, 14, 10, and so on. Nearly 30 TPP factorizations and 460 new slacks were required

before the basis was regarded as suitably nonsingular. Since L and U each had about a million

nonzerosin all factorizations, the repeated failures were rather expensive. In contrast, a singleTCP

factorization with FactorTol = 2:5 indicated 100 singularities, after which the modi¯ed B proved

to be very well conditioned. Although L and U were more dense(1.35 million nonzeroseach) and

much more expensive to compute, the subsequent optimization required signi¯cantly fewer major

and minor iterations.

In general,TCP is the primary recoursewhenunexpectedgrowth occursin kxk following solution

of Ax = b. (If necessary, FactorTol is gradually reducedtowards 1.1 until x appearsto be accurate.)
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The new option hasproved valuable for someoptimization problemsarising from partial di®erential

equations. A regular \marching pattern" is sometimespresent in A, particularly in the ¯rst basis

from Crash (as mentioned). With threshold partial pivoting the factors display no small diagonals

in U, yet the TCP factors reveal a large number of dependent columns.

4.6 Con tributions

This chapter presents a new pivoting strategy for sparseLU factorizations, thresholdcompletepivot-

ing (TCP). As in the densecase,this pivoting strategy is likely to be more stable than the traditional

threshold partial pivoting, and most importantly it appearsto be rank-revealing for all but the most

pathological matrices. The rank-revealing property is discussedand comparedfor someclassicalex-

amplesaswell as the DP application that motivated developing TCP. Finally, this chapter describes

the bene¯ts of TCP within classicaloptimization algorithms.
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Ac kno wledgemen t The work contained within this chapter is joint work with Prof. Michael A.

Saunders.



CHAPTER 4. RANK-REVEALING SPARSE LU 50

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2

x 10
4

0

0.5

1

1.5

2

2.5

PSfrag replacements

Time per Factorization

Nonzerosin A

T
im

e
(s

)

MCS ( thresh = 1.0)

TPP (FactorTol = 5.0)

TCP (FactorTol = 5.0)

TPP (FactorTol = 10.0)

TCP (FactorTol = 10.0)

Figure 4.10: Time per factorization as a function of the nonzerosin A



CHAPTER 4. RANK-REVEALING SPARSE LU 51

2 3 4 5 6 7 8 9 10 11 12 13

x 10
4

0

0.5

1

1.5

2

2.5

PSfrag replacements

Time per Factorization

nonzeros(L ) + nonzeros(U)

T
im

e
(s

)

TCP (FactorTol = 5.0)

TCP (FactorTol = 10.0)

Figure 4.11: Time per factorization as a function of the sparsity of the factors



App endix A

Coun terexample to Metho d for

Finding 1-Optimal Policies

Denardo[Den71, p. 491]sketchestwo methodshestateswill ¯nd a 1-optimal policy. Onemethod uses

policy improvement and the other useslinear programming together with someauxiliary routines.

Both methods can fail to ¯nd a 1-optimal policy as the following exampleshows.

Example A.1 Consider the deterministic system in Figure A.1. A policy is an ordered pair of
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Figure A.1: Counterexample for Denardo's Method

actions for the states 1 and 2. For example,ba is the policy that takesaction b in state 1 and action

a in state 2. In this example,all policies are 0-optimal, but only ® ´ aa is 1-optimal.

Starting with ± ´ bb and implementing either of Denardo's methods shows ¯rst that ± is 0-

optimal [Den70a]. Next Denardo ¯nds a column S-vector v1 that satis¯es Q±v1 = v0
±. One such

52
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vector is v1 =
³

1 ¡ 1 0 2
´ T

. He then de¯nes the set E 1 of policies ° for which Qv1 = v0
± and

solvesa maximum-reward-rate problem over E 1. SinceE 1 is the singleton set f ±g, ± is the unique

solution of that problem whether solved by policy improvement or linear programming. The ¯nal

step of each of Denardo's methods ¯nds a policy ° that is transient on states where ± is transient,

viz., states 1 and 2. Consequently , ° cannot be ® becausestates 1 and 2 are recurrent under ®.

Thus Denardo's methods both fail to ¯nd a 1-optimal policy.
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Ma tlab Help Files

LU LU factorization.

[L,U] = LU(X) stores an upper triangular matrix in U and a

"psychologically lower triangular matrix" (i.e. a product of

lower triangular and permutation matrices) in L, so that X =

L*U. X must be square.

[L,U,P] = LU(X) returns lower triangular matrix L, upper

triangular matrix U, and permutation matrix P so that P*X = L*U.

LU(X), with one output argument, returns the output from LAPACK'S

DGETRFor ZGETRFroutine.

LU(X,THRESH)controls pivoting in sparse matrices, where THRESH

is a pivot threshold in [0,1]. Pivoting occurs when the diagonal

entry in a column has magnitude less than THRESHtimes the

magnitude of any sub-diagonal entry in that column.

THRESH= 0 forces diagonal pivoting. THRESH= 1 is the default.

See also LUINC, QR, RREF.

COLMMDColumn minimumdegree permutation.

P = COLMMD(S)returns the column minimum degree permutation

vector for the sparse matrix S. For a non-symmetric matrix S,

S(:,P) tends to have sparser LU factors than S.

See also SYMMMD,SYMRCM,COLPERM.
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CONDEST1-norm condition number estimate.

C = CONDEST(A)computes a lower bound C for the 1-norm

condition number of a square matrix A.

C = CONDEST(A,T)changes T, a positive integer parameter equal

to the number of columns in an underlying iteration matrix.

Increasing the number of columns usually gives a better condition

estimate but increases the cost. The default is T = 2, which

almost always gives an estimate correct to within a factor 2.

[C,V] = CONDEST(A)also computes a vector V which is an

approximate null vector if C is large. V satisfies NORM(A*V,1)

= NORM(A,1)*NORM(V,1)/C.

Note: CONDESTinvokes RAND.If repeatable results are required

then invoke RAND('STATE',J), for some J, before calling this

function.

Uses block 1-norm power method of Higham and Tisseur.

See also NORMEST1,COND,NORM.
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