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Abstract

In this dissertation, techniques for solving a class of stochastic programs that
are characterized by constraints on the expected value of some uncertain quantity
are explored. These expected value constraints cause the structure of the problem to
deviate from the dual angular structure required for using Benders decomposition, so
other approaches must be considered.

One approach is to reformulate the problem to return it to a dual angular struc-
ture. Second-stage variables that are represented in the expected value constraints
are converted to first-stage variables, and the expected value constraint is moved into
the master problem. The result is a dual angular problem with many extra first-stage
variables. Now classical Benders decomposition can be applied.

In many cases, this is still not sufficient to make the problem practical to solve.
Modifications are made to the Benders decomposition algorithm that allow the origi-
nal first-stage variables to be solved independently of the variables from the expected
value constraints, and to simultaneously solve for the variables in the expected value
constraints and the other second-stage variables. Subject to some conditions, the
computational effort needed to apply the modified algorithm is comparable to the
effort needed to solve similar problems without expected value constraints. Imple-
mentation of the algorithm is described in the context of DECIS, an existing software
implementation of Benders decomposition.

Computation results from sample and real world applications are presented. The
thesis concludes with a discussion of other applications for these techniques, and with

suggestions for additional research.
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Chapter 1

Introduction

1.1 Overview of Stochastic Programming

The object of this thesis is to introduce a new technique for using stochastic program-
ming to perform risk management.

A traditional stochastic programming formulation is a mathematical program in
which one or more of the parameters of the problem is not known with certainty at
the time the problem is solved. It is assumed that these uncertain parameters are at
least known in distribution.

Some examples of multi-stage problems include:

Example 1.1 A fund manager must decide how to invest some money into some
stocks in order to maximize his return on investment over the next 6 months. He
must make his decisions without knowing exactly how each of the available stocks
will perform in the future. /

Example 1.2 (From [6]) The manager of a reservoir must decide every month how
much water to release downstream into a river. If he releases too much water and
there is too little rainfall in that month, then the reservoir will not be able to meet
the water needs of the surrounding community. If he releases too little water and
there is too much rainfall that month, the community will be subject to flooding. He
must make his decisions with only a set of uncertain weather forecasts to guide him.

/
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Example 1.3 A poker player in a game of 7-card stud must decide whether to raise
(and if so, how much), call, or fold given that his own hand contains a pair of Kings,
and he has incomplete information about the hands of his opponents. /

Example 1.4 A store manager must decide how much of each product sold in her
store to order each week. If she orders too little of some product, she will have
dissatisfied customers who will take their business to another store. If she orders too
much, her store will incur higher holding costs. The demand for each product in the
next week is uncertain. /

All of these are practical examples of the types of decisions that must be made under

uncertainty.

1.1.1 Multi-stage stochastic programs

An important class of stochastic programming problems is the set of multi-stage
problems. These are problems where some decision variables must be determined
before some uncertain parameters are resolved (known with certainty), and some
may be set after the uncertain parameters are known with more certainty. A period
of time in which a set of parameters is resolved and a set of decision variables is
specified are defined as a stage. The last three examples above are all examples of
multi-stage problems.

The rest of this thesis concerns itself primarily with linear stochastic programs.
Linear programs—in which the objective function and constraints on decision vari-
ables satisfy certain proportionality, additivity, and continuity assumptions (see Dantzig
and Thapa [7], Section 1.2 for the axioms of linear programming)—are powerful
enough to describe a great many useful models. These models also contain several

desirable features that make them relatively easy to solve:

1. Convexity—Linear models are convex, assuring that any local optima that
are discovered are also global optima.

2. Concavity—Linear models are also concave, meaning that the optimum so-
lution must lie at an extreme point of the feasible region. For any finite linear
program, there is a finite number of extreme points in the feasible set, and
therefore a finite search space to find an optimum solution.
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3. Exactness—Because the search space for the solution to a linear program is
finite and discrete, an exact solution can almost always be found—a modeler
need not be satisfied with a solution technique that will converge toward the
solution at some rate, and terminate before an exact solution is found.

A two-stage linear model has the form:

Minimize cx + fy = =z
subject to Az b (1.1)

—Bx + Dy = d

z, y = 0.

Here x and y are the n;-dimensional vector of first-stage decision variables and the
no-dimensional vector of second-stage decision variables, respectively. ¢ and f are
vectors of the first and second-stage cost coefficients. A is an mi-by-n;- dimensional
constraint matrix for the first stage, also called the technology matriz. b is an mq-
dimensional vector of right-hand side data for the first-stage constraints. For the
second stage, D is the my-by-ns-dimensional constraint matrix, and d is the vector
of right-hand side data. Finally, B is a linking matriz of dimension mo-by-ny, and it
describes the relationship between the first and second stages of the problem.

To use this model to solve a stochastic program, the second stage is notated to
reflect the uncertainty of the second-stage outcomes (which are revealed only after
the first-stage decision variables have been set). Here is a formulation of a two-stage
stochastic program in which there are 3 equally-likely possible outcomes, and the
objective function seeks to minimize the sum of the first-stage costs and the expected

value of the second-stage costs:

PR, 1f1,1 12,2 13,3 _
Minimize cx + fy + Y+ 3y o=z
subject to Ax
—B'z + D! = d
Y (1.2)
-B%*r + D?%y? d?
— B3z + D3y3 — 3

-
[
o

v

=

€, Yy, Yy, Y
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where y¢, fi, BY, D', and d’ refer to the variables and parameters associated with
scenario 7, i € {1,2,3}.

For a general two-stage stochastic program, the formulation is:

Minimize cx + E,(fy) = =z
subject to Az = b (1.3)
—B¥r + D¥y” = d¥, YweQ
x, yw > 0 Ywe(,

where (2 represents the set of possible outcomes, and y*, f¥, B, D¥, and d“ refer to
parameters associated with scenario w € ). Here the accented symbols fl, 13, and ¢
are used to indicate that these parameters are fixed and known with certainty at the
time the problem is solved.

The formulation can be further generalized to a multi-stage stochastic program:

min ~ ér 4+ B (f15?) 4+ EuL(f3ys?) 4+ -+ B, (fryen) = 2

~ ~

s/t Az =0
—B3*r  + 3°Ys” = dy®
—B*r — D3yt + Dg?ys® = d3°
—Birw — on Y2l —  Dgptys® o+ oo+ Dimygr = dyr

z, ys* yst, o Yn"s > 0
Ywy € o, Yws € 3, cee Yw, € Q,.
(1.4)

Here, subscripts indicate the stage associated with a variable or a parameter, and

superscripts refer to a particular scenario in that stage.

1.1.2 Solution of linear programs

Dantzig [7] developed the simplex method in 1947 as a way to solve linear program-
ming problems efficiently. It is still the most widely used technique for solving linear

programs.
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With the first commercial-grade computer implementation by William Orchard-
Hays in 1954, the simplex method became a powerful tool for solving linear programs
of practical sizes. A number of software packages are available for solving linear
programming problems (MINOS [12] and CPLEX [5], for example), and for modeling
them with a computer (GAMS [3], AMPL [9]). As computers become more and more
powerful, the size and importance of problems that can be solved with the simplex

method are also becoming greater.

1.2 Overview of Decomposition Methods

And yet in the realm of stochastic programming, even linear problems can easily
become too massive to solve directly. Consider the grocery store manager in Example
1.4. Suppose her store sells 100 different products, and she is planning the orders for
the next week. One would expect the two-stage model for this problem to have 100
material balance constraints (one for each product) plus perhaps a store capacity
constraint and a budget constraint. There could be on the order of 200 decision
variables, corresponding to the order level of each of the products, the inventories
of each product at the end of the week, plus some slack variables. So this problem
has on the order of 100 variables and 200 constraints—a tiny problem for today’s
computer hardware and software.

If the manager must consider, say, 10 different demand scenarios for the next week,
then the model becomes much larger. It must include a different balance equation
for each product under each demand scenario—now the model has ~1000 constraints.
Because the final inventories will be different under each scenario, the model needs
1000 more decision variables corresponding to the final inventories of the 100 products
under the 10 different scenarios. The 10-scenario stochastic version of this problem
now contains 1000 constraints and over 1000 decision variables—about 10 times as
large as before and more difficult to solve, but still quite manageable with today’s
computers.

Now suppose the manager is making plans for a 10-week period instead of a 1-week
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period, with product orders placed every week, and with 10 independent demand sce-
narios for each week. Then there are ultimately 10 different possible scenarios that
can unfold over the 10-week period, and the equivalent linear programming formu-
lation contains ~ 10'? constraints and 10'? decision variables (vs. the deterministic
formulation of this program, which would have only 100 constraints and 100 deci-
sion variables). Problems of this size are well beyond the scope of modern computing
power. And if anybody thinks that the current trend of increasingly powerful comput-
ers will soon make stochastic programs like this solveable, consider that there exists a
real-world truckload freight transportation problem [10] with 10%*? scenarios! When
discussing how to solve problems of this size, someone invariably speculates about
whether the problem could be solved if every atom in the universe were a supercom-
puter and had been working on the problem since the Big Bang.

Decomposition refers to the strategy of breaking up a large, difficult-to-solve prob-
lem into two or more smaller, easier-to-solve problems, such that the solutions to the
decomposed problems can be used to obtain the solution to the larger problem. Most

stochastic programs lend themselves well to some decomposition method.

1.2.1 Benders Decomposition

Benders decomposition was derived in 1962 by J.F. Benders [1] as a technique for
solving mixed integer programs. Van Slyke and Wets [14] realized in 1969 that Ben-
ders decomposition could be applied to large stochastic programs with a dual angular
structure (as depicted in Figure 1.1), and they introduced what is called the L-shaped
method to obtain exact solutions for these types of problems. In a dual angular
structured problem, each second-stage decision variables is applicable to exactly one

scenario.
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A stochastic model with the dual angular “staircase” structure
Minimize cx + Y., [ = =z
subject to Ax = (1.5)
—B¥z + D¥yY = d¥ YweQ
x, y > 0 Vw e,

is decomposed into a master problem and |Q2| independent subproblems. The

form of the master problem is:

Minimize

subject to

cx + 0 = z

Az = b
—Gr + fe > g (1.6)
-G’z > d

T > 0

where 6 represents an estimate of the second-stage costs. The constraints

—Gr +0e>gand —G'z > ¢’ are cuts that describe the optimal objective value of

the subproblems. The construction of G, G’, g, and ¢’ is described below.

The independent subproblems, one for each w € €2, look like:

Minimize  fYy~
subject to D¥y~
Y

103

Here, x is not a set of decision variables,

= Q(:r;,w)
= d“+ Bz o (1.7)
> 0.

but a fixed vector of parameters specified by

the solution to the master problem. Q(z,w) is referred to as the recourse function,

and represents the second-stage costs given some first-stage decision x and a second-

stage scenario w € ). m represents the marginal costs associated with the constraints

of the subproblem. 7 may also be obtained by solving the dual of the subproblem
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(1.7):

Maximize #¥(d* + B¥z) = Q(z,w)

(1.8)
subject to ™ D¥ > fe.

The procedure for using Benders decomposition is to solve the master problem
and the subproblems iteratively. A solution x to the master problem is passed to all
of the subproblems, and second-stage costs Q(z,w) are computed for all w € Q. If all

of the subproblems have feasible solutions, then an optimality cut of the form
E,[m*(d* + B“z)] <0 (1.9)

is added to the master problem. This cut contributes to the outer linearization of
the recourse function, help approximate second-stage costs in the master problem as
a function of x, and produce a different value for x the next time the master problem

is solved. If one of the subproblems is infeasible, then a feasibility cut with the form
m™(d* + B¥z) <0 (1.10)

is added to the problem. This constraint prevents the master problem from producing
further solutions that may lead to infeasible subproblems.

At each iteration of the problem, the objective value of the solution to the master
problem cz + 6 provides a lower bound on the final optimal solution, since it is a
relaxation of the full problem. Assuming there are feasible solutions to all of the
subproblems, the objective function value of those solutions ¢z + FE,[f“y“] is an
upper bound, since it represents a feasible solution to the full problem. The algorithm

proceeds until it converges to an optimal solution.

1.2.2 Dantzig-Wolfe Decomposition

Another useful type of decomposition is Dantzig- Wolfe decomposition, developed by
Dantzig and Wolfe [8] in 1957. Dantzig-Wolfe decomposition is related to Benders

decomposition in that it is equivalent to performing Benders decomposition on the
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- B4 D4
-B° D%

Figure 1.1: Dual angular structure of a two-stage stochastic program.

M P: _X>SPZ for all win Q
min cx+6 =z min f oy® = Q(X,w)
AX =h | ——————— Dwy® = dw+Bwy: TI®
-Gx+0e>qg | E[r®(Box+d?)] <6 y®w >0
-Gx  2¢ or
X >0 T(B¥x+d») <0

Figure 1.2: Description of Benders decomposition algorithm, showing flow of infor-
mation between master problem and subproblems.
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Investment | “good” “bad” ‘“ugly” | expected
option payoff payoff payoff | payoft
high risk 150%  -10%  -95% 15%
low risk 15% 5% -5% 5%
no risk 3% 3% 3% 3%

Table 1.1: Payoffs for the fund manager risk management examples (1.5-1.13).

dual of some linear program. As Benders decomposition is an iterative procedure
in which a new row is added to the master problem after every iteration, Dantzig-
Wolfe decomposition is an iterative procedure in which a new column is added to the
master problem after every iteration. Dantzig-Wolfe decomposition can be applied
to problems with block angular structure, as shown in Figure 1.3. See Dantzig and

Thapa [7] for a deeper treatment of Dantzig-Wolfe decomposition.

1.3 Overview of Risk Management Techniques

A stochastic programming formulation such as model (1.3) or (1.4) allows for un-
certain factors to be incorporated into the decision. However there are situations
where one would want to use a more explicit consideration of risk in the formulation.

Consider Example 1.1, the problem of the fund manager.

Example 1.5 The fund manager has three choices about how to invest $1000. He
may invest it in a volatile, high-return stock, in a lower-return, lower-risk stock, or
in a no-risk money market account. He considers three scenarios, denoted as “good”,
“bad”, and “ugly”, which he assumes are all equally likely to occur. The 6-month
payoffs of the three options under those three scenarios are given in Table 1.1.

The model for the fund manager’s problem can thus be formulated as:

Max f(ngOd, ybad7 yugly) = 2
s.t. Thigh + Tiow + Tno = 1000 (budget constraint)
150 Zhign  + 0.15Zpw + 0.033,, = y9 (“good” payoff)
—010zpign  + 0.05230, + 0.03z,, = y* (“bad” payoff)
—0.95zhin — 0.0520, + 0.037,, = y“ (“ugly” payoff)

Thigh Zlows Tno = 0,

(1.11)
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BZ

B3

B* | B°

min 2 2foguk =z
st.Tt 2 2 Tk =p

Ve Ow 2 a%k=1

D4

D°

min (FO+TBe)y»=2°
st. DYy©=do

11

Figure 1.3: Top: Desirable structure for Dantzig-Wolfe decomposition. Bottom: De-
scription of Dantzig-Wolfe decomposition, showing flow of information between mas-

ter program and subprograms.
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where the objective function is unspecified for now. /

If the objective of the fund manager is simply to maximize expected return, the

objective function for the model should be

Maximize z = 1ygood + 1y”“d + 1y“gly. (1.12)
3 3 3
Given this objective function, the optimal solution is to invest all $1000 of his funds
into the high-risk stock—the investment with the greatest expected return. But note
that for this solution, the manager has a % probability of losing money, and a %
probability of losing 95% of his funds. Depending on the manager’s tolerance for risk,
those could be the characteristics of a very bad solution.
This example should be kept in mind as the following approaches to risk manage-

ment are considered.

1.3.1 Adjusting the Objective Function

Risk may be accounted for explicitly in the objective function in several ways.
An expression that models the risk can be explicitly added to the objective func-
tion to penalize solutions that have too much risk, that is, outcomes with large devi-

ations from the “average” outcome for a given solution.

Example 1.6 Quantify the risk for a particular solution and a particular scenario
w as the deviation from the average outcome of the outcome of that solution in that
scenario. That is, let

1
rv = g(ygood + ybad + yugly> o yw (113>

for Q = {good, bad, ugly}. The objective function is adjusted to include this measure
of risk:

Maximize 2z = aE,y" — (1 — a)E,r*, (1.14)
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where « is a number between 0 and 1 that reflects the relative importance of the
objective! of maximizing return with respect to the objective of reducing risk, as it
has been defined.

For a = 0, that is, for the case where we are minimizing risk, the optimal solution is
to invest all funds into the no-risk money market account for a guaranteed return of
3%.

For a = %, where the objectives of maximizing return and minimizing risk are bal-

anced, the optimal solution turns out to be to invest all funds into the low-risk stock.
/

An extension to this approach is to just model the “downside risk”—outcomes

that fall below the expected outcome.

Example 1.7 Define the downside risk for a scenario as

1%

1
r™ = max[0, y* — gyg(’(’d 4 gybd 4 gyuaty), (1.15)

Now define the objective function as
Maximize aFE,y* — (1 —a)E " =2z, VYw € {good, bad, ugly}, (1.16)

where again « is a number between 0 and 1 reflecting the relative importance of the
goals of maximizing return and minimizing downside risk.

Solving? for a = 0 and o = %, again the resulting solutions are to invest all funds
in the no-risk money market account, and to invest all funds into the low-risk stock,
respectively. /

Alternatively, the recourse function need not compute the expected value of the
second-stage costs. The recourse function could be biased to reward solutions with
low downsides. It may be helpful to have some prior knowledge about the problem

to determine how the biasing should be accomplished.

Example 1.8 It is seen by inspection that the “ugly” scenario has the most downside
risk associated with it. The “bad” scenario can potentially have some downside risk,

1Use of the absolute value sign in (1.13) may appear to make this a nonlinear formulation of the
problem, but in this case, the model can be transformed into an equivalent linear formulation [7].
However, there would not be a valid transformation if the objective is to mazimize risk.

2 Again, the absolute value signs can be transformed away into an easy-to-solve linear model.
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too. Instead of using (1.12) as the objective function, something like

3 4 5
Masximi _ good bad = ugly 1.17
aximize z —123/ + —12y + 12y ( )

can be used. The solution to the model with this objective function is to invest all
funds into the low-risk stock.
Alternatively, an objective function with even more bias can be used, such as

1 2 3
Maximize 2z = Eygo"d + Bybad + éy“gly. (1.18)

The solution to the model with this objective function is to invest all funds into the
no-risk money market account. /

The objective function can be replaced by a wutility function, which can better
model the user’s risk preferences. With a little ingenuity, a piecewise linear function
can approximate many different types of utility functions, and the model is still be a

linear program.

Example 1.9 Suppose that the funds being managed in the earlier examples were
from the accounts of several widows and orphans. The fund manager has promised
them a decent rate of return on their investment, but he is loath to expose them to
a lot of risk. So he uses a utility function of

uly) = 1 - exp(—5) (1.19)

with the linear approximation

w

w < 1.05855‘”— 4 0.3389
Y
© < 0.64202— 4+ 0.0274
ur < 5Q§) +

w < 0.3894:— + 0.0202

Y
@ <0.2362=— 0.1356
u? < 500 +

Y
w < 014332 4+ 0.2857
= 500
y

“  free,



CHAPTER 1. INTRODUCTION 15

where y“ is the return on the investment of $1000 under scenario w. Figure 1.4
demonstrates that this piecewise linear approximation of the utility function is fairly
accurate and should be good enough for the fund manager’s purposes. The fund
manager now wishes to maximize expected utility of his return, rather than just
maximizing the expected return.

u(2)

// 500 0 500 1000 z
Figure 1.4: Utility function and its piecewise-linear approximation for Example 1.9.

In this example, the solution achieved by maximizing E,u“ is to invest $887 into
the low-risk stock, and the remaining $113 into the no-risk money market account.
/

1.3.2 Adjusting the Constraints

Risk can also be accounted for in the constraints of a stochastic program. Once
an appropriate risk measure is determined and modeled, a constraint, which puts a

bound on the risk measure can be added to the model.

Example 1.10 Recall that in the original model without risk management, the op-
timal solution was to invest all funds into the high-risk stock. The expected risk of
this solution, using the definition in (1.13), was $900. In order to perform risk man-
agement, the fund manager may wish to put an explicit upper bound on this measure
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of risk, say $400. The constraint
r¥ <400 VYw € {good, bad, ugly} (1.20)

can be added to the original model® (1.11). The resulting optimal solution is to invest
$166§ into the high-risk stock, and $833% into the low-risk stock. /

Alternatively, downside risk, as opposed to total risk, can be constrained.

Example 1.11 Using the definition of downside risk in equation (1.15), the expected
downside risk for the original optimal solution (1.11) is $450. A constraint like

' <200 Vw € {good,bad, ugly} (1.21)

could be added to the original model. The resulting optimal solution is to invest
$190£ into the high-risk stock, with the remaining $809% being invested in the
low-risk stock. /

Another approach is to add constraints based on the modeler’s knowledge or
insight about the problem of interest. With these contrived constraints, the modeler

may be able to remove some of the more risky solutions from the feasible set.

Example 1.12 The fund manager knows from solving his problem without risk man-
agement that the high-risk stock is the riskiest investment available to him. So in
order to reduce the risk of his investments, he restricts his investment in that stock
to no more than 30% of his funds, or $300.

He adds the constraint

M9 < 300 (1.22)
or
Lhigh < 0.30<Ihi9h 4 glow o x”") (1.23)

to his original model (1.11). The resulting solution is to invest 30% of his funds
($300) into the high-risk stock, and the remainder of his funds ($700) into the next
best investment, the low-risk stock. /

3 Again, the problem can still be solved as a linear program if the constraint is an upper bound
on risk, but would be problematic if it were a lower bound on risk.



CHAPTER 1. INTRODUCTION 17

Combinations of the above approaches can also be applied. For example, a man-
ager may wish to adjust his model by playing with the cost coefficients in the objective
function while also putting constraints on downside risk.

It should be noted in passing that in the preceding examples, when risk manage-
ment approaches are focused on the objective function, the resulting solutions still
tend to be extreme—the optimal solution was to invest all funds into one type of
investment. When risk management is handled through constraints on the problem,
the result is more diversified solutions—the optimal solution has the fund manager
dividing his funds between two different investment options. This observation can be
explained by the effect of the risk management techniques on the problem’s feasible
region. Without any risk management incorporated into the problem, the extreme
points of the feasible region tend to be “extreme” solutions—in the case of the port-
folio optimization problem, the extreme points of the feasible set correspond to allo-
cating all resources into one type of investment. When a constraint is added to the
problem, the feasible region becomes smaller, and the set of the extreme points of
the feasible region changes. Now there is an opportunity for a diversified solution to
be an optimal solution to the problem. If no constraints are added to the problem,
but the linear objective function is modified, then the feasible region is not affected,
and the optimal solution to the problem must still be one of the original “extreme”
solutions.

It should also be stressed at this point that none of the above approaches to risk
management is the best in all situations. The best approach to use depends on many
factors, including the additional complexity that each approach adds to the existing

model and the specific risk management needs of the user.

1.3.3 Chance-Constrained Programming

Charnes and Cooper [4] developed an approach they called chance-constrained pro-
gramming, where one or more of the constraints are satisfied with some specified
probability. Probabilistic methods are covered in Prékopa [13].

In general these problems require either some sort of nonlinear optimization, or
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some specialized analysis of the problem that is highly dependent on the particular
probability distribution used. Both of these add an additional layer of complexity to
the problem. Such complexity is beyond the scope of this thesis, so this approach will

not be analyzed further.

1.4 Expected Value Constraints

In all of the above approaches to risk management, one is able to take a multi-stage
stochastic program with a staircase structure (see Figure 1.1) and transform it into
a problem that retains that staircase structure. This assures that any decomposition
methods that could be used to solve the original problem can also be used to solve
the risk-managed problem.

In Example 1.10, a constraint of the form
™ <R (1.24)

was added to the model (1.11). This constraint places a bound on the risk for each
scenario—that is, in every scenario, the risk is guaranteed ot to exceed some level—

and does not change the dual angular structure of the underlying model (see Figure

1.5).
budget [ ]
"good" payoff
"good" risk defn
"good" risk bound
"bad" payoff
"bad" risk defn
"bad" risk bound
"ugly" payoff
"ugly” risk defn
"ugly" risk bound

Figure 1.5: Structure of the fund manager problem (Example 1.10).
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Let us consider another approach to managing risk. A single upper bound is
put on the expected risk, rather than a separate bound on the risk of each scenario.
That is, the risk associated with some scenarios may exceed the bound so long as the

average risk does not exceed the bound. The form of this constraint is

1 1 1 A
Ew'f’w = gTQOOd + grbad + grugly <R. (125>

Example 1.13 The optimal solution of the original model (1.11) with the expected
value constraint (1.25) with a value of R = $200 yields an optimal solution of investing
$1115 in the high-risk stock and $8883 in the low-risk stock, with risk values of $1163
in the “good” scenario, $150 in the “bad” scenario, and $3333 in the “ugly” scenario,
for a total expected risk of $200. /

A constraint of type (1.25) is called an ezpected value constraint, because it de-
scribes a bound on the expected value of some quantity. The main features of the
expected value constraint are that it encapsulates second-stage decision variables from
more than one scenario into a single constraint, and that it wrecks the dual angular
structure of the problem.

In principle, the model in Example 1.13 with constraint (1.25) is not any harder to
solve than the model in Example 1.10 with constraint (1.24). In fact, the case could
be made that the formulation of Example 1.13 is easier to solve than the formulation
of Example 1.10, since the latter formulation adds 3 new constraints and 6 new
nonzero elements to the problem, whereas the expected value constraint formulation
adds only 1 constraint and 4 nonzero elements. But this alternative formulation does
change the structure of the problem into one that does not have the staircase form
represented in Figure 1.1. This problem, as shown in Figure 1.6, has one constraint

that is relevant for every scenario. If this problem were large enough that Benders

4The term “expected value” suggests that the coefficient for each second-stage variable in an
expected value constraint is related to the probability associated with that variables scenario, but
this need not be the case. For example, one may be applying importance sampling, and assign
higher weights to scenarios that are deemed to be “interesting”. More formally and without loss of
generality, the label expected value constraint is applied to any constraint with nonzero coefficients
on second-stage variables from two or more scenarios.
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decomposition might be needed to make the problem more manageable, then it could

not be applied.

budget |:|
"good" payoff
"good" risk defn
"bad" payoff
"bad" risk defn
"ugly" payoff
"ugly" risk defn
bound on Efrisk] | ]

Figure 1.6: Structure of fund manager problem with expected value constraints (Ex-
ample 1.13).

There is no single approach to risk management that is appropriate for all cases.
The advantages and disadvantages of each risk management technique should be
weighed before incorporating the approach into a problem. At this point it would
appear that the approach using expected value constraints that was just introduced
has a serious disadvantage in that it can not be used with Benders decomposition.

The rest of this thesis is organized as follows: Chapter 2 introduces an example and
motivation for using expected value constraints—the advantages of that approach, if
you will. A transformation is described to convert a two-stage problem with expected
value constraints back into a problem with the desirable staircase structure, allow-
ing Benders decomposition to be used to solve the problem. In Chapter 3, another
algorithm is introduced with features that allow problems with expected value con-
straints to be solved efficiently, provided that certain conditions are satisfied. In many
practical cases, it is demonstrated that problems with expected value constraints are
not much more difficult to solve than similar stochastic programs without expected
value constraints. Finally, Chapter 4 deals briefly with additional topics such as more

generalized expected value constrained problems.



Chapter 2

Expected Value Constraints in

Two-Stage Problems

This thesis is motivated by a supply-chain model and risk management technique in
use at Hewlett-Packard (HP) Labs in Palo Alto, California. A simplified version of
this model will be presented along with approaches used by HP for risk management.
The drawbacks of those approaches will be shown for this application, along with the
benefits of using expected value constraints. Discussion of how to solve stochastic
programs with expected value constraints commences with a description of the intu-
itive structure of such a problem and continues with a reformulation of the problem.
Numerical results of problems with the various risk management techniques will be

presented.

2.1 Example and Motivation

2.1.1 Description of Hewlett-Packard Supply Chain Problem

Hewlett-Packard (HP) is involved in the production and sale of a wide variety of
products with leading-edge technology and applications. HP was concerned about
how to use components that were at the end of their life cycle. Components are said

to be at the end of their life cycle when they are made obsolete by the introduction

21
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of better (newer, cheaper, etc.) components that perform the same function, or when
the supplier discontinues the supply of that component. Once components are iden-
tified as being near the end of their life cycle, there is a relatively small window of
opportunity to use those components by building them into a saleable product. If the
opportunity is missed, HP will never have a chance to use those components in any
future product, and will incur further holding or disposal costs.

Components are only “useful” to HP when they are built into finished products
and sold to customers. If a component at the end of its life cycle can not become
part of some product, or if that product is not ultimately sold to a customer, then
HP must dispose of that component, receiving only a fraction of the previous value
of the component, or perhaps even incurring some holding or disposal cost.

Many components are used in several different products. For example, a particular
plastic case might be used for several different models of computers, or the same size
bolt might be used in a disk drive, a cooling fan, and a laser printer. HP must decide
which products to build in order to maximize consumption of their excess inventory

of these special components.

2.1.2 Hewlett-Packard Supply Chain Problem Formulation

A component is any unit of hardware that can be quantified and stored in inventory.
A component may be a discrete entity (a screw), it may be a sub-assembly that
is composed of several smaller components (a cooling fan), or it may be an end
product that may be sold to a customer (a laser printer).

Some components are produced at HP; other components are assembled at HP
from other components; still other components are purchased from suppliers outside
of HP. Assembled components are made in accordance with a bill of materials
that describes how many of each component is used in order to assemble another
component. Components that are purchased from outside suppliers have a cost to
obtain those components. Components that are produced at HP have a make cost
incurred during production. Every component also has a sunk cost, representing

the total amount invested in order to obtain that component, and a scrap value,
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the value received when a component is scrapped, or disposed of without being
incorporated into a saleable product. End products also have a revenue associated
with their sale to a customer, and a stochastic demand that indicates how many
products can be sold after a production run. Demands for products are realized from
a (possibly infinite) set of outcomes €.

Some components have long lead times—the difference between the time that a
component is ordered and the time that it is incorporated into a product. Often the
process for procuring components with long lead times must begin long before product
demand is realized, and long before HP will know how many of those components it
will need to produce to satisfy demand. The problem is formulated as a two-stage
problem by identifying those components with long lead times and requiring them
to be procured before the demands are realized. That is, the purchase and assembly
quantities of components with long lead times are the first-stage decision variables,
and the purchase and assembly quantities of components with short lead times are
second-stage variables. The amount of each end product to sell and the amount of

each component to scrap are also second-stage decision variables.

Sets:
I set of all components
B CI set of all components that can be bought by HP
B, CB components that may be bought in the first-stage
B, CB components that may be bought in the second-stage
M CI set of all components that can be made by HP
M, CM components that may be made in the first-stage
My, CM components that may be made in the second-stage
S ClI set of end products, components that can be sold
Parameters:

Cj cost of procuring 1 unit of component j € B
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a; make cost of assembling 1 unit of component j € M

€ initial excess inventory of component j € |

0; sunk cost of each unit of component j € |

4 scrap value of a unit of component j € |

T revenue for selling a unit of component j € S

Qij units of component ¢ € | needed to assemble one unit of j € M
(Zj demand for product j € S

¥ probability that scenario w € Q will be realized, > ,cqop*” =1
vB relative importance of procurement spending in the objective
Yp relative importance of profit in the objective

YR relative importance of inventory reduction in the objective

A “hat” on a coefficient (e.g., ¢) is used to denote that a coefficient is known with
certainty at the time the problem is solved. A “tilde” over a coefficient (e.g., J) is used
to indicate that a coefficient is known in distribution only at the time the problem is

solved.

Decision variables:

bi; units of component j € B; bought in stage 1
mi; units of component 7 € M; made in stage 1
byj units of component j € By bought in stage 2
mMa;j units of component 5 € M, made in stage 2
59; units of component j € Ssold in stage 2

Wa; units of component 5 € | scrapped in stage 2

The important constraints of this model are market constraints and balance
constraints. Market constraints state that the number of end product components

that are sold cannot exceed the demand for that product. That is,

sy <d?, YweQjeS (2.1)
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with the assumption that Jj =0forj &S

Balance constraints keep track of the first- and second-stage inventory, and assure
that there is a nonnegative number of each component at all times. A component
begins with é; units in inventory. my; + mg; + bi; + by; units of component j are
acquired in the first and second-stages. ;¢ &;i(my; + me;) units of component j
are consumed in order to make other products. Finally, all components that are not
consumed in the assembly of other products must ultimately either be sold (sg; if

J € S) or scrapped (ws;). The second-stage balance constraint thus looks like:

€+ byj +my; + b5, +mg; = dyi(my; +ms;) + 55 +wd, weQjel. (22)
ieM
The first-stage balance constraint just seeks to assure that a nonnegative amount of

each component is available at the end of the first-stage:

&+ by +my; > Y dyima;. (2.3)
ieM
That is, the amount of component j consumed in making other components cannot
exceed the initial inventory plus the amount that is either purchased or assembled
during the first-stage.

Finally, there are three measureable aggregate quantities of interest in the model.

1. Total profit: HP is sometimes interested in the profit that can be made from
their production run, and is tracked separately in each stage of the problem.
Costs are incurred in two ways—from buying components from outside suppli-
ers, and from production costs associated with assembling components at HP.
The primary source of revenues is the sale of end products to customers, but
HP can also receive the scrap value associated with components that cannot be
sold.

Pr=—% &by — > aymy (24)

j€B1 JEM1
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P2 = — Z éjbgj — Z dijj + ZTA’jSQj + Z(jleQj. (25)

J€B2 JEM2 JES jel

2. Total spending: HP is interested in the costs associated with their production
run. Costs are incurred in two ways—from buying components from outside
suppliers, and from production costs associated with assembling components at

HP. Spending is tracked separately in both stages of the problem.

By =Y b+ Y ajmy (2.6)
j€B1 JEM1
and
By =) &by 4+ Y aymy; (2.7)
JEB2 JEM2

describe the procurement spending for the two stages of the problem.

3. Inventory reduction: HP wants to track how much of its inventory it can re-
move from the shelves and incorporate into saleable products. Since every com-
ponent in inventory is either incorporated into a product and sold, or scrapped,

the total inventory reduction can be measured by the expression

Ry =) 0;(é; — wyy). (2.8)

jel

There is no meaningful expression for first-stage inventory reduction, since no

components can be disposed of until the second-stage.

Any of these quantities could either be the focus of optimization (and accounted
for in the objective function), constrained by the model (accounted for in an upper

bound or lower bound), or simply measured.
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The final form of the model is:

Minimize ve(B1 + E,BY) —vp(P + E,PY)
—vr(ELRY) = =z
subject to
1st-stage budget defn. By — Y jep, Gib1j — Xjem, aymy; = 0
1st-stage profit defn. Py + Y eB, Cibiy + Xjem, aymy; =
1st-stage balance el Gjima; —my — by <€
And for all w € Q :
2nd-stage budget defn. By — 3 e, CiU5; — Yjem, ajms; = 0
2nd-stage profit defn. Py + 3B, Cib3; + X jem, a;ms3;
— 2LjesTisy; — Xja qws; = 0
reduction definition RY =Y a vjws; = Y 0j€;
2nd-stage balance ws; + 855 + Yie Qigms; —mg; — by, = €5 + by + may;
— el dijmli
demand constraint s3; < v
bij, maj, b5;, m3);, s5;, ws; > 0
Viel,we,

with potentially one or more of the following constraints for risk-management:

Bi+BS < B Vw e Q (2.9)

P +PS > P Vw e Q (2.10)

RY > R VweQ (2.11)

B\ +E,By =B, +Y "By < B (2.12)
weN

P+ EPY =P+ Y p°Py > P (2.13)
weN

E Ry = > p*R* > R, (2.14)
weN

where B , ]5, and R are user-specified targets for procurement spending, profit, and

inventory reduction, respectively. Constraints (2.9)—(2.11) were in use at HP, while
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constraints (2.12)—(2.14) are expected value constraints that also may be applied to
perform risk management. In the remainder of this chapter, this model is used to
demonstrate the technique for reformulating stochastic programs with expected value

constraints.

2.1.3 Motivation for Expected Value Constraints

HP would typically use a constraint approach [one of constraints (2.9),(2.10), (2.11)]
for risk management. A problem would be solved several times for several different
values of the right-hand side of the risk-management constraint. For example, if the
goal of a problem were to minimize procurement spending, subject to some minimum
level of inventory reduction, then HP would solve the model (2.1.2) with constraint
(2.11) several times for several different values of R. The result would be a curve
of Pareto-optimal solutions showing the trade-off between procurement spending and
inventory reduction. Figure 2.1 depicts an example of such a curve. The management
at HP could then make a decision about how best to proceed with the production

run.

0 30 60 90 120 B

Figure 2.1: Tradeoff between procurement spending and inventory reduction for sam-
ple HP supply chain problem
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This strategy was developed at a time when HP was using a deterministic model,
so only one demand scenario would be used for each problem. When the strategy was
extended to a stochastic model with multiple demand scenarios, some drawbacks to
the approach emerged.

The strategy is particularly ill-suited for problems that have some “extreme” de-
mand scenarios. Consider an HP supply chain problem with several demand scenarios,
including one or more “very low” scenarios, with low levels of demand for all prod-
ucts. In the very low scenarios, very few end products can be sold, and therefore very
little of the inventory can be reduced. The subproblem for this scenario is infeasible
for any first-stage decision unless the lower bound on inventory reduction is set to
be very low—Ilow enough to be useless for the other scenarios. The examples below

illustrate this issue.

Example 2.1 Consider a simple HP supply chain problem [model (2.1.2) plus con-
straint (2.11)] with 8 components and with the specifications as given in Tables 2.1,
2.2, and 2.3. Component 2 comes from an outside supplier that has discontinued that
component, so the only source of component 2 is the current excess inventory of that
component—it cannot be bought or assembled from other components. Component
lead times are such that components that must be bought (components 1 and 3) must
be procured in the first stage, before demand uncertainty is resolved, while compo-
nents that are made (components 4 through 8) may be assembled quickly enough
so that production decisions about those components can be deferred until demand
uncertainty is resolved. The problem is solved with the goal of minimizing the pro-
curement spending needed to achieve a given level of inventory reduction under all
demand scenarios. That is, the supply-chain model (2.1.2) with the risk manage-
ment constraint (2.11) is solved. Figure 2.2 depicts the tradeoff curve of spending
vs. inventory reduction for all valid values of R in constraint (2.11). /

Example 2.2 Consider Example (2.1) above but with a more “extreme” set of de-
mands, as given in Table 2.5. The low demand levels in some of the scenarios make
the constraint (2.11) more difficult to satisfy. As a result, the tradeoff curve for this
problem (Figure 2.3) has a much smaller range than the curve in the previous Exam-
ple (Figure 2.2). One would not expect this curve to be of much use to the decision
makers at HP./

The worst scenarios—those with a relatively small feasible set—have the greatest

impact on the problem’s solution. In the example HP supply chain problems above,
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I = {1,2,3,4,5,6,7,8}
B = {1,3}

M = {4,5,6,7,8}

S = {7,8}

Table 2.1: Set specification for Examples 2.1 and 2.2.

Component | Excess Buy cost Make cost Scrap value Sunk cost Revenue
1 0 $1 — $0 $10 —
2 150 — — $0 $10 —
3 10 $1 — $0 $10 —
4 20 — $1 $0 $30 —
) 30 — $1 $0 $10 —
6 40 — $1 $0 $20 —
7 0 — $1 $0 $40 $49
8 0 — $1 $0 $40 $51

30

Table 2.2: Cost and other specifications for components in Examples 2.1 and 2.2.

Component 1

Units of component 1
per unit of component 2

Component 2

OO = W NN N

1

— N~ = = =) =N

0000 ~1 ~1 O O T

Table 2.3: Bill of materials for assembled components in Examples 2.1 and 2.2.
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1 0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

© 00 ~J O U W

—
)

30
35
40
45
20
50
45
40
35
30

Scenario Probability Demand for comp. 7 Demand for comp. 8

30
35
40
45
50
30
35
40
45
50

31

Table 2.4: Demand scenarios for Example 2.1, with moderate variance in demands.

Scenario Probability
1 0.05
0.1
0.2
0.1
0.05
0.05
0.1
0.2
0.1
10 0.05

© 00 ~J O Uk W IN

Demand for comp. 7 Demand for comp. 8

)
25
40
95
I6)
5
95
40
25

)

10
30
40
50
70
10
30
40
50
70

Table 2.5: Demand scenarios for Example 2.2, with high variance in demands.
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Figure 2.2: Tradeoff of procurement spending (B) vs. inventory reduction (R) for
Example 2.1.

solutions are constructed in such a way that “the inventory reduction in every scenario
is at least R,” even if those scenarios occur with a negligible probability.

A more flexible approach is to use expected value constraints. Then solutions are
constructed in such a way that “the inventory reduction for some bad scenarios is
less than R, for good scenarios it is more than R, but on average it is about R.” The

solution is less susceptible to large influences from negligible scenarios.

Example 2.3 Using the same demand scenarios as Example (2.2), but including an
expected value constraint on the inventory reduction [see (2.14)] rather than a bound
on inventory reduction in all scenarios (2.11). The result is a much more meaningful
tradeoff-curve, depicted in Figure 2.4. /

2.2 Reformulation of Expected Value Constrained

Problems

Example 2.3 from the previous section is an expected value constrained problem. That

problem is “small” in the sense that when the full stochastic program is specified as
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Figure 2.3: Tradeoff of B vs. R for Example 2.2. For R >~1200, the problem is
infeasible, so there are much fewer meaningful results for this example.

a single linear program, the size of the program does not overwhelm the available
software packages for solving linear programs. The tableau for the fully-specified
problem of Example 2.3 contains 122 equations and 193 decision variables, and it
currently takes about 1.5 cpu seconds from a high-end Unix workstation to generate
all of the data for Figure 2.4.

But many practical problems of interest are much larger than Example 2.3, and for
all intents and purposes are not solvable without some sort of decomposition scheme.
It was seen in Chapter 1 that a two-stage stochastic program with one or more
expected value constraints does not have a dual-angular structure. Without the dual-
angular structure, the subproblem cannot be decomposed into smaller independent
subproblems, and Benders decomposition is still impractical for all but the smallest
problems.

For most practical problems with expected value constraints, it is possible to
reformulate the problem so that the desirable staircase structure reappears, and Ben-

ders decomposition can be practically applied. Let’s consider a two-stage stochastic
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Figure 2.4: Tradeoff of B vs. R for model with high variance in demands, and a
constraint on the expected value of R.

program with one or more expected value constraints:

Minimize cx 4+ ,fY = =z
subject to Ax
—BYr + DYy = v YVwe N (2.15)
—Fx 4+ Y, H“y” = h
z, vy’ = 0,

where x is the ni-dimensional vector of first-stage decision variables, y* is an no-
dimensional vector of second-stage decision variables, A is m-by-ny, B* is ma-by-nq,
D% is mg-by-no, F' is mg-by-ny, H¥ is mg-by-ns, b is mi-dimensional, d* is ms-
dimensional, h is ms-dimensional, and ¢ and f“ are the same dimensions as x and
y“, respectively.

Figure 2.5 depicts a stochastic program with expected value constraints. The first
stage consists of m; constraints and n; variables, each of the || subproblems of the
second stage (ignoring the expected value constraints) consists of msy constraints and

ngy variables, and the expected value constraints constitute another ms constraints
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A

B! D1

-B2 D2

-B3 D3

-B* D*

-B° D5
FLH [ H2 [ He [ HA [ Hs

Figure 2.5: Block structure of stochastic program with expected value constraints

and ny x |Q| variables.

A large stochastic program with expected value constraints has a structure, which
is unsuitable for either Benders decomposition or Dantzig-Wolfe decomposition, al-
though it may be possible to use some nested decomposition scheme, as suggested by
Figure 2.6. Instead, a reformulation of this problem is considered. The reformulation

results in an equivalent problem that does have the desired staircase structure.

2.2.1 Identifying Problematic Second-Stage Variables

Expected value constraints are problematic in that they confound Benders decomposi-
tion schemes designed to make the problem more manageable. Second-stage variables
that are represented in the expected value constraints are denoted as problematic vari-
ables.

In many practical cases, the expected value constraints are sparse!. This means
that the number of problematic second-stage variables is typically rather small com-

pared to the total number of second-stage variables. This is the case for the HP

'In other cases, they may be made sparse by the introduction of new variables. See section 4.2.
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min
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Figure 2.6: Suggestion of how Benders decomposition might be nested inside a
Dantzig-Wolfe decomposition scheme to solve a problem with expected value con-

straints
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supply-chain model with expected value constraints: the problematic variables are
the procurement budget, profit, or inventory reduction in each scenario [from equa-
tions (2.12)—(2.14)]. There are only a few of these decision variables compared to the
number of decision variables for second-stage production quantities, product sales,
and component scrapping.

The first step in the reformulation is to identify these second-stage decision vari-
ables that are represented in the expected value constraints, and to distinguish them
from the second-stage variables that are not represented in those constraints. Using
Y5 to denote second-stage variables that are represented in expected value constraints,
and y4 for variables that are not represented in those constraints, a general two-stage

stochastic program with expected value constraints can be expressed as:

Minimize cr + X, fryy + XofSys = oz
subject to Ax =

ev constr.. —Fx 4+ >, HYyY = h (2.16)
—B¥zr — DYyy  + Dyys = d Vwe
z, Yt ys = 0.

2.2.2 Moving Problematic Variables to the First Stage

The next step is to look at the problem from a different point of view. It is natural to
look at the problematic variables in the above formulation as second-stage variables,
since they depend on some uncertainty that will not be realized until the second stage
of the problem, and the number of these variables is proportional to the number of
scenarios in the model.

But suppose the problem is partitioned so that the expected value constraints are

a part of the master problem. In this case, problem (2.16) does have a dual angular
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structure and may be decomposed such that the master problem is

Minimize cx + S,fryy + 0 = ¢
subject to Ax =0
—Fx + w HYYyY = h
Tt R (2.17)
cuts: —Gor — Y, GYyY + 0 > g
—G6$ - Zw /1wyL1d > g/
x, iy > 0 Vw e Q,
with independent subproblems for all w € Q:
Minimize  f§yy = 0(z,yf,w)
subject to D§yy = d¥+ B*x+ DYy¥ (2.18)

Vv

Y5 0.

Then the problem is in a form suitable for use with independent subproblems in
Benders decomposition. Figure 2.7 depicts how to change one’s perspective on a two-
stage program with expected value constraints to obtain a two-stage program that is

suitable for Benders decomposition.

2.2.3 Comparison of Reformulated Problem

Expected value constraints contain second-stage variables and may have coefficients
that are not known with certainty at the time the problem is solved. For this reason,
the intuitive way of formulating and decomposing the problem places the expected
value constraints in the subproblem (as shown in Figure 2.5). In this case, the problem
does not have a dual-angular structure, and the subproblem cannot be further de-
composed into independent subproblems. For large problems, Benders decomposition
does still not make the problem practical to solve.

In the reformulated problem, the expected value constraints are moved into the
master problem (2.17). The master problem of the reformulated problem thus has
one more constraint (not including the cuts) and several more variables—the number

of extra variables is proportional to the number of scenarios being considered—than
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(@) (b)

(€) (d)

Figure 2.7: (a) Two-stage problem with expected value constraint. Dark box shows
“natural” choice for first stage. (b) Distinguishing problematic variables. (c) New
perspective of problem structure. (d) New choice of how to divide the problem into
stages.
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the master problem of the original problem. But the reformulated problem does have
dual angular structure. So Benders decomposition can be applied to expected value
constrained problems, and based on past experience, it should make the problem

tractable.

2.3 Numerical Results

A variety of supply-chain problems from HP were solved under many different demand
distributions, with both the conventional risk management constraints (2.9)—(2.11)
and expected value constraints (2.12)—(2.14). Benders decomposition was applied
to the problems—using the reformulated model (2.17) and (2.18) for the expected
value constrained case—and the problems were solved using Gerd Infanger’s DE-
CIS (Benders DEComposition and Importance Sampling) [11] software package, an
implementation of Benders decomposition.

Results are presented in Table 2.6, including the characteristic size of the model,
the number of demand scenarios used, the number of times the master problem and
independent subproblems were solved to achieve a solution, and the CPU time needed

to solve the problem on a high-end Silicon Graphics workstation.

2.4 Discussion of Results

From the previous section, it can be seen that reformulation often does allow an
expected value constrained problem to be solved with Benders decomposition. But
in some cases, particularly in cases where many demand scenarios (|€2|) are used, a
large amount of iterations and computational effort is required to solve the problems
with expected value constraints compared to the effort needed to solve problems with
the conventional risk management constraints.

The number of columns in the master problem is often one of the most significant
factors in determining how much effort it takes to solve a stochastic problem. As
shown in Section 2.2, the expected value constrained problem does have one extra

variable in the master problem for each scenario that is considered. But in some cases,
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Conventional model EV constrained model
Problem? numbelj of sol‘ution MP/SP sol}ltion MP/SP
scenarios time time
tomy i 5 0.08 2/10 0.08 2/10
tomq g 25 0.36 13/109 0.53 8,/200
tomy g 100 0.88 13/409 7.40 32/3200
tomigx 5 0.31 22/58 0.42 28/75
tomyox 25 0.68 28/220 3.89 93/1802
tomygx 100 2.26 31/1120 598.47 2094 /2.1E5
tomog 5 0.37 25/73 0.70 51/185
tomog i 25 0.97 33/393 18.49 343/7639
tomogx 100 2.88 33/1518 1431.93 5615/5.5E5
bapiox ) 122.72 425/2121 146.02 448 /2230
bapiox 25 168.16 423/1.1E4 923.42 999/2.5E4
bapiok 100 310.03 420/4.2E4 6698* | 2335/2.2E5
bapi v ) 283.41 647/3231 497.76 940,/4690
bapias 25 347.09 647/1.6E4 | 1980.37 | 1902/4.6E4
bapiar 100 565.15 647/6.5E4 T /11
bapsar ) 346.57 673/3361 524.89 900/4490
bapsar 25 473.53 852/2.1E4 3243* 2532/6.0E4
bapsar 100 893.57 925/9.2E4 T /11
dlaws i 5 5377* 4081/2.0E4 11542%* 6102/3.0E4
dlaws g 25 7684* 4292/1.1E5 Tt /11
dlawogg i 5 22297* 1.4E4/6.8E4 T /11
dlawogox 25 30075% | 1.5E4/3.7E5 T /11

Table 2.6: Results for HP Supply Chain Models with conventional risk management
constraints and with expected value constraints. Except where noted, solution time

refers to CPU seconds of a single processor needed to solve the problem.
t Characteristic size of these problems:

Problem | MP size SP size Deterministic size with |Q| = 100
tom 39 x 39 163 x 149 16339 x 14939
bap 265 x 265 | 548 x 817 54965 x 81965
dlaw 378 x 383 | 2844 x 4980 284748 x 498382

1A solution was not obtained for this problem in fewer than 25 hours or 30000 iterations.
* Solution time is reported in real seconds, not CPU seconds — this is a minor overestimation of
the CPU time needed to solve the problem.
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the effort needed to solve a reformulated expected value constrained problem was 10
times or more that the effort needed to solve the conventionally formulated problem.
The few extra variables in the master problem is not a sufficient explanation for the
extra effort required.

Rather, there is something fundamentally pathological about the structure of the
reformulated expected value constrained problem with Benders decomposition. For
the problematic variables that are moved from the second stage of the problem to the
first stage, each variable has an effect on the subproblem objective value for only one
scenario, and support for those variables as provided by the feasibility and optimality
cuts is very slow to develop. Consequently, it takes many iterations of Benders de-
composition before the values of those problematic variables start to converge toward
their optimal values.

The multi-cut technique of Birge and Louvaeux [2] adds a cut to the master prob-
lem every time an independent subproblem is solved. This technique may help build
support for the problematic variables more quickly, since it would add several cuts
to the problem in each iteration. But this technique suffers from its own scalability
issues — it generates cuts in proportion to the number of random outcomes under
consideration, and in general it cannot be used with sampling random outcomes from
a continuous or otherwise large sample space. The drawbacks are serious enough to
reject this technique out of hand as a worthwhile approach to dealing with expected
value constraints. Instead, other approaches that work in the context of conventional

Benders decomposition should be explored. This is the focus of the next chapter.



Chapter 3

A Modified Benders

Decomposition Algorithm

In the previous chapter, it was demonstrated that in many practical cases a two-
stage problem with one or more expected value constraints could be reformulated
into a program with dual-angular structure, so the L-shaped method of Van Slyke
and Wets [14] can be applied to solve a large stochastic program. The number of
iterations of Benders decomposition needed to solve such a reformulated problem was
very large compared to what one would expect from a typical stochastic program
of the same size. In this chapter, other approaches for solving expected-value con-
strained problems are discussed, with emphasis on techniques that reduce the overall
computational effort needed to achieve a solution. A modified Benders decomposition
algorithm is presented, which efficiently solves expected-value constrained problems
that satisfy certain conditions, along with some numerical results that demonstrate

the tractability of many expected-value constrained problems.

3.1 Nested Solution Approaches

The structure of expected value constrained problems suggests that they could be
solved with a nested decomposition approach. There are at least two ways to set up

and solve the problem with a nested decomposition approach.

43
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3.1.1 Nested Dantzig-Wolfe Decomposition

Figure 2.6 in the previous chapter suggests how one might use Dantzig-Wolfe decom-
position inside Benders decomposition. First, one could partition the problem (2.15)
into a master problem and a single, large subproblem. The solution to the master
problem would determine a first-stage solution x that would be passed to the sub-
problem. The subproblem has a block angular structure, and it may be solved with
Dantzig-Wolfe decomposition to determine the second-stage solutions y* that satisfy

the independent scenario subproblems and the expected value constraint.

3.1.2 Nested Benders Decomposition

When the expected value constraints are sparse, another type of nested decomposition
is suggested. The expected value constrained problem (2.15) can again be partitioned
into a master problem and a single, large subproblem. The solution to the master
problem would determine a first-stage solution x to be passed to the subproblem.
By distinguishing the second-stage variables y{ that are represented in the expected
value constraints from the second-stage variables y§ that are not, the large subprob-
lem can be decomposed further. The large subproblem contains a master problem
consisting of the expected value constraint. Solution of the master problem would
lead to a second-stage solution for yy. The remainder of the large subproblem could
be decomposed into independent scenario subproblems, and solutions for y§ can be
obtained by applying the L-shaped method of Van Slyke and Wets. When an ex-
pected value constrained problem is partitioned this way, it may be thought of as a
three-stage problem: values for z are determined in the first stage, values for y{ are
determined in the second stage, and values for y5 are determined in the third stage.
Figure 2.7 from the previous chapter is a graphical depiction of this type of nested
decomposition.

Either of the above two nested decomposition schemes is necessarily more complex
than a single decomposition scheme. If, for example, the master problem above took
an average of 100 iterations to converge on an optimal first-stage solution, and the

large subproblem, whether using Benders or Dantzig-Wolfe decomposition, also took
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about 100 iterations to determine an optimal second-stage solution, the corresponding
nested decomposition scheme would require each independent subproblem to be solved
10,000 times to achieve a solution. With the additional complexity and effort required
to solve such a problem, a nested decomposition solution can hardly be expected to be
much more useful than applying a single layer of decomposition over the reformulated

problem from the previous chapter.

3.2 Problem Partitioning Schemes

Nested decomposition schemes are not considered further in this chapter, so attention
must shift to other ideas for handling problem (2.16). But between the problem
reformulation from Chapter 2 and the nested Benders decomposition scheme from
the previous section, the issue of how best to partition the problem arises. A couple

of mutually exclusive partitioning suggestions will now be explored more deeply.

3.2.1 Scheme 1

Figure 2.7 suggests one way to partition the problem into a master problem and a

subproblem. Under this partitioning scheme, the master problem looks like

Minimize cry + cry + 03 =z
subject to  Ajja = b
—Apr; + Agpxs = b (3.1)
—Giry — Garg + O3 > g
L1, T > 0,

where x; denotes the original first-stage decision variables, x5 are the problematic
second-stage variables (second-stage variables represented in the expected value con-
straints), and the number of elements in z, is related to the number of random out-

comes under consideration |2]. Letting x% denote the non-problematic (remaining)
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second-stage variables, the independent subproblems look like

Minimize c§2§ = 2¥
subject to A%, = 0§ + AYyzy + Agxe i (3.2)
5 > 0.

Due to the nature of expected value constraints, the A%, matrices are constructed in
such a way that every nonzero column of Aj; is associated with the same scenario,
so that if a particular column of A%, has nonzero elements, then that column of A%
must be zero for all W’ # w.

The cuts in the master problem (3.1) are constructed from the dual solution to

the subproblem as

Gy = X, p.mAs, (3.3)
g = 2 Domby.

3.2.2 Scheme 2

A second partitioning scheme that is a little more intuitive places the expected value

constraint back into the subproblem. In this case the master problem is

Minimize ar, + 6 = =z

subject to Az = b
J 1121 1 (3‘ 4)

—G'ry + 0 > ¢

€1 Z 07
the subproblem is
Minimize CoaTy  + DL, DuCiTy = 2o
subject to  Agows = b+ Apry :p (3.5)
— A%y + Agry = W4 A% 1 YweQ ’

w
T2, T3

v
o
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and the cuts are formulated from the dual solution to the subproblem as

G'" = pAi + X, p.mUAY

/

(3.6)
g = pby + >, p.Ts.

3.2.3 Comparison of the partitioning schemes

There are some substantial differences between these two partitioning schemes, and it
is worthwhile to examine these differences more closely. Both of these schemes have

some desirable features and some undesirable features.

e Master problem In scheme 1, the expected value constraint is included in the
master problem, and so some of the decision variables in the master problem are
related to the stochastic outcome. Scheme 2 has a more intuitive master problem
because only the original first-stage decision variables x; are determined. The
master problem for scheme 1 (3.1) contains more decision variables than the
master problem for scheme 2 (3.4), and one would expect the master problem
for scheme 1 to be a little more difficult to solve than the master problem from

scheme 2.

e Cuts The master problem from scheme 1 seeks to estimate the cost contri-
butions of all the non-problematic second-stage variables. The cuts contain
coefficients for both z; and x5, but the expressions used to determine these co-
efficients (3.3) are in a familiar form. The previous chapter demonstrates that
these cuts provide very poor support for zs, so one would expect a Benders
decomposition procedure that uses partitioning scheme 1 to take a very large
number of iterations to solve. In scheme 2, only z; is determined in the master
problem, so only x; is represented in the cuts. But the expression for the cut
(3.6) contains unfamiliar p terms, which are associated with the dual prices of

the expected value constraint.

e Subproblem In scheme 1, only the non-problematic variables x4 are deter-
mined in the subproblem. The subproblem can be further decomposed into in-

dependent “scenario” subproblems, with one subproblem associated with each
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possible outcome under consideration. This is a very desirable feature for solv-
ing large problems. In contrast, scheme 2 has the expected value constraint in
the subproblem, which wrecks the dual angular structure of the problem and
prevents the subproblem from being further decomposed into independent sub-
problems. The subproblem with the expected value constraint is denoted as
the “large” subproblem to indicate that it requires all scenarios to be solved for

simultaneously and cannot be broken up into several smaller problems.

Each scheme has its advantages and disadvantages. In a problem without expected
value constraints, the master problem resembles (3.4), the cuts are likely to provide
good support, and the problem is likely to be solved in a reasonable number of
iterations. The subproblem can be decomposed into independent subproblems like
(3.2), allowing the subproblems to be solved very efficiently. For problems with
expected value constraints, these same features are desirable. The cuts for the master
problem should provide good support for the recourse function. The subproblem
should be able to be decomposed into independent “scenario” subproblems, or should

otherwise be able to be solved efficiently.

3.3 Solving the “large” subproblem

The linear program specified by (3.5) arises as a single system of equations in the
context of decomposing the full problem (cf. 2.16). Because of the expected value
constraint, this system cannot be decomposed further into independent subproblems,

and so (3.5) is referred to as the “large” subproblem.

3.3.1 Characterization of the “large” subproblem

If an efficient method for solving the “large” subproblem (3.5) were available, then
the second partitioning scheme from the previous section could be applied to solve the
expected value constrained problem in a reasonable number of iterations. Depending

on the characteristics of the large subproblem, there may be such a method. In this
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section a modified Benders decomposition algorithm is presented that allows the large

subproblem to be solved efficiently when the following conditions hold:

1. There is a one-to-one mapping between the elements of z, and the

elements of (). That is, A%, has at most one nonzero column for each w € €.

Let a, denote the unique nonzero column vector in Ag; that is associated with
scenario w. Then the subproblem constraints A§;x% = b4 + AS,x0 + Afyzy can

be expressed as

Agywy = b5 + awwa, + Ajgz. (3.7)

2. There is exactly one expected value constraint. That is, the expression
Agog = by + Ajpxy consists of exactly one equation. b, is a scalar, and A5 and

Aqe are row-vectors.
3. The expected value constraint is an equality.

From items 1 and 2 above, there is a coefficient a,,' in the row-vector Ay that is
uniquely associated with scenario w € ). The single expected value constraint can

then be written as

Z 0Ty = by + a1227. (3.8)
we
Without loss of generality, it is assumed that a, > 0 for all w. If «a is negative,
then the problem may be reformulated with —z9,, instead of x,,,, with the constraint
To, > 0 being relaxed without consequence.
To summarize, the specification of the expected value constrained problem to be

solved is

ITf (3.8) is a true expected value constraint, then v, = p,,, the probability associated with scenario
w for all w € Q. But this need not be the case—for example, the modeler may wish to bias the model
for a few “extreme” outcomes, in order to obtain a solution that performs well under some worst-
case scenarios. In this case, the coeflicients associated with those scenarios may be weighted more
heavily.
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Minimize c1xy + T2+ Y, DuC3Ty = 2
subject to AHZEl = b1
—a12T1  + D, Moy, = by

—AYry — Agszy + Agzry = Y VweQ

T, > 0 Ywe
$17 x‘éj Z 07

(3.9)

where A§; has at most one nonzero column for each scenario w € €.

3.3.2 Algorithm to solve the large subproblem

If conditions 1-3 above hold for the expected value constrained problem, then the
following algorithm leads to an optimal solution (3, %) to the large subproblem
(3.5).

Algorithm 3.1 Solution procedure for the large subproblem (3.5).

Step 0. Determine an initial allocation x5 such that the expected value constraint

e QwToy = by + a1pxy, x9 > 0 is satisfied. Define Q' := 0.

Step 1. Define the resource price function for scenario w as

Cow w w
¢w(x2w) ’ % + 7 (IQw)awZ_- (310)

w

The first term of this function describes the direct effect of cost coefficient cq,, on
the objective function value for (3.5) for a change in x,,. The derivation of the second

term is discussed later, but for now it can be thought of as the effect of a change in
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Zo, on the objective function value of the scenario subproblem

Minimize  c¢§z§ = 2§(x
‘ 33 3 ( 2‘0) <311)
subject to A%xy = Y + AYsx1 + aura, i

Fix xo with the values determined in Step 0 and solve the independent scenario
subproblems (3.11) for all w € Q to determine 7 (za,) and ¥, (z2,). Record the
values of 1.

If the scenario subproblem associated with w is infeasible, then it should be de-
termined why the subproblem is infeasible. If an increase in x5, would allow the
problem to become feasible, then assign v, := —oo. If a decrease in x4, would allow
the problem to become feasible, then assign 1, := 4+o00. If no value of x5, makes the
scenario subproblem feasible, then note the large subproblem (3.5) as infeasible and

stop.

Step 2. Determine j € Qr ' :¢; > VieQr
ke Y < Y Vi e,

where the meaning of Q' is discussed below. If Qr Q' = or if ¢; = 13, then record

the current solution (zq,x¥) as the optimal solution and stop.

Step 3. Reallocate resources from scenario j to scenario k as follows:

Determine Mry; > 0 and Mgy, 1= M:UQJ'% such that for some small value of 6 > 0,

677
either
Yr(or) < Up(xor + Mroy) < (a9 — Mryy)
5 5 (3.12)
V(g + Mooy + —) > (19 — Mag; — —)
Q. %
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or

Ur(zor) = Ur(vor + Mrg) < (o — Mry;)
5 5 (3.13)
V(@ + Mgy + —) > (9 — Mag; — —)
(73 Q;
is satisfied. If Mxy; and Mury, can be increased without bound and without either
condition (3.12) or (3.13) being satisfied, then report the large subproblem as being

. Qy

unbounded with extreme vector —Mzyje; + Mro,—ey.
(){ .
j

Step 4. Reallocate z5; and xy;, as follows:

If condition (3.12) was satisfied at the end of the previous step, then remove k
from Q) if k € Q. If condition (3.13) was satisfied at the end of the previous step,
then add j to €.

Let x9; := x9; — Mrgj; wap, 1= o + Mrg,. Return to Step 2. /

A few of these steps require some additional explanation. x5 can be thought of as a
vector of resource allocations that are distributed among the scenarios. The resource
price functions ¢, can be thought of as the relative value of allocating additional
resources to scenario w. In Step 2, the scenarios with the highest and lowest values
of these resource price functions are selected, and in Step 3 resources are removed
from the scenario with the low function value and added to the scenario with the
high function value, in such a way that the expected value constraint (3.8) is always
satisfied. The amount of resources to be transferred is governed by the point at which
the resource price functions of the two scenarios become equal. This point can be
determined with a simple bisection line search, but every iteration of the line search
requires two extra scenario subproblems (3.11) to be solved.

In the next subsection, it is shown that the resource price functions ¢, are increas-
ing step functions. In Step 3, as Mzy; and Mrxy, increase, 1, necessarily increases,
and v; necessarily decreases. If Mry; and Mzy, can be increased without bound and
without the condition 15, > 1; ever being satisfied, then resources can be transferred
without bound from scenario k£ to scenario j, with an improvement in the objec-

tive function related to 1, —1; for every unit of resources transferred. The large
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subproblem can then be identified as having an unbounded solution.

3.3.3 Properties of the algorithm

It was previously stated that Algorithm 3.1 leads to an optimal solution of the large
subproblem (3.5). This assertion will now be proved.

The scenario subproblem (3.11) is a parametric linear program in xs,,. Dantzig and
Thapa [7] cite some useful properties of the objective function value for parametric
linear programs of this type. The optimal objective function value z§(xq,) of this

problem is necessarily

1. continuous over all valid values of xq,;
2. piecewise-linear; and

3. convex in xg,, that is 2§ (Axae, + [1 — Axb,) > A2 (wa,) + [1 — A|24 () for all
0 <A<, xg,, and o5,

An additional useful property is that the piecewise-linear function has a finite number
of “pieces”. This can be seen because each “piece” of the function corresponds to a
different optimal basis of A4;. There is only a finite number of bases in A§j.

The first derivative of 2§ with respect to x, is necessarily an increasing step
function, with a discontinuity wherever 2§ (x4, ) moves from one “piece” of the function
to another. This step function also has a finite number of pieces. The optimal solution
(x4, m) of (3.11) can also be thought of as a parametric function in xs,, and by the

duality of linear programs, the following relation must hold:
25 (1) = 25 (v20) = 25 (25, 7) (w20)) = 7(220) (05 + ATy71 + awr2).  (3.14)

That is, for a given xs, and optimal solution (z%,7) to (3.11), the slope of 2§ (z2,)
with respect to g, is 7 (29, )a,. The objective function value of the large subproblem

(3.5) may be rewritten as

29 = CaTg + przg"(xg), (3.15)
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and in light of the previous discussion, it is apparent that for any ¢ € €2,

0z 0z
axj- = Coi+ D, pwﬁz
' oL

= o + piﬁj (3.16)

= ¢y + piTa;.

When an infinitesimal amount of resources (—Mzg;, Mzy,) are transferred between

two scenarios, the corresponding change in the objective function value (3.15) is thus

822
Mrg;—2 — M
27 aka 2k

822
8352]- )

(3.17)

If the expected value constraint (3.8) is to be satisfied, then Mry; = WQ]C%, and
@

622 822
Moy ——= — Mrg, — = = Mz
2k O 2j 8x2j 2k(

079 oy, 0z

3x2k % 8(132j

Q ,
= MTQk(CQk +pk7rkak — —%(02]. + pﬁrjaj)
% (3.18)

1 .
Cok + pemrag) — (e + pymlay)]
J

1
= Moo [—(
(67>

= Mropag (V¥ — 1))

where 1); and 1)y, have the form described by (3.10). Hence (3.10) captures the notion
of the relative value of changing the allocation of resources to some scenario. These
properties are useful in proving the termination and optimality of Algorithm 3.1.

It is now appropriate to state some properties of Algorithm 3.1.

Lemma 3.1 Let ¢y, := mingeq 9, (xa,) denote the smallest price resource function

value at any point in the algorithm. As the algorithm proceeds, ;i never decreases.

Proof. By construction the condition 1y (e, + Mrag) < 9j(x2; — Mrg;) always holds
at the end of Step 2, whether condition (3.12), condition (3.13), or neither is satisfied.
y(xox) is an increasing function of o, S0 Vi (zor + C') > g (x9) for all C' > 0. By
construction, Mrog > 0, s0 Vx(war) < Yr(war + Mrg,). Hence at the end of Step 4,
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after resources have been transferred from scenario j to scenario k, the condition
Ymin < Y < 9, holds. Since no other resource price function values are affected by

this step, no value of v;,7 € ) has changed such that 1; < ¥,;, could be true. m

Lemma 3.2 Let 1y, := mingeq ¥, (x2,) denote the smallest resource price function
value at any point in the algorithm. Within 2|Q| — 1 iterations, the algorithm either

terminates, or Ym thcreases.

Proof. There are [{2| scenarios. Let €; denote the set of scenarios for which
Vi = VYmin, @ € , and let Qy denote @ — (2, U Q). If follows that || + |22 < |Q]
and that v; > Yy, for 1 € Q.

In each iteration of the algorithm, a scenario j € {2 is selected to transfer resources

to a scenario k € €. If the algorithm does not terminate in Step 2 or in Step 3, then
one of the following occurs in Step 4:
If (3.12) was satisfied, it means that (9, + Mray) > i, and scenario k is
removed from €);. But scenario k is also added to set Q5. If £ was the last element
of €y, then 9, < 1; for all ¢ € €, and v,,;, must be redefined to an increased value.
If (3.13) was satisfied, it means that some resources were removed from scenario
J such that for the new values of v¢; and vy, 1¥; > 1,; but if any more resources
are removed from scenario j, then it would be true that 1; <. In this case, j is
removed from $25. If j was the last element of {25, then in the next iteration €25 is an
empty set, and the algorithm terminates.

So in each iteration of the algorithm, either an element is removed from €2; and
added to €25, an element is removed from €25, 9, increases, or the algorithm ter-
minates. The first of these events can only happen [€;| times before ¢, must be
increased. The second of these can happen at most [Q;] + |{22| times (once for each
element of €2y, and once for each element of (2; that may be moved into (2) before
the algorithm must terminate. If all of the scenarios are members of 2y, then ¢; = ¥,
in Step 2 and the algorithm must terminate, so as a worst case if the algorithm is to
proceed, then the largest possible size of the set € is |2| — 1. Therefore the most
iterations that can proceed before the algorithm either terminates or produces an

increase in Yy, is 2|2 — 1. =
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The meaning of the set ' in the algorithm is now clear. The set ' is the set of
scenarios whose resource price function values are greater than or equal to ¥,;,, but
to whom resources cannot be removed without causing their resource price function
values to fall below ;. From a graphical perspective, €)' represents the set of
scenarios {w € Q : 2§ (z9,) is known to be at? a vertex}, and any decrease in the
allocation of resources to scenario w would result in a decrease in the resource price
function below ¥,;,. Figure 3.1 provides an illustration of what it means for a scenario
to be in Q. It can now be proved that the algorithm terminates in a finite number

of iterations.

Theorem 3.1 If Algorithm 3.1 is applied to a problem with a finite number of sce-

narios (|2 < 00), then the algorithm terminates in a finite number of iterations.

Proof. The resource price function for each scenario is an increasing step function
with a finite number of pieces. From Lemma 3.2, for a given 1y, := min,, ¢, (z,)
at a particular point in the algorithm, if the algorithm has not terminated after 2|2
iterations, then 1y, has increased. Since |{2| is finite and since each resource price
function is composed of a finite number of pieces, ¥, can only increase a finite

number of times before the algorithm must terminate. =

Theorem 3.2 Let (x3,2%°) denote the terminal solution of Algorithm 3.1 when a

gien value of § is used in Step 3 of the algorithm. Then

lim (a5, 25°)

is the optimal solution to the large subproblem (3.5).

Proof. Let (a4, 25%) := lims_o(x3, 25°) denote the solution obtained at termination

of Algorithm 3.1. If (2, z4”) is not optimal, then there must exist a Mxy # 0 such

1)
20, for a practical implementation, xy,, is within — of a vertex
Ay
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Figure 3.1: (a) Sample optimal objective function value as a function of xy,. (b)
Resource price function associated with (a). The point at 2’ represents a point that is
not at a vertex of 2§ (xa,). 2’ can be decreased without decreasing the resource price
function value. The point at z” is at a vertex of 2§ (xq,). If 2" is decreased, then the
resource price function must decrease. If xo, = 2/, then w & Q. If x5, = 2", then
depending on the current value of ¥, w might be € €.
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that

ozl\/lrz =

0
(3.19)
aMry + X, po[25 (25 + Mrg) — 25(25)] < 0.

24 (xh, + Mzy) is piecewise-linear and convex in Mzy. oMy is also linear (and thus
convex) in Mz,, so coMry + 32, po (25 (24 + Mry) — 2§ (2)] is also convex in Mz,. By
this convexity property, if coMzy + >, pu[24 (xh + Mrg) — 2§ (a4)] > 0, then it must
also be true that coAMrs + 3, pul2d (25 + AMre) — 2§ (24)] > 0 for any A such that

0 < A <1, including infinitesimally small values of A. In that case the expression
2 pul25 (2 + AMzy) — 25/(z)] (3.20)
may be replaced with the appropriate dual values. If Mz, > 0, then
25 (T2, + Mray,) — 25 (29,) = Mrg,ma, = Moy, (Tay). (3.21)
If Mzy, < 0, then
25 (T + Mrg,) — 25 (x9w) = Mre,m¥a, = Mrg,th, (T2, — Mray,). (3.22)

(Recall that 1), indicates the value of increasing the allocation to scenario w. To
evaluate what happens when resources are deallocated, the resource price function

1, must be evaluated at its proposed final allocation instead of its initial allocation.)
And of course if Mz, = 0 then

Zgj(l’Qw + M.l’gw) — Zg)(l’gw> =0. (323)

For the given solution Mzy, to (3.19), let S;:={w € Q: Mzy, > 0} and let
So :={w € Q: My, <0}. >, a,Mry, =0 and Mzy # 0, so both S; and Sy must
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be non-empty with

Z |ag, Mz, | = Z |, Mg, |. (3.24)
w€eSy weS2
Now it will be shown that if any Mz, exists that satisfies (3.19) and (3.24), then
a solution must exist where S; and Sy each contain exactly one element. Such a
solution Mz}, can be constructed as follows:
For any solution Mz, to (3.19) and (3.24), define ¢ > 0 as

v, coMry+ pr(zg’(xg + M) — 25 (22)). (3.25)

Choose any ¢€S; and j € S,. Let Mzh, := max[Mzsy, —ngj%] and let
Mz, := min[Me,;, —Mmz—;]. Also let MYy, := 0 for all k € Qr {i,j}. By construc-
tion, Mz}, satisfies aMz}, = 0.

Let ¢ 1= coMzh + >, pu(25(zh + Mzhy) — 25 (25)). If ¢’ >0, then Mz, satisfies
(3.19) and (3.24), and also satisfies the desired condition of having exactly one element
in each of S; and S,.

If ¢' <0, then let Mry := Mry — Mz}, and ¢ := ¢ — ¢'. Now Mz, still satisfies
(3.19) and (3.24). The new solution Mz, has at least one fewer nonzero element
than the old solution, but it still must have at least one element in S; and S;. This
procedure may be repeated until either a ¢’ > 0 is found, or until there are exactly
two nonzero elements of Mz, remaining. In the latter case, ¢ must still be greater
than 0, so this Mz, is a valid two-element solution to (3.19) and (3.24), with Mxy; > 0
for exactly one element of ¢ € (2 and Mzy; < 0 for exactly one element of j € €. Since

this solution satisfies (3.19),
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Using an infinitesimal positive multiple of Mz, it follows that

oMrs + 30, pu (25 (22 + M) — 25(22))
= c9iMry; + cpjMrg; + pizh (o + Mug;) — pizi(wa;)
+p;24 (a5 + Mrg;) — p; 23 (ws)
= (Cai + pim (w2:) @) Mrg; + (Co5 + pym! (295 — [Mag;])a;)May;

i T (o) a; . (2o — Mz Nas (3.27)
. Coi + pimt(x95)a Mz, + Coj + pym (T5 — [Mryg])a; Mij]
& : i
. MW%_CQJ‘”J(%‘—'W%')“%%]
Qi @

= O./iMTQZ' [wl(ﬂle) — wj($2j - ‘MTQJD] .

a;Mzo; is positive. At the termination of the algorithm, by construction ¥;(x;) > ¥min
and ¢ (x9; — |[Mry;|) < ¥min, so the quantity in (3.19) is necessarily nonnegative. Thus
a contradiction exists, and at the termination of the algorithm, there can be no
solution Mz; to (3.19) where Mzy; > 0 for exactly one i € 2 and Mzy; < 0 for exactly
one j € Q. Then there can be no solution Mry # 0 to (3.19). And therefore the

solution at the end of the algorithm is the optimal solution. m

Corollary 3.1 Let yay and Yy, denote the mazximum and minimum resource price
function values at the termination of Algorithm 3.1. Then for any choice of 6 > 0 in
Step 3, the terminal objective function value zy (x5, 24°) is optimal for (3.5) to within
190 (max — Punin)-

Proof. Corollary (3.1) can be seen to be true by the following argument. At the

termination of the algorithm,

wmin S ww<x2w> S zpmaux (328)
¢w(x2w - 5«)) § 77bmim, (329)
where 9, = %, and for all w € ). Let us find two scenarios ¢ and j such that

i = Ymax and 1¥; = Y. The allocation for scenario i, z9;, is “near” (within §; :== —)
) o
but not necessarily “at” a vertex of z4(xzy;). The optimal objective function value may

be improved by moving the allocation of scenario 7 to a vertex.
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Suppose the allocation for scenario i lies exactly 9 < §; from a vertex such that
Ui (w9 — 5) > Ymin for 5 < ;. Then the amount to deallocate from scenario ¢ is exactly
0} units of resources. To maintain the feasibility of the expected value constraint, this

. . . , , O .
deallocation must be accompanied by a reallocation of 0} := d;— resources to scenario
Qi
j.

The resulting change in the objective function after this transfer of resources is
Mzo(z2) 1= @;0i1);(22;) — aj(;;-vﬁj. Here, 1), represents a linear combination of all the
resource price function values for scenario j that occur between xy; and g, + (5}.
Vj(225) = Ymin, and ;(wa; + 65) > Ymin, 80 by a convexity argument w}- > Ymin-
)i(22;) = Ymax and &' 1= ;0 = ;05 < 0, so therefore

MZ2(1:2) S 5(wmax - wmin)- (330)

After the transfer of resources, the allocation for scenario 7 is now at a vertex, and no
further improvement is possible for that scenario. These additional sub-delta transfers
can occur no more than || times before all scenario allocations are at vertices and

absolutely no further improvement is possible. m

3.4 A Modified Benders Decomposition
Algorithm

Given an efficient technique for solving the large subproblem (3.5) that simultane-
ously solves for (z, 2¥), the technique can be included into a Benders decomposition
algorithm that can solve the whole expected value constrained problem (3.9). The

following modified Benders decomposition algorithm performs that task.

Algorithm 3.2 Modified Benders decomposition for solving the full problem (3.9)

Step 1. Obtain a feasible solution (z;) to the relaxed master problem
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A11I1 = b

T

(3.31)

v
o

Step 2. Using the solution x; obtained in the previous step, solve the large subprob-

lem
Minimize CoTa  + D PLCETE = 23— 11
subject to A9 = by + Az,
J 2202 2 1271 P (3.32)
—ASsry + Afsxy = 0§ + Az, VweQ
Zo, x5 > 0

using Algorithm 3.1. By choosing an appropriate value for § in Step 3 of Algorithm
3.1, the user can use the results of corollary (3.1) to solve the large subproblem to
arbitrary accuracy. If an unbounded solution was returned, then mark the problem
as unbounded and stop. If a feasible solution was returned, record the dual solution

(p, ™) and the optimal objective value z3 to this problem.

Step 3. If the preceding large subproblem was infeasible, find one scenario w € €2 for
which the scenario subproblem (3.2) cannot be made feasible. Record the extreme

dual vector (7) and add the feasibility cut
T ALy 4+ (b 4 ASyra) <0 (3.33)

to the master problem. If the subproblem was feasible, record the optimal dual values

(p, ) and add the optimality cut

— D S (pum™) ALy + pAia| T+ 6 > (pom)by + pby (3.34)

w

to the master problem.
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Step 4. Solve the master problem

Minimize ar, + 0 = =z
subject to  Ajj1y = b
-Gy + 0 > optimality cuts (3.35)
—G'ry > 4 feasibilty cuts
T > 0

to obtain a new intermediate optimal solution (z1, ) and intermediate objective func-
tion value z;. If the master problem is infeasible, then record the problem as infeasible
and stop. If the master problem was feasible with z; = z9, then record (z,x2, %)
as the optimal solution to the problem and stop. If the master problem was feasible

with z; > 29, then return to Step 2 with the new intermediate first-stage solution x.

/

Some additional comments about this algorithm are in order. In Step 3, a fea-
sibility cut may be needed to restrict the feasible region of x; so that a feasible

second-stage solution might be found. When the feasibility cut
T Az + (05 + Aszxe) <0 (3.36)

is made, a current value for x, that produced the infeasible scenario subproblem
should be substituted in place of the x5 in the above expression. An explicit x5 term
should not appear in the feasibility cut in the master problem.

If an optimality cut is needed, then the dual value p of the expected value con-
straint in the large subproblem needs to be obtained. This value is never determined
explicitly in the context of solving the large subproblem with the simplex method.
But its value can readily be obtained by realizing that p represents the increase in
the objective function that would be obtained by increasing the right-hand side of
the expected value constraint by + Ajox1. Keep in mind the metaphor of using the
expected value constraint to decide how to allocate some resource among the differ-
ent scenarios. The right-hand side of the expected value constraint represents the

total amount of resources available for allocation to the scenarios. Then p is simply a
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measure of the change in the objective function value per change in the total amount
of resources to allocate. If additional resources did become available (i.e., if by were
to increase), then the sensible thing to do would be to allocate the new resources to
the scenario(s) such that it would have the greatest beneficial effect on the objective
function value. These scenarios can be identified by their resource price function

(3.10) values, and hence the value for p must be
p = min s, (3.37)

3.4.1 Implementation in DECIS

The DECIS software package [11] used to produce the results in the previous chapter
is designed for two-stage linear stochastic optimization problems that may be cleanly
decomposed into a master problem such as (3.1) or (3.4) and independent subproblems
such as (3.2). DECIS required some modifications in order to handle problems that
are decomposed into a master problem (3.4) and a large subproblem such as (3.5).

This section describes the nature of these modifications.

Partitioning the problem

For expected value constrained problems that satisfy the required conditions for Al-
gorithm 3.1, the input files to DECIS are configured such that the master problem
resembles (3.1) and the independent subproblems resemble (3.2). That is, the same
input files are used to solve the problem with the modified Benders decomposition
algorithm (3.2) as are used to solve the reformulated expected value constrained
problem. While solving the relaxed master problem in the first iteration and the
master problem with cuts in subsequent iterations, DECIS determines a solution for
both x1, the original first-stage decision variables, and x5, the problematic variables

represented in the expected value constraint.
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Implementing Algorithm 3.1

Program control then moves to the modified portion of DECIS that solves the large
subproblem. The values of x; from the solution of the master problem are passed
to this section of the program. The values for x5 from the solution of the master

problem are discarded in favor of the initial allocation

. b2 -+ Algl'l

= Yw e Q. (3.38)

Tow

This allocation is a feasible for the expected value constraint, and it usually provides
a better starting point for the algorithm than the solution for x5 generated by DECIS.

To continue with the implementation of Algorithm 3.1, the program obtains dual
solutions to all the subproblems and computes 1, for all scenarios. The program
proceeds to determine candidates repeatedly for transferring resources and calculates
how resources are to be transferred until the termination conditions of the algorithm
are reached. With the given value of z; and the optimal value of x5 for that choice of
x1, all of the subproblems are solved again in order to obtain the optimal dual values

w

m. The resource price functions are evaluated one more time to help determine

p = minweﬂ ww'

Adjusting the cuts

Some further adjustments are necessary to apply an optimality cut to the master
problem. As far as DECIS is concerned, intermediate values for x5 are decided in the
master problem, and those variables should be represented in the cuts. But for the
purposes of the modified Benders decomposition algorithm, the values for x5 in the
master problem are ignored except to guarantee that values for x; are chosen that
allow the expected value constraint to be feasible.

Once an optimal solution (4, 2%, p, ) has been determined for the large subprob-
lem, the following adjustments must be made to create a cut suitable for application
to the master problem in DECIS:

1. As DECIS iterates through the scenarios for the final time, it keeps a running
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total of the quantities Y., p,mb5, >, P AYs, and >, p,mAs;. The last of

these three quantities can be ignored.

2. When p := min, 1, has been determined, the scalar quantity pbs and vector

quantity pAis must be calculated.

3. The cut that is finally added to the master problem has the form

—(pAiz + > pum? AL w1 4+ 0 > pby + > pmUby. (3.39)

Once the cut has been applied to the master problem, a new iteration begins and

the master problem is solved again.

3.5 Numerical Results

To demonstrate the practical application of the modified Benders decomposition al-
gorithm, a variety of supply-chain problems from HP with different risk management
techniques were solved under many different demand distributions. These problems
were solved and with Problems were solved with a modified version of DECIS [11] that
implements the modified Benders decomposition algorithm from the previous section.
Results of these experiments are presented below, including the characteristic size of
the model, the number of demand scenarios used, the number of Benders iterations
required to achieve a solution, the number of scenario subproblems that were solved
to achieve a solution, and the CPU time in seconds needed to solve the problem on
a high-end Silicon Graphics workstation.

In the modified Benders decomposition implementation, the value for delta (see
Step 3 of Algorithm 3.1) was selected to be 0.01 times the probability of the least likely
stochastic outcome. This value was thought to represent a good tradeoff between ac-
curacy (using higher values of delta makes the solutions to the large subproblems less
accurate) and computational effort (a lower value of delta requires extra subproblems

to be solved, increasing computational effort).



CHAPTER 3. A MODIFIED BENDERS DECOMPOSITION ALGORITHM

67

Conventional EV constrained model
model Reformulated soln. Modified Benders
Problem sgln. MP/SP sgln. MP/SP sgln. MP/SP
no. of scen. time time time
tom; x5 0.08 2/10 0.08 2/10 0.21 2/71
tomy x—25 0.36 13/109 0.53 8,/200 0.85 2/392
tomy x—100 0.88 13/409 7.40 32/3200 7.76 12/2917
tomox—5 0.31 22/58 0.42 28,75 2.10 16,1052
tomygx—25 0.68 28/220 3.89 93/1802 8.09 13/4344
tomygr—100 2.26 31/1120 598.47 | 2094/2.1E5 | 33.99 14/1.7E4
tomag—5 0.37 25/73 0.70 51/185 1.14 17/514
tomog—25 0.97 33/393 18.49 343/7639 16.29 18/8997
tomag—100 2.88 33/1518 | 1431.93 | 5615/5.5E5 | 58.88 21/3.1E4
bapigx—5 122.72 425/2121 146.02 448/2230 132.47 421/4206
bapiox—25 168.16 423/1.1E4 923.42 999/2.5E4 240.56 425/2.1E4
bapigx—100 310.03 420/4.2E4 | 6698* | 2335/2.2E5 | 530.09 425/8.5E4
bapia—5 283.41 647/3231 497.76 940/4690 335.61 649/6486
bapiy—25 347.09 647/1.6E4 | 1980.37 | 1902/4.6E4 | 507.45 648/3.2E4
bapi—100 565.15 647/6.5E4 T Tt/1t 952.93 649/1.3E5
bapsa—5 346.57 673/3361 524.89 900/4490 992* 665 /7460
bapsy—25 473.53 852/2.1E4 | 3243* | 2532/6.0E4 | 799.95 867/4.4E4
bapsa—100 893.57 925/9.2E4 Tt TH/1t 1512.79 960/2.0E5
dlaws—5 5377* 4081/2.0E4 | 11542* | 6102/3.0E4 | 6069* 4125/4.1E4
dlaws g —25 7684* 4292 /1.1E5 1T TH/1t 9793* 4199/2.1E5
dlawggg—5 22297* | 1.4E4/6.8E4 T Tt/1t 52143* | 1.7E4/6.2E5
dlawogox—25 30075* | 1.5E4/3.7TE5 T /1T 78341*% | 1.5E4/1.5E6

Table 3.1: Results for HP Supply Chain Models with conventional risk management
constraints, expected value constraints solved by reformulation and conventional Ben-
ders decomposition, and expected value constraints solved with the modified Benders
decomposition algorithm. Except where noted, solution time refers to CPU seconds

of a single processor needed to solve the problem.

t Characteristic size of these problems:

Problem | MP size SP size Deterministic size with |Q2] = 100
tom 39 x 39 163 x 149 16339 x 14939
bap 265 x 265 | 548 x 817 54965 x 81965
dlaw 378 x 383 | 2844 x 4980 284748 x 498382

1A solution was not obtained for this problem in fewer than 25 hours or 25000 iterations.
* Solution time is reported in real seconds, not CPU seconds — this is a minor overestimation of
the CPU time needed to solve the problem.
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3.6 Discussion of Numerical Results

The previous section provides a demonstration that the modified Benders decom-
position algorithm presented in this chapter can be used to solve expected value
constrained problems. Where a direct comparison can be made between using the
modified Benders decomposition of this chapter and the reformulated problem of the
previous chapter to solve an expected value constrained problem, the number of it-
erations and amount of computational effort needed to solve a problem are typically
much smaller for the modified Benders decomposition.

Using the modified Benders decomposition on the expected value constrained
problem takes about the same number of iterations as regular Benders decomposi-
tion on the conventionally constrained problem. But the modified algorithm typically
needs to solve many more subproblems. In the conventional problem, the ratio of the
number of subproblems solved to the number of master problems solved is related
to the number of scenarios. In the modified Benders decomposition, that ratio is
typically much higher because the scenario subproblems are all solved many times in
the context of solving the large subproblem (3.5).

The computational effort needed to solve the expected value constrained problem
with the modified Benders decomposition is larger than the effort needed to solve a
similar conventionally constrained problem, but the effort is comparable. In most
cases, if the conventional problem can be solved in a reasonable amount of time, then
the expected value constrained problem can be, too. With the modified Benders
decomposition algorithm, many useful expected value constrained problems are now

practical to solve.



Chapter 4
Extensions and Future Research

The algorithm that was presented in Chapter 3 was applicable to only a subset of
stochastic programs with expected value constraints, namely, those with a single
equality expected value constraint, and with a single representative from each scenario
in the expected value constraint. This class of expected value constrained problems
contains many useful examples that can be solved by the method of the previous
chapter. But other interesting expected value constrained problems do not satisfy
these conditions, and other techniques must be considered.

This short chapter discusses how some of the conditions from the previous chapter
may be relaxed. Finally, the new knowledge about expected value constraints is

summarized.

4.1 Inequalities in Expected Value Constraints

The case where the expected value constraint is an inequality is straightforward
enough to deal with. The inequality can be converted to an equality with the in-

troduction of an appropriate slack variable; that is,

D iy < @y (4.1)

1€Q

69
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becomes

Too + Y Qoilt; = . (4.2)

i€Q
The problematic variable x99 > 0 can be thought of as the resources that are
allocated to an artificial scenario that has no effect on the subproblem objective
function value. All that is left is to define an appropriate resource price function for
this artificial scenario. Since transferring resources to and from this artificial scenario
has no direct effect on the large subproblem objective function value, an appropriate

function is

o0 Tog < 0
1/10(33'20) = (43)
0 20 Z 0.

To9 < 0 is not a feasible value for this slack variable, so there is a substantial
penalty for choosing x99 > 0 (that is, a strong incentive to add resources to artificial
scenario 0 when xq < 0).

If (4.1) were a > constraint rather than a < constraint, the appropriate artificial

resource price function would be

—00 Tog > 0
wo(l’go) = (44)
0 20 S 0.

In this case whenever xo9 > 0, there is a substantial incentive for the algorithm to

remove resources from the artificial scenario 0.

4.2 Expected value constraints with more than

one representative from some scenarios

It may be that there is more than one nonzero coefficient from some scenarios in the

expected value constraint.
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Example 4.1 A contrived example of this situation is the HP supply chain problem
where a lower bound is placed on the sum of the expected profit and the expected
inventory reduction. That is, the constraint

> pu(P+R)>Q (4.5)

weN

is added to the model (2.1.2). Or more generally,

ST a8PY + 4R > Q. (4.6)

we

In this instance there are two resource price functions for scenario i—one indi-
cates the relative value of increasing P?, and the other indicates the relative value of
increasing R'. Conceivably, one could simultaneously increase the profit target for
scenario ¢ and reduce the inventory reduction target for scenario 7, and hence improve
the subproblem objective function value just by transferring resources within scenario
1.

A workaround is to define a set of artificial problematic variables and to remove
the other variables from the expected value constraint. In the contrived example, one

may define
QY = ap P+ aZR”. (4.7)

Then the expected value constraint (4.6) may be rewritten as

Y RU>Q, (4.8)
weN
and the additional constraint
apP? +apRY = Q~ (4.9)

can be added to the independent subproblems. Now the expected value constraint

and the independent subproblems have the necessary form for the application of the
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modified Benders decomposition algorithm from the previous chapter.

4.3 More than one expected value constraint

Some of the concepts of the modified Benders decomposition algorithm from the
previous chapter can still be applied to problems where the conditions for using the
algorithm do not hold. For example, in the previous chapter two scenarios were
selected for a transfer of resources. An optimization problem was solved to determine
how many resources to transfer. After the transfer, the expected value constraint was
still satisfied, and the transfer resulted in an improved objective function value for
the large subproblem.

In the case where there is more than one expected value constraint, all of these
concepts are still applicable. The only problematic issue is with the first step, where
two scenarios are singled out for a transfer of resources. When there is only a single
expected value constraint in a problem, then there is a unique resource price function
for each scenario. The scenarios with the highest and the lowest values of this function
are selected for transferring resources. When there is more than one expected value
constraint, then each scenario has more than one resource price function. Alterna-
tively, one could say that the resource price function maps a set of decision variables
T to an mo-dimensional vector, where ms is the number of expected value constraints
in the problem.

For ordered tuples of higher order than one, there is not necessarily a logical
ordering for the function values of each scenario, and there may not be an obvious
method for selecting those scenarios. Furthermore, there is not necessarily a way to
transfer resources between two scenarios while still satisfying more than one expected
value constraint. It may be necessary to select and transfer resources between as
many as msy + 1 scenarios to simultaneously satisfy mqy expected value constraints.

In any case, if a suitable set of scenarios is determined, an optimization problem
can be constructed whose solution determines how to transfer resources between these
scenarios. The problem would consist of all of the scenario subproblems for the cho-

sen set of scenarios. There would also be an additional constraint for each expected



CHAPTER 4. EXTENSIONS AND FUTURE RESEARCH 73

value constraint—these constraints would assert that each expected value constraint
remains satisfied after a transfer of resources. As a brute force algorithm, one could
try every possible permutation consisting of my + 1 scenarios and attempt to move
resources among those scenarios. After a sequence in which every possible permu-
tation was tried without improving the large subproblem objective, it could be said
that the optimal objective solution to the large subproblem had been achieved. More
research is necessary to discover if there is a better way of determining the best order
in which to attempt to transfer resources, or if a general optimality condition exists
that would allow the algorithm to terminate without trying all possible permutations
of the scenarios.

As a last resort for the most general of expected value constrained problems,
the nested Benders decomposition or nested Dantzig-Wolfe decomposition algorithms

presented in the previous chapter may be applied.

4.4 Summary

Expected value constraints provide another way to apply risk management to stochas-
tic programs. They have advantages over other constraint-based methods in that the
feasible region of an expected value constrained problem is not as dependent on the
worst-case scenarios as other types of constraints. Their main disadvantage is that
an expected value constraint wrecks the dual-angular structure of a stochastic pro-
gram, so large problems cannot make full use of Benders decomposition in order to
be solved. A reformulation of expected value constrained problems exists that does
have a dual-angular structure, but Benders decomposition tends to perform poorly on
those problems, so many useful expected value constrained problems are not practical
to solve that way.

A modified Benders decomposition algorithm exists that has many advantages
over the reformulation of the problem. The algorithm may be applied under certain
conditions, including a limit of one expected value constraint in the problem. In this
algorithm, the expected value constraint is solved for simultaneously with the inde-

pendent scenario subproblems, and typically requires many fewer iterations than the
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conventional Benders decomposition with the reformulated problem. This algorithm
makes many larger expected value constrained problems practical to solve. The com-
putational effort needed to solve problems with this approach is often not much more
than the effort needed to solve the problems without the expected value constraint.
More research can be done on extending the algorithm to cover a larger class
of problems, especially problems with two or more expected value constraints. But
the work presented in this thesis demonstrates that problems with expected value

constraints are useful, and in many cases practical to solve.
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