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Abstract

Over the few next decades, the personal vehicle may evolve into a device distinct from what

exists today. This thesis considers energy and communication systems among vehicles that utilize

two developing technologies: battery-powered drive trains and accurate sensors. We use linear

optimization to construct separate algorithms for networks of Plug-in Electric Vehicles (PEVs) and

networks of Sensor-equipped Vehicles (SVs).

Plug-in electric vehicles will have flexible charging options, and may be capable of transmitting

electricity back to the grid (i.e., discharging). We construct an automated mechanism for a fleet of

PEVs that efficiently organizes distributed energy trading to benefit both the consumers and the

electric utilities. A linear programming model of the fleet provides a composite valuation, which can

be used in an online environment managed by a fleet aggregator to allocate feasible energy exchange

schedules that decrease the peak electricity demand and reduce the cost to consumers. The resulting

charging and discharging schedules are assigned to tens of thousands of vehicles instantly as they

plug into the grid and are robust to unexpected events in driving patterns. We give empirical results

based on electricity and gasoline pricing, electricity demand, vehicle characteristics, and driving

behaviors.

Sensor-equipped vehicles use accurate sensors to detect their surroundings; such technology has

been used to help improve traffic flow and safety. We consider a network of SVs that measure the

distances between one another. In this framework, a semidefinite programming (SDP) relaxation is

an efficient computational method to solve the sensor network localization problem of determining

the locations of vehicles on the road given some of the pair-wise distances between them. We

present two results about the SDP relaxation that can be applied to localizing sensor-equipped

vehicles. First, we provide the first non-asymptotic bound on the required sensor communication

range to ensure a unique localization of the sensors. Second, we show that if the graph induced

from a network of n sensors in dimension d is a (d + 1)-lateration graph with points in general

position, then the graph admits a positive semidefinite stress matrix with rank n, and hence the

SDP relaxation will produce the correct localization of the points.
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1 Introduction

Over the next few decades, the personal vehicle is expected to evolve into a device distinct from

what exists today. Future vehicles will most likely communicate with each other to collaborate and

improve standards such as safety, traffic flow and environmental benefits [15, 38].

In this thesis, linear optimization techniques are used to construct algorithms that determine the

optimal or feasible dynamics of vehicle networks. We focus on two developing vehicle technologies:

battery-powered drive trains and accurate sensors. For Plug-in Electric Vehicles (PEVs), we use

linear programming to model energy demands of a vehicle fleet and utilize the vehicles’ batteries

to benefit both consumers and utilities. For Sensor-equipped Vehicles (SVs), we use a Semidefinite

Programming relaxation to determine the relative vehicle locations, given a subset of the distances

between vehicles. We consider networks of PEVs and SVs separately, and use linear optimization to

construct mechanisms that facilitate communication or energy flow among vehicle networks.

The approaches, models, and algorithms applied to these two types of vehicle networks are

separate and distinct, but nonetheless related. For both vehicle networks considered, we use linear

optimization and operations research methods to facilitate cooperative behavior among vehicles.

1.1 Plug-in Electric Vehicle Network

According to the United States Environmental Protection Agency [21], the average gasoline-powered

vehicle currently emits over 11,000 pounds of CO2 each year; a high penetration of PEVs could reduce

the emissions of passenger vehicles by over 60% [17]. Given a growing prevalence of PEVs in the

vehicle market, and that the average vehicle is currently expected to be on the road for around 10

years [27], there may be a noticeable growth in the penetration of PEVs in the next two decades.

The Electric Power Research Institute (EPRI) expects that by 2030, the penetration of PEVs in

the vehicle market will range from 6% to 30% [24], which could reduce the overall greenhouse gas

emissions by up to 5% [67].

However, a high penetration of PEVs charging on an unprepared power grid may impact grid

stability [24]. According to the National Household Transportation Survey [64], the average PEV

will need around 9 kWh of energy each day to drive the necessary amount; in comparison, the

average household in the United States used around 31.5 kWh per day in 2010 [66]. Thus, a vehicle

charging at home could increase the electricity demand of a household by almost one-third. EPRI

predicts that if PEVs are charging during the summer peak hours, a 30% penetration of PEVs can

lead to a necessary increase in total grid generation capacity of 5–6% [24]. (A similar statistic can

1



2 Introduction

be reached from assuming a 29% increase in residential electricity load, which currently constitutes

around 38% of the total average demand [65].)

An efficient market mechanism could be created to charge PEVs during times that are optimal

for the electric utilities, i.e., by facilitating charging of vehicle batteries to occur in off-peak hours.

PEVs currently on the market are able to plug into the electricity grid and control which times

during the connection period the vehicle battery will actually charge [8], allowing consumers to

charge their vehicles when the price of electricity is low. In the next few years, PEVs may also be

capable of transmitting electricity back to the grid (known as discharging).

Similar systems for selling electricity back to the grid currently exist for consumer-owned photo-

voltaic systems that generate surplus electricity, where consumers are paid an amount proportional

to the electricity transmitted to the grid [9]. An analogous arrangement could exist for battery

discharging; such a transfer would most likely result in a monetary profit for the consumer. Vehicles

charging during off-peak hours and discharging during peak hours can also help decrease the gap

between electricity demand peaks and valleys, which is a key feature in maintaining stability of the

power grid.

In Part I of this work, we design a robust and distributed algorithm that can utilize the batteries

of PEVs to benefit both vehicle owners and electric utilities. Vehicles benefit from charging at the

minimal cost, and utilities benefit from a reduced impact on the peak electricity demand. We assume

that vehicles will be capable of both charging and discharging their batteries from the electricity

grid. A Linear Program (LP) is used to model the energy demands of the vehicle fleet, and provides

a composite valuation that represents the combined benefit of electricity trading to consumers and

utilities in each hour. We use this set of hourly values to construct and simulate an algorithm that

dynamically assigns robust charging and discharging schedules for each vehicle in the fleet.

For example, suppose a vehicle is plugged in from 6pm until 7am, giving an 13-hour window in

which the vehicle battery is available to the grid. If the battery can obtain sufficient charge in one

hour, this charge can be scheduled to occur during an ideal hour between 6pm and 7am, which takes

into account the electricity price, electricity demand, vehicle characteristics, and expected driving

schedule. The remaining 12 hours could be spent idle, or they could be spent transferring energy to

and from the grid: storing electricity during periods of low power demand and transmitting energy

back to the grid when the demand is high.

We propose a mechanism to determine lowest-cost charging and discharging schedules that meet

load curtailment requests from an electric utility, i.e., minimizing the increase in peak electricity

demand that may result from PEV charging. A clustering of driving patterns from a previous

similar day is used to predict the energy demands of the fleet. Our algorithm depends on a unique

composite valuation that measures the benefit of electricity trading in each hour. The composite

valuation is constructed using real data on driving schedules, electricity pricing, and load predictions.

We attempt to create a procedure that can realistically be used by an aggregator of a fleet of PEVs,

and use real data to produce our results.
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Our algorithm is robust, as it ensures that each vehicle will have enough energy to drive given

unexpected scenarios. It is also dynamic, in that vehicles are assigned charging and discharging

schedules at the moment they plug into the grid. And finally, our algorithm is distributed, because

each individual vehicle will have sufficient information to determine an energy exchange schedule

without requiring back-and-forth communication with the aggregator and the remainder of the fleet.

1.1.1 Online Linear Programming

Online optimization makes dynamic decisions with the intent of minimizing a given objective function

while the problem data reveals itself sequentially over time. In other words, the decision variables

of the optimization problem are dynamically constructed as the problem data becomes available.

Online linear programming is a subset of online optimization, in which both the objective and the

constraints of the dynamically revealed static problem are linear.

In order to make online decisions based on little information and attempt to minimize a given

objective, one can use the dual variables of a related optimization problem. Dual variables are also

known as shadow prices for each constraint, since they represent the improvement to the objective

value given a relaxation in the constraint. That is, they represent the marginal price of each good

for the given objective. Thus, dual variables from a similar optimization problem can be a helpful

measure for making near-optimal online decisions.

The dynamically constructed decision variables should also be generated with the intent of sat-

isfying the constraints of the corresponding static optimization problem. The uncertainty in online

optimization problems makes it difficult to ensure that the constraints of the static problem will be

met. However, the formulation can be made robust by ensuring that the decision variables will be

feasible in even the worst-case scenario.

We can model the economic network of a fleet of plug-in electric vehicles and the electricity

market with a static linear program. The constraints of this LP ensure that the energy demand

of the vehicles in the fleet are met, and that the impact of PEV charging on the electricity load

is optimized. The decision variables are the optimal schedules for charging and discharging each

vehicle battery, and the objective function minimizes the cost of charging the fleet of vehicles. The

goal of this LP is to meet the demands of the vehicles and the electricity market, while charging the

fleet at the lowest possible cost.

The input data for the LP is initially unknown, including the demands of the vehicles, the

electricity demand, and when vehicles will be plugged-in to the grid. Because this information

becomes available over time (as vehicles plug into the grid and the estimates of electricity load

become more accurate), we can use online linear programming techniques to attempt to assign the

optimal charging and discharging schedules for each vehicle. Our algorithm depends on the shadow

prices resulting from a related LP and is robust to unexpected events in the energy demands of the

fleet.
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1.2 Sensor-equipped Vehicle Network

Sensor-equipped vehicles may be able to detect nearby vehicles and objects to improve safety or

traffic flow. Several vehicles currently on the market have sensors to assist with parking or to detect

nearby vehicles in a blind spot [12,45]. In the next few years, sensors may exist that can use distance

information to reduce traffic congestion and prevent collisions [13, 33]. Future luxury vehicles may

come standard with such technology, but current vehicles that are not equipped with sensors can be

retrofitted with accurate sensors, allowing even older vehicles to be capable of such features. This

sensor technology could also be implemented in potential autonomous vehicles [43].

A key requirement for vehicle collaboration is the ability to determine the exact locations of

a set of vehicles. Sensors can detect the distance to objects within 600 meters at an accuracy of

±1 centimeter [53], and use this set of distances to determine the relative location of a group of

vehicles in a given area.

The results in Part II establish conditions on the sensors of SVs to ensure that the set of known

distances can be used to determine the relative vehicle locations. We can apply these conditions to

determining the density, radio range, and placement of sensors on SVs and the surrounding road.

1.2.1 Sensor Network Localization

The class of problems that determines the locations of objects given a subset of the pair-wise distances

is known as Sensor Network Localization (SNL). A sensor network is a collection of sensors whose

locations are unknown, and anchors whose locations are known. Each sensor (and anchor) can

detect the distance from itself to a subset of the remaining sensors (and anchors) in the network.

An SNL problem attempts to determine the exact locations of the sensors, given a set of distances

between some of them.

Sensor network localization is related to the graph realization problem, which considers a weighted

graph G = (V,E), where each edge (i, j) ∈ E has a non-negative weight dij . The graph realization

problem aims to establish a realization of G in Euclidean space Rd, for a dimension d. That is, a

solution to the problem will map the points in the graph G to locations in Rd so that the Euclidean

distance between every pair of adjacent vertices is equal to the corresponding edge weight.

The SNL problem, and similarly the graph realization problem, can be formulated as a set of

quadratic norm constraints that is difficult to solve. However, a semidefinite programming (SDP)

relaxation is an efficient computational method to solve an SNL problem, and often provides the

exact localization of the sensors. In Part II of this work, we establish conditions on the density and

structure of sensors in a given area to ensure that the SDP will accurately determine their relative

locations.

We assume that anchors are placed on static objects surrounding the road, as this allows more

control over the sensor network. The likelihood that the set of known distances between sensors

will map to a unique set of sensor locations increases with the density of sensors and the number of

distances known between them.
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In Chapter 7, we provide the first nonasymptotic lower bound on the required radio range of

randomly distributed sensors in a given area that ensures our localization method provides the

correct locations of the sensors with high probability. A decomposition of the area into smaller sub-

regions is used to determine the likelihood that, for a given density of sensors in dimension d, the

graph induced from the network is a (d+1)-lateration graph and the network is uniquely localizable.

In Chapter 8, we show that for a certain class of sensor networks, a certificate of unique local-

izability can be produced to ensure the there is only one realizable set of sensor locations in all

dimensions. We construct a novel matrix purification algorithm to prove that if the induced graph

on n sensors in dimension d has points in general position that form a (d+1)-lateration graph, then

the matrix solution to the dual of the SDP relaxation has rank n, and hence the matrix solution to

the SDP will have rank d and produce the correct sensor locations.
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Plug-in Electric Vehicles
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2 Background

Plug-in electric vehicles are currently available on the general market, including the Chevrolet Volt,

Nissan Leaf, and Tesla Roadster. These vehicles have the potential to become popular among

consumers; the cost of running a vehicle on electricity is around one-third the cost of running a

vehicle on gasoline [28], and the direct emissions of greenhouse gases is around two-thirds that of a

standard vehicle with an internal combustion engine [22].

As of December 2011, the number of Chevrolet Volts and Nissan Leafs on the road in the United

States totaled around 15,000 [69], which is less than 0.01% of the estimated 250 million passenger

vehicles on the road [10]. The penetration of PEVs is expected to increase to between 6% and 30%

in the next two decades [23], which may result in a needed increase in total grid generation capacity.

However, this impact on the grid could be mitigated with a mechanism that implements smart

charging of PEVs, i.e., by facilitating charging of vehicle batteries to occur in off-peak hours. This

could reduce the potential increase in grid generation capacity required to account for PEV energy

demands, and could decrease the gap between electricity demand peaks and valleys. Distributed

trading of energy between PEVs and utilities could also benefit consumers, by minimizing their costs.

Moreover, new business and service industries could be created to manage such energy trading.

In Part I, we design and implement an online, distributed and robust algorithm to determine

near-optimal electricity trading between PEVs and the electricity market. Our algorithm models

the energy demands of a fleet of vehicles with a linear program, and uses online linear programming

techniques to determine charging and discharging schedules of PEVs.

2.1 Vehicle-to-Grid Services

The term Plug-in Electric Vehicles refers to the inclusive set of Battery Electric Vehicles (BEVs) that

have no gasoline tank and only an electric battery, and Plug-in Hybrid Electric Vehicles (PHEVs)

that have both a gasoline tank and an electric battery that receives power from the electricity grid.

(For specifications of vehicle characteristics, see Table 5.2.)

Definition 1. A Plug-in Electric Vehicle (PEV), or Plug-in Electric Car, is any vehicle that uses

electricity from the grid as an alternative to liquid fuel.

We assume that PEVs have flexible charging times, and that they can transmit electricity back

to the grid, i.e., provide vehicle-to-grid (V2G) services (see [63] for more information on V2G tech-

nology). The idea of vehicles giving electricity back to the grid may seem counterintuitive, yet this

7
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capability could lead to great benefits. Simply put, the consumer could make a profit from selling

electricity back to the grid when electricity prices are high, and buying electricity to charge when

the price of electricity is low. For example, the baseline summer time-of-use (TOU) rates in the Pa-

cific Gas and Electric (PG&E) transmission area range from $0.09 per kilowatt hour (kWh) during

off-peak hours to $0.27 per kWh during peak hours; this could lead to a profit of $0.18 per kWh for

a vehicle owner by discharging the vehicle in a peak hour and charging during an off-peak hour.

Moreover, the utility companies could use a large number of vehicles connected to the grid as

distributed energy storage devices, which may be used to reduce the gap between the electricity

demand peaks and valleys. This exchange of energy can be viewed as electricity trading that would

benefit both the consumers and the electric utilities.

Definition 2. A fleet of Plug-in Electric Vehicles is a large group of PEVs; we consider a fleet to

be around 10,000 vehicles.

Definition 3. A fleet of vehicles provides grid services if the vehicle batteries charge and discharge

in a way that benefits the electric utilities.

The algorithm constructed in this work schedules charging and discharging of individual vehicles

in a fleet with the objective of maximizing the profit of the fleet vehicle owners, while providing grid

services. Our algorithm can be viewed as an automated Demand Response (DR) mechanism for a

fleet of PEVs that could define the role of electric vehicles in a smart grid. It is expected that such

a DR service will be managed by an aggregator (an entity between fleets of vehicles and utilities).

The aggregator will schedule an exchange of energy between the fleet and the utility such that each

vehicle has a sufficient amount of energy to drive, the cost to the PEV owner is minimal, and the

utilities benefit from a reduction in the gap between peak and off-peak electricity demands.

2.2 The Aggregator

In order for the demands of both PEV owners and electric utilities to be taken into account, there

must be implicit communication between the consumers and the system dispatcher. It is commonly

thought that there will be a third party aggregator to serve as a middleman who communicates

the cumulative demands of the vehicle fleet to the electric utility, as opposed to individual vehicles

separately communicating with the utility [46].

Note that current owners of photovoltaic systems may communicate individually with the grid to

sell potential surplus electricity. However, the amount of power generated by photovoltaic systems

cannot be controlled, and is simply determined by the amount of sunlight at the given time. On

the other hand, the demand and supply of energy via PEVs does not have the same dependence on

external forces. PEVs may be plugged-in overnight, requiring about 4 hours to fully charge an empty

battery with a 240-volt supply; these vehicles can then provide grid services for the remainder of the

time. An aggregator can collaborate with the system dispatcher and the consumers to determine

energy exchange schedules that meet the needs of both parties.
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Figure 2.1: The Current and Future Infrastructure of the Electricity Grid

Definition 4. An aggregator manages the communication and electricity distribution between a

group of electricity consumers and an electric utility.

In the current system, an electric utility manages three sectors that cooperate to deliver electricity

to consumers: generation, transmission, and distribution; we refer to the cumulation of these entities

as the grid. The generation sector generates electricity to meet the demands of consumers; the

transmission sector transfers electricity in bulk from the generators at high voltages; the distribution

sector uses transformers to reduce the voltage to the level appropriate for actual use, and carries

electricity from the transmitters to consumers.

We design an algorithm that can be used by an aggregator of a fleet of vehicles. As shown

in Figure 2.1, the aggregator is envisioned to be a new service in between the distribution sector

(and load serving entity) and the consumers, where each c in the diagram represents a consumer.

The independent system operator (ISO) currently monitors and regulates the wholesale of electricity

between the generation and transmission sectors; an aggregator would monitor the buying and selling

of electricity between the distribution and the consumer level.

On a lower level, the system between the aggregator, PEV consumers, and electricity market is

illustrated in Figure 2.2. The general idea is that the aggregator will collaborate with the market to

determine an acceptable load curtailment request for the fleet, using information on electricity pricing

and an estimate of the vehicles’ energy demands. The aggregator then communicates information

to the vehicles, which will inform the PEVs on the best times to provide grid services.

Currently, there are aggregators in the system that regulate consumer electricity use by rewarding

decreases in electricity demand during certain time periods, in order to meet a load scheduling

obligation to the market (or system dispatcher). These DR resources are managed by either third-

parties (such as EnerNOC and ZigBee Smart Energy) or the utilities themselves (for example, both

PG&E and Duke Energy have DR programs, among many others). Existing programs focus on

the Commercial and Industrial Sector, having a small number of large customers who typically
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Aggregator
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PEV

PEV
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Figure 2.2: Low Level Representation of Aggregator Network

use hundreds of kilowatt hours per day [65]. These programs are not automated, requiring human

intervention to tailor the DR resource for each customer and to monitor customer electricity usage

alongside the electricity load and pricing.

By contrast, some estimates say there may be 100 million PEVs on the road in the United States

by 2030 [25], each with a maximum charging or discharging rate of about 6.6 kW. A V2G system

will require unique management oversight for a mutual electricity transfer between the grid and such

a large number of participants with relatively small individual contributions. Thus, DR services for

a fleet of PEVs providing unprecedented energy exchange cannot be individually monitored for each

vehicle. Aggregators need an automated mechanism to facilitate charging and discharging of fleet

vehicles to meet their energy needs while satisfying a scheduling obligation to the market.

We construct a mechanism that can be implemented by a device attached to each vehicle in a

fleet; these devices can be controlled by an aggregator to regulate vehicle charging. Installing the

device on a vehicle could benefit the consumer by reducing the cost of charging, and could benefit

the electric utilities by meeting a commitment to the market, such as not increasing the peak power

demand or maximally charging vehicles in off-peak hours. Such a device is a practical extension of

services that are currently provided with PEV charging stations, which allow the user to control

charging but require settings to be determined by the user [8].

It should also be mentioned that such managed charging is usually envisioned to be an ‘opt-in’

service, in which a consumer has the option to participate, but is not mandatory.

2.3 Algorithm Structure

The structure of our algorithm is illustrated in Figure 2.3. The aggregator will collect information

from the market to form a linear programming model of the energy flow throughout the network

shown in Figure 2.2. Information from this LP is then obtained and passed to the individual vehicles,

who implement the dynamic algorithm to determine their charging and discharging schedules.
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Stage 1:
Static Linear Program

Composite Valuation

Performed by Aggregator

Stage 2:
Dynamic Algorithm

Energy Exchange
Schedules

Performed by Vehicles

Figure 2.3: Structure of Algorithm

Specifically, the aggregator receives information from the market on electricity demand and

pricing, and estimates the fleet energy demands by clustering similar driving patterns from a previous

period. This information can be used to form a linear programming model of the energy flow between

the fleet and market, which determines the load curtailment requests. A dual variable from this

static LP is used to form a composite valuation that is sent to each individual vehicle. Given this

composite valuation, each PEV will have enough information to dynamically determine a charging

and discharging schedule that will be of minimal cost and ensure that the fleet as a whole is meeting

the load schedule obligation from the market.

The resulting energy exchange schedules are made robust by ensuring each vehicle has sufficient

energy in its battery to meet an uncertain (but bounded) driving load. The algorithm is also run

on a rolling horizon, computing new charging and discharging schedules periodically to account for

changes in the vehicle driving schedule.

Chapter 3 constructs the linear programming model of the fleet, Chapter 4 provides the proof

that a given dual variable of the linear programming model can be used to construct a composite

valuation, and Chapter 5 explains the dynamic algorithm used to assign energy exchange schedules

to the vehicles.

2.4 Related Work

The challenge of charging plug-in electric vehicles from the grid in a beneficial way is a relatively

recent field. However, there have been several works in the past few years that address this question,

the majority of which use an optimization formulation to model a fleet of PEVs from the perspective

of the aggregator.
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Ma et al. [42] designed an algorithm for back-and-forth communication between vehicles and the

aggregator that will converge to an optimal set of prices under the Nash Uncertainty Equivalence.

That is, if the electricity price strictly increases with demand and each individual vehicle solves a

series of static problems that account for the demands of the fleet as a whole, then the charging

schedules of the fleet will optimally fill valleys in the electricity demand. This algorithm is not

online, requiring repeated communication between the vehicles and the aggregator, and does not

consider vehicle-to-grid capabilities.

The work of Wu et al. [71] builds an online algorithm to charge vehicles in the hours with the

lowest possible electricity price. Real data is used to test the algorithm, although the potential

benefit to utilities and vehicle-to-grid are not considered.

Sioshansi and various co-authors have a number of works that consider the overall benefits of

energy storage and PEVs, including [54–57, 72]. The majority of these works use real data and

construct an optimization formulation of the problem to determine the environmental, monetary, or

societal impacts of a power grid that incorporates PEVs and distributed energy storage devices. The

implications of these works include showing that the pollution output of PEVs can be less than or

equal to that of conventional vehicles at the same cost to consumers, comparing the welfare benefit

of energy storage owned by aggregators against storage owned by consumers, and determining the

benefits to utilities if a fleet of PEVs were to provide ancillary services given a number of assumptions

(e.g., varying gasoline prices).

There have also been works that use a fleet of PEVs to provide frequency regulation; for example,

in 2010 Han et al. [34] constructed an algorithm to provide frequency regulation with a fleet of PEVs

to maximize the revenue for the fleet.

2.4.1 Our Contribution

The contribution of our work to this field is three-fold. First, our algorithm is distributed, in that

vehicles determine the best energy exchange schedules individually in an online fashion. Second, our

algorithm is robust to uncertainty in driving schedules of each vehicle. And finally, our algorithm

uses a unique set of composite values that equally accounts for the benefits to electricity consumers

and utilities.
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We approach this problem from the perspective of the aggregator, who makes commitments to both

the PEV consumers and their utility. The aggregator formulates a static LP based on information

about electricity pricing, electricity demand, and driving schedules, and uses a dual variable from

this LP to construct a composite valuation. The composite valuation is then passed to individual

vehicles, so that each PEV can determine an energy exchange schedule that is acceptable to both

consumers and utilities.

We do not assume the aggregator knows the driving loads of vehicles ahead of time– the availabil-

ity and driving patterns of each vehicle will be learned as the vehicles plug-in in an online fashion.

Once a vehicle connects to the grid, a charging and discharging schedule is determined from the

composite valuation without knowing the behavior of future vehicles that may plug into the grid.

We use online linear programming techniques to ensure the resulting schedules are near-optimal, or

close to the schedules that would have been assigned had all information about the energy demands

of the fleet been known in advance.

In our model, an optimal set of charging and discharging schedules for a fleet of vehicles will:

· minimize the cost (or maximize the profit),

· ensure each vehicle battery has sufficient energy to meet the driver’s needs,

· and meet a market obligation.

3.1 Market Obligation

From the perspective of an electric utility, the electricity consumed by a fleet of vehicles should

have minimal impact on grid performance. Specifically, we consider the impact PEV charging can

have on the generation sector; if a large number of vehicles are simultaneously charging, a new peak

demand can be created during off-peak hours or the peak demand can drastically increase, which

may result in a need to build more generators. Similarly, from the point of view of the distribution

sector, the transformer that reduces the electric voltage to the appropriate amount for households

is only built to sustain a certain amount of electricity. Since the demand of each vehicle may be

close to one-third of the demand of a household, the increased electricity usage resulting from PEV

charging may decrease the reliability of these transformers [52].
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Figure 3.1: Example of Valley-filling Charging and Peak-shaving Discharging

However, if a smart design is used to provide grid services with PEV fleets, this potential strain

on the grid may be either removed or reduced. In order to ensure the fleet of vehicles is exchanging

energy with minimal impact on the grid, a limit, or constraint, needs to be placed on the total

amount of charge done by a fleet.

Definition 5. A fleet of vehicles will meet a market obligation if the total net charging stays below

an upper limit set by the aggregator, in conjunction with the electric utility.

If the batteries of a vehicle fleet were to charge during electricity demand valleys and discharge

during demand peaks, they could provide grid services by narrowing the gap between the maximum

peak demand and the minimum off-peak demand. This is illustrated in Figure 3.1.

Such valley-filling and peak-shaving could be extremely beneficial to the power grid. According

to the National Renewable Energy Laboratory (NREL), using distributed energy storage devices,

such as PEVs, to provide grid services will have a number of advantages [40]:

Distributed energy also has the potential to mitigate congestion in transmission lines,

reduce the impact of electricity price fluctuations, strengthen energy security, and provide

greater stability to the electricity grid.

The aggregator can meet a load curtailment request from the utility by ensuring that the exchange

of energy with a fleet of PEVs will meet a market obligation. This market obligation can take the

form of an upper bound on the total amount of charging done by the fleet during a given time period.
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Figure 3.2: Example of a Charge Cap at the Peak Load Value

3.1.1 Charge Cap

Because the availability and demands of vehicles in a fleet cannot be controlled, it may not be

possible for a fleet of vehicles to precisely fill demand valleys and shave demand peaks. In other

words, it may not be possible to require a fleet of PEVs to charge more than a set lower limit

during off-peak hours and discharge more than a given amount during peak hours. Therefore, in our

formulation we represent a market obligation as an upper bound constraint on the total amount of

hourly electricity added to the load by fleet charging. That is, during each time period considered,

an upper bound is placed on the total amount of electricity that can be supplied to the fleet.

Definition 6. We say that the market places a charge cap on the total amount of charging that can

be done by the fleet in each time period, in order to stay within a given upper limit.

The value of this charge cap can be agreed upon between the electric utility and the aggregator,

while ensuring the vehicles can charge the required amount. For example, say the aggregatormanages

a neighborhood of 100 homes with 30 PEVs. On a given day, the charge cap could to be set to the

value of the maximum peak demand of the 100 homes (without PEV charging) on that day. Given

that the vehicles could sufficiently charge and the total fleet charging stays below the charge cap,

no new peak will be created. Figure 3.2 illustrates this example.

In our simulations, we assume that time is split up into hourly periods, so that each hour has a

charge cap and base consumer demand. (We henceforth consider time in hourly periods, but note

that this discretization can be easily adjusted.) For an n-hour period, let elecLoad ∈ Rn represent
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the base electricity load, and let chargeCap ∈ Rn represent the charge cap for each hour. To meet

the market obligation in hour h, the amount of charging done by the fleet must be at most

chargeCaph - elecLoadh.

This is represented in Figure 3.2 as the net charge allowed, or the maximum amount of net charging

done by the fleet to meet the hourly market obligation. When vehicles only charge from the grid

(that is, when they do not participate in vehicle-to-grid services), this charge cap sets an upper

limit on the total amount of charging that can be done in a given hour. However, when vehicles

participate in V2G, this will set an upper bound on the amount of net power obtained from the

grid. In other words, a subset of the fleet vehicles could charge in the hour of peak demand, as long

as other vehicles in the fleet were simultaneously discharging a sufficient amount. We formulate an

LP that models the expected fleet energy demands and the market obligation (i.e., the charge cap),

with the objective of minimizing consumer cost. The aggregator can solve this LP to obtain the

composite valuation, which will be distributed to the PEVs in the fleet.

In our model, the charge cap is an output of the LP formulation. That is, the aggregator uses

the LP to determine not only the composite valuation, but also the best possible charge cap. Given

the information from the electricity market, the aggregator can find the smallest possible charge cap

value that ensures the fleet energy demands are met.

3.2 Vehicle Transport Needs

A fleet of vehicles may be used to meet a market obligation, but their main purpose will be to store

energy for the vehicle to drive. Our algorithm ensures that each vehicle has sufficient energy to meet

its driving demands, or transport load.

During any hour, the vehicle may be partaking in exactly one of four actions: charging, discharg-

ing, driving, or idling (i.e., neither charging nor discharging). The vehicle is only able to charge or

discharge when it is plugged-in, and is only able to either charge or discharge in each hour (i.e.,

the vehicle can either charge or discharge in a given hour, not both). We assume that vehicles will

connect to the grid (or plug-in) each time they are parked for at least one hour.

Vehicles are assumed to plug-in periodically over a given period of time (say, 12 hours) and

report their tentative driving schedule for the next n hours. We assume the information on the

vehicle specifications can be obtained (such as charging and discharging rates, battery capacities,

etc.) and that the aggregator has determined an appropriate charge cap to place on the total charge

done by the fleet in each hour.

The output of our algorithm is an energy exchange schedule for the considered n hour period,

which determines during which hours the vehicle should charge and discharge, until the end of the

considered time horizon. The length of this time horizon can easily be adjusted, but in our results

we consider a time horizon of 120 hours, or 5 days into the future. We use the time horizon of
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n = 120 to allow each vehicle’s state of charge to evolve sufficiently to ensure the initial assumptions

about state of charge do not affect the final results.

In our simulations of the algorithm, vehicles plug into the grid at various times over a given

period, and the schedule of each vehicle will be determined instantly as it plugs-in. For example, if

all cars plug-in over a 12-hour period (between Hour 1 and Hour 12) and we are considering a 5-day

period (from Hour 1 to Hour 120), each schedule will start at the hour the vehicle plugs-in and end

in Hour 120. The optimization problem (LP-fleet) is solved once at the start of the 5-day period.

The energy exchange schedule for each PEV should

1. be determined instantly as vehicles plug into the grid,

2. provide enough charge to each individual PEV to meet its driving load,

3. ensure the net charge of the fleet meets the market obligation, and

4. be of minimal cost (or maximal profit) to the consumers.

Our algorithm to construct such energy exchange schedules achieves all of the above for a time

horizon of hour n. We assume a few hundred (say, around 400) driver behaviors from a similar day

in a similar region are known, in addition to the predicted electricity load for the next n hours.

3.3 Clustering

If the aggregator had perfect foresight of each vehicle’s future transport load, energy exchange

schedules could be allocated to each individual vehicle that solve a static optimization problem; this

static problem would minimize the cost to the fleet, while making sure the market obligation is met

and each vehicle battery has enough energy to meet its transport load.

However, the aggregator does not have perfect foresight. Moreover, it would be far too com-

plicated to keep track of what each individual vehicle may possibly do and an LP with constraints

for each individual PEV to meet its energy demand is computationally intractable because it is

extremely large. Therefore, we use clustering to estimate the expected future demand. The purpose

of clustering is to model the expected energy demands of the fleet of vehicles for the given period.

Definition 7. A base driving profile is a set of driving distances, departure times, and arrival times

over a 24-hour period that constitute a general driving pattern that is similar to the driving patterns

of a relatively large number of drivers. In other words, it is the “best fit” to a driving schedule of a

group of drivers with similar driving patterns.

Given a time horizon n, we can cluster driving patterns from a previous similar n-hour time

period to establish a number of distinct base driving profiles. A previous similar period, with the

same temperature and in the same region, can be considered. These base driving profiles will then

be set to the centroid of each cluster. Here, the centroid is the mean of all driving patterns that

form the cluster.
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Each cluster will represent a general driving pattern, and given the density of each cluster, we

can estimate the demand for the considered time period. We take driving patterns from a previous

similar period and form k clusters from the data, each with a weight bℓ. This weight takes into

account the expected number of vehicles associated with each base driving profile, and also the

expected size of the vehicle batteries in each cluster. The weights are scaled so that, for m vehicles,
∑k

ℓ=1 bℓ = m.

These clusters and their respective weights can then be used in an LP model of the estimated

fleet energy demands and market obligation. The primal solution to the linear program (LP-fleet)

contains an energy exchange schedule for each base driving profile for the given time period; these

energy exchange schedules will minimize the total consumer cost, meet the market obligation and

satisfy the transport loads of each base driving profile.

However, since the demands and availabilities of each individual vehicle are distinct, the dynamic

algorithm uses information provided by the composite valuation. That is, the solution to (LP-fleet)

is not individualized for each vehicle, so the information encoded in a dual variable of (LP-fleet) is

used to assign energy exchange schedules to individual vehicles instantly as they plug into the grid.

By using the composite valuation, the net charge of the fleet will meet a market obligation and incur

the lowest-cost to consumers.

3.3.1 Clustering Method

The output of the clustering method is three-fold: a set of base driving profiles (or the centroids of

each cluster formed), the variance of driving patterns in the cluster, and the expected number of

fleet vehicles in each cluster and their battery sizes. An individual driving pattern of a vehicle j can

be represented in a vector format:

tj =
[
tj,1, tj,2, · · · , tj,24

]
∈ R24,

for j = 1, . . . ,m, where m is the number of drivers considered. To find the base driving profiles, we

use the k-means clustering algorithm [41] with Euclidean distances on these transport load vectors.

In our simulations, we used real driving behaviors obtained from the National Household Travel

Survey (NHTS) [64]. This survey has been conducted every 5–8 years since 1969; we use the most

recent survey from 2009, which is an organized and well-documented dataset containing the travel

schedule of over 150,000 households, each for a 24-hour period [26]. This dataset is not a collection

of trips made by plug-in electric vehicles; thus, by using this data, we are assuming that driving

patterns with PEVs will be the same as driving patterns of internal combustion engine (i.e., standard

gasoline-powered) vehicles. We cluster 400 driving profiles from a similar time period (i.e., same day

of the week in the same region) in order to estimate the expected hourly demand of a fleet of 10,000

PEVs.

Figure 3.3 shows the cluster valuation metric we used to determine the number of clusters to

form. Our cluster valuation metric is defined as follows. Each cluster has a centroid (or mean),



Linear Programming Formulation 19

5 10 15 20 25 30 35 40 45
5.4

5.6

5.8

6

6.2

6.4

6.6

6.8

7

Number of Clusters

C
lu

s
te

r 
V

a
lu

a
ti
o
n
 M

e
tr

ic

Figure 3.3: Cluster Valuation Metric for Given Numbers of Clusters Using k-means

and we measure the distance from each point in the cluster to its centroid. We then find the mean

of these distances among all clusters, say the overall-cluster mean. Since k-means clustering is a

randomized algorithm, we perform 100 runs of the algorithm on different fleets of transport loads tj ,

and take the statistical mean of the overall-cluster mean from each run; the logarithm of this value

is our cluster valuation metric on the y-axis of Figure 3.3, for the range of 5 to 45 clusters.

As Figure 3.3 shows, the valuation metric of within-cluster means stops decreasing at k = 37 and

no more than 43 clusters can be formed. Thus, in our simulations we form 37 base driving profiles.

(Note that an aggregator could use a similar metric to determine the number of clusters to form

given data from a previous similar period.)

For simulation purposes, each transport load from the NHTS dataset was assigned to either a

PHEV or a BEV: if the daily transport load amounted to less than 70 miles, the corresponding

vehicle was assumed to be a BEV; otherwise, it was assumed to be a PHEV. (Realistically, the

vehicle type would be information inherent to the vehicle.) BEVs and PHEVs were separated before

clustering so that vehicles corresponding to the same base driving profile are either all BEVs or all

PHEVs. As a side note, 91.6% of vehicles in the subset of data we used for simulation (the subset

of driving patterns from urban California) were driven less than 70 miles in the 24-hour period.

To determine the expected density of each cluster, we assumed that the portion of vehicles

associated with each base driving profile would be the same as the portion of vehicles from the

sampled 400 in each cluster.
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3.4 Linear Programming Formulation

Let k be the number of clusters and n be the time horizon in hours. The vector tℓ ∈ Rn represents

the base driving profile of each cluster ℓ, where the hth element thℓ is the number of miles driven in

hour h. Similarly, σℓ ∈ Rn is the variance of the driving patterns in cluster ℓ. In our simulations,

we let k = 37 and n = 120, but these values can easily be changed.

Table 3.1 lists the decision variables of the linear program (LP-fleet), and Table 3.2 lists the

input parameters to (LP-fleet), which are established by either the aggregator or the vehicle driver

(as listed).

Table 3.1: List of Variables

Variable Description Dimension

sℓ electricity storage n+ 1
cℓ charging schedule n
dℓ discharging schedule n
sgℓ gasoline storage n+ 1
fℓ fueling schedule n
gℓ generation schedule n
ccap charge cap 1

Table 3.2: List of Parameters

Variable Description Dimension

Established by Vehicle

s̄ℓ storage capacity n+ 1
c̄ℓ maximum charging rate n
d̄ℓ maximum discharging rate n
s̄gℓ gas tank capacity n+ 1
f̄ℓ maximum fueling rate n
ḡℓ maximum generation rate n

sℓ0, s
g
ℓ0 initial battery and gasoline storage 1

α, β kWh/mile, gallon/kWh 1
Established by Aggregator

tℓ cluster base driving profile n
p, pg electricity and gasoline prices n
L electricity load n

ceff, geff charging and generating efficiencies 1
ρ scaling factor of charge cap in objective 1
σtℓ variance of cluster transport loads n
σL variance of electricity loads prediction errors n

κtℓ , κL scaling values for cluster transport and electricity load variance 1
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We form a static linear program with the base driving schedules of each cluster for the n-hour

period. The primal solution to this static linear program will provide the charging, discharging,

fueling and generating schedules, cℓ, dℓ, fℓ, gℓ ∈ Rn, for each base driving profile ℓ = 1, . . . , k, that

minimize the total consumer cost while meeting the market obligation and ensuring the transport

load of each base driving profile will be satisfied. The solution also includes the optimal charge cap

value, ccap ∈ R, that will ensure the energy needs of the fleet are met while minimizing the impact

on electricity load. This formulation acts as a proxy for the aggregate behavior of the actual fleet.

We use Matlab vector notation, where xa:b represents the elements {a, a+ 1 . . . , b} of x.

minimize
ccap,cℓ,dℓ,fℓ,gℓ

∑k

ℓ=1 bℓ
(
pT (cℓ − dℓ) + (pg)T fℓ

)
+ ρ · ccap

subject to sℓ,1:n = sℓ,0:n−1 + ceff · cℓ − deff · dℓ + geff · gℓ − α(tℓ + κtℓ · σ2
tℓ
) : λs

ℓ

sgℓ,1:n = sgℓ,0:n−1 + fℓ − β · gℓ : λsg

ℓ

tℓh = 0 =⇒ fℓh = 0, gℓh = 0 : η1ℓ , η
2
ℓ

tℓh > 0 =⇒ cℓh = 0, dℓh = 0 : η3ℓ , η
4
ℓ

0 ≤ (sℓ, cℓ, dℓ, s
g
ℓ , fℓ, gℓ) ≤ (s̄ℓ, c̄ℓ, d̄ℓ, s̄

g
ℓ , f̄ℓ, ḡℓ) : νℓ, γℓ∑k

ℓ=1 bℓ(cℓ − dℓ) ≤ ccap · 1− (L+ κL · σ2
L) : θ

(LP-fleet)

The first five constraints model the dynamics of energy flow in the PEV battery, the last con-

straint ensures the fleet energy exchange meets the charge cap. The objective minimizes the consumer

cost and the charge cap value.

The first constraint updates the battery storage amount in each hour based on the amount of

energy the vehicle charges, discharges, generates and uses to drive. Similarly, the second constraint

updates the amount of gasoline storage in each hour based on the amount of energy generated from

fuel and the amount the vehicle is fueled. The third and fourth constraints ensure that the vehicle

can only fuel the tank and generate electricity from gasoline when the vehicle is driving, and that

the vehicle battery can only charge or discharge when the vehicle is parked for at least an hour.

The second-to-last constraint ensures the variables stay within their physical bounds. And the last

constraint ensures that the total amount of hourly net charge meets the market obligation, or is

below the charge cap.

The first and last constraints take into account the uncertainty of the variables tℓ (cluster ℓ

transport load) and L (electricity load), respectively. For the first constraint, the scalar value

κtℓ is chosen so that a specified percentage of the driving patterns in each cluster are less than

(tℓ + κtℓ · σ2
tℓ
). For example, κtℓ can be chosen large enough so that the battery state of charge at

each hour is expected to be meet the demands of 95% of all driving behaviors in cluster ℓ.

Similarly, L is the expected electricity load for the next n hours, but we also take into account

prediction errors. The vector σL is the daily variance of electricity load prediction errors for a

previous similar month. The scalar value κL is chosen so that with a given probability, the realized

electricity load will be less than (L+ κL ·σ2
L). For example, κL can be chosen large enough that the

realized electricity load is expected to be less than (L+ κL · σ2
L) with 95% probability.
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The variables on the far right in (LP-fleet) are the dual variables associated with each constraint,

where

λs
ℓ , λ

sg

ℓ ∈ Rn+1, η1ℓ , η
2
ℓ , η

3
ℓ , η

4
ℓ ∈ Rn, θ ∈ Rn,

and

νℓ = (νsℓ , ν
c
ℓ , ν

d
ℓ , ν

sg

ℓ , νfℓ , ν
g
ℓ ) ∈ R6n+2, γℓ = (γs

ℓ , γ
c
ℓ , γ

d
ℓ , γ

sg

ℓ , γf
ℓ , γ

g
ℓ ) ∈ R6n+2.

Note that if we were to form an analogous micro-linear program from tens of thousands of potential

individual travel profiles over a 5-day period (i.e., n = 120), the solution would be a set of schedules

(sj , cj , dj , s
g
j , fj, gj) ∈ R6n+2 for j = 1, . . . ,m, where m ≈ 10, 000. In our testing, solving a problem

of this magnitude takes a few hours on a single workstation.

In contrast, the formulation (LP-fleet) that determines one schedule for each of the 37 clusters

is considerably smaller. In our simulations, forming the set of clusters took around 0.3 seconds

and solving the clustered linear program (LP-fleet) can be done in about 3 seconds on a single

workstation. Moreover, (LP-fleet) requires relatively few representative samples of driving patterns

and does not require that the aggregator keep track of what each vehicle may possibly do.

3.5 Properties of the Linear Program

The solution to (LP-fleet) will provide the optimal charging and discharging schedules for the set of

the base driving profiles. However, because individual vehicles will have distinct driving patterns,

we use information from the dual variables of (LP-fleet) to determine the energy exchange schedules

for individual vehicles in each cluster.

3.5.1 Composite Valuation

Note that allocating charge to each vehicle in the hours with the lowest electricity price (as used

in [71]) will guarantee the lowest cost to each driver, but in general will not meet a market obligation.

For example, it can result in an increased peak electricity demand.

Thus, we create a set of hourly composite values that measures the overall benefit to the system

of fleet vehicle charging in each hour. That is, there will be a value assigned to each hour that

represents the marginal cost of charging and discharging, given the electricity price and the charge

cap for that hour. A ranking of these values will produce an ordering on the best times for a vehicle

in the fleet to charge its battery. We use the dual variable θ ∈ Rn from LP-fleet to construct such

a set of values. θ is the Lagrange multiplier for the linear constraint

k∑

ℓ=1

bℓ(cℓ − dℓ) ≤ ĉcap, (3.1)

where ĉcap := ccap · 1 − (L + κL · σ2
L). The vector θ is the set of n shadow prices for each of the n

constraints in (3.1).
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Definition 8. A shadow price is the improvement in the objective function value per unit relaxation

in the associated constraint.

Let θ⋆ be the shadow price of the constraint (3.1) at the solution, so that the value of θ⋆h for

h ∈ {1, . . . , n} is the reduction in the objective function value if the charge cap in hour h, (ccap)h,

were increased by a unit of 1. In our formulation, this corresponds to θ⋆h being the improvement in

the objective when (ccap)h is increased by 1 MW.

Define the function u(·) as

u(s, c, d, sg, f, g) :=

k∑

ℓ=1

bℓ
(
pT (cℓ − dℓ) + (pg)T fℓ

)
,

and let (s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆, c⋆cap) represent an optimal solution to the problem (LP-fleet), given

certain input parameters. Define ĉcap := c⋆cap · 1 − (L + κL · σ2
L) to be the augmented charge cap

value at the solution. Then the following equation defines θ⋆h:

θ⋆h =

(
∂u(s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆)

∂(ĉcap)h

)
/


∂
(∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh)

)

∂(ĉcap)h




=
∆u(s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆)

∆
(∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh)

) . (3.2)

That is, θ⋆h is the relative change in the objective function value to change in the constraint (3.1),

given a relaxation of the charge cap in hour h.

Intuitively, the value of θ⋆h will be relatively large if there is a great value in increasing the upper

bound value (ĉcap)h. That is, a large value of θ⋆h implies a large demand for charging and a small

supply (or a small amount of net charge allowed) in hour h. Therefore, the values of θ⋆ represent

the value (or marginal price) of fleet vehicle charging in each hour.

In the following Chapter 4, we prove that θ⋆ can be used to in conjunction with the electricity

price to obtain a set of values that factors in the benefits to both consumers and electric utilities.
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The formulation (LP-fleet) in Chapter 3 finds charging, discharging, fueling, and generating schedules

(cℓ, dℓ, fℓ, gℓ) ∈ Rn for each base driving profile ℓ = 1, 2, . . . , k. These schedules ensure that a vehicle

with a transport load of the base profile will obtain sufficient charge in the hours with the lowest

possible cost, while staying within the charge cap.

To determine energy exchange schedules for individual vehicles, we use the dual variables of

(LP-fleet). Specifically, the dual variable θ ∈ Rn can be used to construct a composite valuation

that will be used in a dynamic algorithm to determine energy exchange schedules.

Definition 9. Consider a fleet that consists of k vehicles with driving schedules equal to the base

driving profiles tℓ, for ℓ = 1, . . . , k. A composite valuation is a set of hourly values q⋆ ∈ Rn such

that if each fleet vehicle were to charge in the hours corresponding to the elements of q⋆ that are the

lowest and discharge in the corresponding hours when q⋆ is the highest, then: the cumulative fleet

charging will satisfy the market obligation, the lowest feasible cost will be attained, and each base

profile will have enough energy to meet its transport load.

To explain a composite valuation more clearly, let (s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆) and ((λs)⋆, (λsg )⋆, (η1)⋆,

(η2)⋆, (η3)⋆, (η4)⋆, θ⋆, ν⋆, γ⋆) represent the optimal primal solution and associated dual variables

from (LP-fleet). We treat the charge cap value as a constant determined by (LP-fleet), and con-

sider the related linear program (LP-comp) that results from removing the constraint (3.1) from the

formulation (LP-fleet) and changing the electricity price vector in the objective function to q⋆ ∈ Rn.

minimize
cℓ,dℓ,fℓ,gℓ,∀ℓ

∑k

ℓ=1 bℓ
(
(q⋆)T (cℓ − dℓ) + (pg)T fℓ

)

subject to sℓ,1:n = sℓ,0:n−1 + ceff · cℓ − deff · dℓ + geff · gℓ − α(tℓ + κtℓ · σ2
tℓ
) : λs

ℓ

sgℓ,1:n = sgℓ,0:n−1 + fℓ − β · gℓ : λsg

ℓ

tℓh = 0 =⇒ fℓh = 0, gℓh = 0 : η1ℓ , η
2
ℓ

tℓh > 0 =⇒ cℓh = 0, dℓh = 0 : η3ℓ , η
4
ℓ

0 ≤ (sℓ, cℓ, dℓ, s
g
ℓ , fℓ, gℓ) ≤ (s̄ℓ, c̄ℓ, d̄ℓ, s̄

g
ℓ , f̄ℓ, ḡℓ) : νℓ, γℓ

(LP-comp)

If the solution to (LP-comp) also solves (LP-fleet), which includes charge cap constraint (3.1),

then q⋆ is a composite valuation.

24
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4.1 (p+ θ⋆) as a Composite Valuation

In this chapter, we prove that (p+θ⋆) is a composite valuation. That is, we prove that if q⋆ = (p+θ⋆),

the solution to (LP-comp) also solves (LP-fleet) and will satisfy the charge cap constraint (3.1).

First, we explore the properties of θ⋆ in Lemma 1, which will be used in the proof that (p+ θ⋆)

is a composite valuation. Define (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) and (λ̂s, λ̂sg , η̂1, η̂2, η̂3, η̂4, ν̂, γ̂) to be the optimal

primal solution and the associated dual variables of (LP-comp), respectively.

Lemma 1. Let q⋆ = (p + θ⋆). Given the primal solution to (LP-comp), (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ), and the

primal solution to (LP-fleet), (s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆), assume that for some ℓ = 1, . . . , k there is an

element pair (h, j) such that

(ĉℓh − d̂ℓh) < (c⋆ℓh − d⋆ℓh) and (ĉℓj − d̂ℓj) > (c⋆ℓj − d⋆ℓj). (4.1)

That is, assume the net charge done in hour h in the solution to (LP-fleet) is instead in hour j in

the solution to (LP-comp). Then (ph + θ⋆h) ≤ (pj + θ⋆j ).

Proof. Define

u⋆ := u(s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆) =

k∑

ℓ=1

bℓ
(
pT (c⋆ℓ − d⋆ℓ ) + (pg)T f⋆

ℓ

)
,

as the optimal objective function value of (LP-fleet). Recall the definition of θ⋆h from Section 3.5.1,

θ⋆h =
∆u(s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆)

∆
(∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh)

) . (3.2)

Observe that when there is no degeneracy, by strict complementarity,




θ⋆h > 0 ⇐⇒ ∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh) = (ĉcap)h

θ⋆h = 0 ⇐⇒ ∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh) < (ĉcap)h.

(4.2)

That is, if the net charge of the fleet in hour h is on its upper bound, then θ⋆h > 0; otherwise, θ⋆h = 0.

We consider 3 scenarios (using that θ⋆ ≥ 0) to prove Lemma 1 holds. We ignore the case that

the solution to (LP-comp) is distinct from the solution to (LP-fleet), but would also be an optimal

solution to (LP-fleet). That is, we ignore the case that ph = pj, and (ĉ
ℓ̂
− d̂

ℓ̂
)−(c⋆

ℓ̂
−d⋆

ℓ̂
) = ω(eh−ej),

for some ω ∈ R.

1. Scenario 1: θ⋆h = θ⋆j = 0

By strict complementarity (4.2), the charge cap upper bound in (LP-fleet) is not attained in

hour h nor in hour j, and we know that the schedules ĉ
ℓ̂
and d̂

ℓ̂
are feasible for all constraints

in (LP-fleet) except the charge cap constraint. If we assume the conditions of Lemma 1 do not
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hold, i.e., that (pj + θ⋆j ) = pj < ph = (ph + θ⋆h), then there exists a vector z := ej − eh and a

scalar ǫ > 0 for which


∑

ℓ 6=ℓ̂

bℓ(c
⋆
ℓ − d⋆ℓ )


 + b

ℓ̂

(
c⋆
ℓ̂
− d⋆

ℓ̂
+ ǫz

)
≤ ccap,

and


∑

ℓ 6=ℓ̂

bℓ(p
T (cℓ − dℓ) + (pg)T fℓ)


+ b

ℓ̂

(
pT (c

ℓ̂
− d

ℓ̂
+ ǫz) + (pg)T f

ℓ̂

)

<

k∑

ℓ=1

bℓ
(
pT (cℓ − dℓ) + (pg)T fℓ

)
.

That is, there exists a feasible set of charging and discharging schedules distinct from c⋆ℓ , d
⋆
ℓ

that results in a lower objective function value. This contradicts the optimality of c⋆ℓ and d⋆ℓ .

Thus, ph ≤ pj and Lemma 1 holds.

2. Scenario 2: θ⋆h = 0, θ⋆j > 0

If we assume the conditions of Lemma 1 do not hold, i.e., that pj + θ⋆j < ph. Then by (4.2),

pj < ph and

k∑

ℓ=1

bℓ(c
⋆
ℓh − d⋆ℓh) < (ccap)h and

k∑

ℓ=1

bℓ(c
⋆
ℓj − d⋆ℓj) = (ccap)j .

And by the definition of θ⋆j from (3.2),

θ⋆j =
∆u⋆

∆
(∑k

ℓ=1 bℓ(c
⋆
ℓj − d⋆ℓj)

) =
b
ℓ̂
(ph − pj)(∆(c

ℓ̂j
− d

ℓ̂j
))

b
ℓ̂
(∆(c

ℓ̂j
− d

ℓ̂j
))

= ph − pj , (4.3)

where ℓ̂ = (argmaxℓ∈L bℓ), for L the set of driving patterns for which it is feasible to switch

charge from hour j. We use (∆(c
ℓ̂j
− d

ℓ̂j
)) to refer to the change in the net charge for driving

profile ℓ̂ in hour j when (ĉcap)j is relaxed by one unit.

In other words, if it is cheaper for a vehicle to charge in hour j, but due to the charge cap

it is not feasible to charge more in hour j and it is feasible to charge more in hour h, then

the value of θ⋆j will be the maximum possible price difference between charging in hour h and

charging in hour j.

However, (4.3) implies θ⋆ = ph − pj , or ph = pj + θ⋆j , which contradicts the inequality

pj + θ⋆j < ph. Thus, ph ≤ pj + θ⋆j and Lemma 1 holds.
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3. Scenario 3: θ⋆h > 0

By (4.2), the charge cap upper bound is attained in hour h. Since we are considering the case

that the net charge in hour h is switched to hour j, and θ⋆h > 0 implies a positive improvement

in the objective function when the charge cap in hour h is relaxed, then by (3.2),

θ⋆h =
∆u⋆

∆
(∑k

ℓ=1 bℓ(c
⋆
ℓh − d⋆ℓh)

) =
b
ℓ̂
(pj − ph)(∆(c

ℓ̂h
− d

ℓ̂h
))

b
ℓ̂
(∆(c

ℓ̂h
− d

ℓ̂h
))

= pj − ph. (4.4)

This implies θ⋆ = pj − ph, or

ph + θ⋆h = ph + (pj − ph) = pj ≤ pj + θ⋆j .

Thus, (ph + θ⋆h) ≤ (pj + θ⋆j ) and Lemma 1 holds.

We now use Lemma 1 to prove Theorem 1.

Theorem 1. The set of values (p+ θ⋆) ∈ Rn is a composite valuation.

Proof. We prove that

(ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) ≡ (s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆). (4.5)

That is, given the same input parameters, the solution to (LP-fleet) and the solution to (LP-comp)

are the same. The main implication of this is significant: when given the set of values (p+ θ⋆), the

charge cap constraint (3.1) is not necessary to ensure the market obligation is met.

The solution to (LP-comp) will also solve (LP-fleet) if (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) satisfies the feasibility

and optimality conditions of (LP-fleet). That is, we must show that (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) satisfies each

of the following feasibility and optimality conditions of (LP-fleet).

The optimality conditions of (LP-fleet) are

(λs)⋆1:n,ℓ − (λs)⋆0:n−1,ℓ + (γs)⋆ℓ − (νs)⋆ℓ = 0

bℓp+ ceff · (λs)⋆1:n,ℓ + Iℓd(η
1)⋆ℓ + bℓθ

⋆ + (γc)⋆ℓ − (νc)⋆ℓ = 0

−bℓp− deff · (λs)⋆1:n,ℓ + Iℓd(η
2)⋆ℓ − bℓθ

⋆ + (γd)⋆ℓ − (νd)⋆ℓ = 0

(λsg )⋆1:n − (λsg )⋆0:n−1 + (γsg )⋆ − (νs
g

)⋆ = 0 (OPT)

bℓpg + (λsg )⋆1:n,ℓ + Iℓnd(η
2)⋆ℓ + (γf)⋆ℓ − (νf )⋆ℓ = 0

geff · (λs)⋆1:n,ℓ − β · (λsg )⋆1:n,ℓ + Iℓnd(η
3)⋆ℓ + (γg)⋆ℓ − (νg)⋆ℓ = 0

ν⋆ℓ , γ
⋆
ℓ , θ

⋆ ≥ 0
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and the feasibility conditions of (LP-fleet) are

s⋆ℓ,1:n = s⋆ℓ,0:n−1 + ceff · c⋆ℓ + deff · d⋆ℓ + geff · g⋆ℓ − α · (tℓ + κtℓ · σ2
tℓ
)

sg⋆ℓ,1:n = sg⋆ℓ,0:n−1 + f⋆
ℓ − β · g⋆ℓ

tℓh = 0 =⇒ f⋆
ℓh = 0, g⋆ℓh = 0

tℓh > 0 =⇒ c⋆ℓh = 0, d⋆ℓh = 0
∑m

ℓ=1 bℓ(c
⋆
ℓ − d⋆ℓ ) ≤ ĉcap

0 ≤ (s⋆ℓ , c
⋆
ℓ , d

⋆
ℓ , s

g⋆
ℓ , f

⋆
ℓ , g

⋆
ℓ ) ≤ (s̄ℓ, d̄ℓ, c̄ℓ, s̄

g
ℓ , f̄ℓ, ḡℓ).

(FEAS)

The optimality conditions of (LP-comp) are

λ̂s
1:n,ℓ − λ̂s

0:n−1,ℓ + γ̂s
ℓ − ν̂sℓ = 0

bℓ(p+ θ⋆) + ceff · λ̂s
1:n,ℓ + Iℓdη̂

1
ℓ + γ̂c

ℓ − ν̂cℓ = 0

−bℓ(p+ θ⋆)− deff · λ̂s
1:n,ℓ + Iℓdη̂

2
ℓ + γ̂d

ℓ − ν̂dℓ = 0

λ̂sg
1:n − λ̂sg

0:n−1 + ˆγsg − ˆνsg = 0 (EQ-OPT)

bℓpg + λ̂sg
1:n,ℓ + Iℓndη̂

2
ℓ + γ̂f

ℓ − ν̂f ℓ = 0

geff · λ̂s
1:n,ℓ − β · λ̂sg

1:n,ℓ + Iℓndη̂
3
ℓ + γ̂g

ℓ − ν̂gℓ = 0

ν̂ℓ, γ̂ℓ ≥ 0.

By definition, θ⋆ in (EQ-OPT) is equivalent to θ⋆ in (OPT) and the optimality conditions (OPT)

and (EQ-OPT) are equivalent. That is, the dual variables of (LP-comp) satisfy the optimality

conditions of (LP-fleet). The solution of (LP-comp) is optimal for (LP-fleet), if it is feasible, i.e., if

it satisfies (FEAS).

Because (LP-comp) has exactly the same constraints as (LP-fleet), except for the market obliga-

tion (3.1), (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) satisfies each of the feasibility conditions in (FEAS) except

k∑

ℓ=1

bℓ(ĉℓ − d̂ℓ) ≤ ĉcap. (4.6)

Therefore, it remains to show that (4.6) holds. We prove this by contradiction. Assume that

(4.6) does not hold, that is, assume

k∑

ℓ=1

bℓ(ĉℓ − d̂ℓ) 6≤ ccap.

Then there exists an hour, say hour h, such that

k∑

ℓ=1

bℓ(ĉℓh − d̂ℓh) > (ccap)h.



Composite Valuation 29

Because
∑k

ℓ=1 bℓ(c
⋆
ℓ−d⋆ℓ) ≤ ccap, there must be an ℓ̂ ∈ {1, 2, . . . , k} such that (ĉ

ℓ̂h
−d̂

ℓ̂h
) > (c⋆

ℓ̂h
−d⋆

ℓ̂h
).

Moreover, because both solutions to (LP-comp) and (LP-fleet) satisfy

s⋆ℓ,1:n = s⋆ℓ,0:n−1 + ceff · c⋆ℓ − deff · d⋆ℓ + geff · g⋆ℓ − α(tℓ + κtℓ · σ2
tℓ
),

then

eT (c⋆ℓ − d⋆ℓ ) = eT (ĉℓ − d̂ℓ). (4.7)

That is, the total net charge done for driving profile ℓ in (LP-fleet) is equal to the total net charge

done for the driving profile ℓ in (LP-comp). Intuitively, (4.7) follows from the fact that in both

formulations, each base profile will have exactly enough energy in the battery to meet the augmented

transport load. This also implies that the fueling variables in both problems will be equal, i.e.,

f̂ℓ = f⋆
ℓ for all ℓ = 1, . . . , k.

Define z 6= 0 to be the vector difference between (c⋆ℓ − d⋆ℓ ) and (ĉℓ − d̂ℓ),

z := (ĉℓ − d̂ℓ)− (c⋆ℓ − d⋆ℓ ).

By (4.7), eT z = 0; that is, z must have both positive and negative elements, and the sum of its

elements is zero. Because we assumed the solution to (LP-comp) is not equal to the solution of

(LP-fleet), i.e., (ĉℓ − d̂ℓ) 6= (c⋆ℓ − d⋆ℓ ), then

(p+ θ⋆)T (ĉℓ − d̂ℓ) = (p+ θ⋆)T (c⋆ℓ − d⋆ℓ + z) < (p+ θ⋆)T (c⋆ℓ − d⋆ℓ ). (4.8)

In other words, (ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) obtains a lower objective function value for (LP-comp) than

(s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆), which implies (p+ θ⋆)T z < 0.

Without loss of generality, assume zj > 0 for some j. Then there exists a non-empty set

H =

{
h

∣∣∣∣ zh < 0,

(
∑

h∈H

αhzh

)
+ zj = 0

}
.

More generally, by (4.7), for each cluster ℓ̂ such that (ĉ
ℓ̂j
− d̂

ℓ̂j
) > (c⋆

ℓ̂j
− d⋆

ℓ̂j
), there is a set of

corresponding elements h ∈ H such that (ĉ
ℓ̂h
− d̂

ℓ̂h
) < (c⋆

ℓ̂h
− d⋆

ℓ̂h
), and the net charge done in hours

h ∈ H in the solution to (LP-fleet) is transferred to hour j in the solution to (LP-comp). Due to

the optimality of (ĉ
ℓ̂j
− d̂

ℓ̂j
) in (LP-comp), this implies that for all h ∈ H ,

(pj + θ⋆j ) < (ph + θ⋆h). (4.9)

That is, the adjusted-price in hour j must be less than the adjusted-price in hour h, since otherwise

(4.8) does not hold. However, by Lemma 1,

(ph + θ⋆h) ≤ (pj + θ⋆j ). (4.10)
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This contradicts the assumption that there exists a vector z 6= 0 such that (4.8) holds for eT z = 0.

Therefore, the solution to (LP-comp) will satisfy (FEAS) and (EQ-OPT), and hence

(ŝ, ĉ, d̂, ˆ(sg), f̂ , ĝ) = (s⋆, c⋆, d⋆, (sg)⋆, f⋆, g⋆).

The set of values q⋆ = (p+ θ⋆) ∈ Rn is a composite valuation.

The implication of Theorem 1 is the following: Given a fleet of m vehicles with base driving

profiles tℓ, for ℓ = 1, . . . , k, if each PEV were to charge in the hours when (p+ θ⋆) is the lowest and

discharge in the hours when (p+ θ⋆) is the highest, then

1. the cumulative fleet charging will satisfy the market obligation,

2. the lowest feasible cost will be attained, and

3. each base profile will have enough energy to meet its transport load.

4.2 Composite Valuation Examples

The composite valuation takes into account the benefits to consumers and utilities for each hour.

Figures 4.1 and 4.2 illustrate two examples of the composite valuation for sample fleets, for a given

24-hour period.
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Figure 4.1: Example 1 of Composite Valuation for a Sample Fleet
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Figure 4.2: Example 2 of Composite Valuation for a Sample Fleet

Each example shows the construction of the composite valuation along with the base electricity

load, the charge cap determined by (LP-fleet), and the altered load, which is the result of adding

the net charge of the solution to (LP-fleet) to the base electricity load.

The vector θ represents the hourly value of fleet charging given the charge cap constraint and

the fleet energy demand. Hence, as is shown in the figures, fleets with different charging needs will

result in different composite valuations.



5 A Robust Dynamic Algorithm

We use the composite valuation from Chapter 4 to construct an algorithm that determines energy

exchange schedules for individual vehicles that benefit both consumers and electric utilities.

The algorithm described in this chapter can be implemented by a device attached to each in-

dividual vehicle, and the aggregator can communicate with this device, as described in Chapter

2. The aggregator clusters driving patterns from a previous similar period, then solves (LP-fleet)

to obtain the dual variable θ⋆. The composite valuation (p + θ⋆) can be distributed to each vehi-

cle’s device, which can then determine the best energy exchange schedule without a back-and-forth

communication with the aggregator or the remainder of the fleet.

The algorithm we construct is:

· Dynamic: an energy exchange schedule is determined at the moment the vehicle plugs-in

· Distributed: each vehicle will have enough information to determine its energy exchange sched-

ule without back-and-forth communication between the aggregator or the remainder of the fleet

· Robust: each vehicle battery will have enough energy to meet the transport load, given the

uncertainty in driving behavior.

Because the aggregator shares the composite valuation with each vehicle in the fleet, the algorithm

is dynamic and distributed; when a vehicle plugs-in, an energy exchange schedule can be determined

using this set of values without consulting the aggregator or the remainder of the fleet. In Section

5.1, we consider how to make the algorithm robust.

5.1 Robustness

To make this algorithm robust, we consider the amount of energy each vehicle battery should have

before driving. That is, we consider the question: if a vehicle expects to drive x miles in hour h,

what should the battery state of charge be before hour h? This question can be viewed in terms of

inventory management.

Definition 10. Inventory Management deals with the quantity and types of available goods kept in

stock by a business, or a similar entity, in order to meet the consumer demand.

We apply inventory management to determine the quantity of energy to be stored in the battery.

32
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Each component of a business in the inventory management problem can be mapped to a com-

ponent of a PEV. The consumer demand corresponds to the amount of energy the vehicle needs in

order to drive the desired amount, which is an uncertain variable. The vehicle battery corresponds

to the storage location for stocked goods, and the amount of inventory represents the battery state

of charge.

The demand in our problem is uncertain because it is unknown exactly how much each vehicle

will be driven. That is, we assume the PEV driver provides an expected driving schedule, but the

realized driving schedule may be different.

In inventory management, it is standard to optimize the state of charge (or battery inventory)

based on cost. The optimal inventory will minimize the following cost function:

inventory cost = ordering costs + holding costs + shortage costs.

The ordering costs are the costs of ordering the good to keep in inventory. In terms of our

vehicle battery, this is the cost of obtaining electricity to store in the battery, i.e., the cost of

charging. This cost is minimized when the vehicle battery is charged in the hours with the lowest

cost, and discharged in the hours with the highest cost.

The holding costs are the result of keeping inventory in stock when there is not a current demand

for it. This corresponds to the cost of storing energy in the vehicle battery that is not used in

the imminent driving loads. Assuming the energy will eventually be used for driving, this cost is

extremely small. It is non-zero because the state of charge will decrease naturally over time, without

the vehicle being driven or battery discharging. For example, if a Lithium-Ion battery is completely

idle at a temperature of 77◦ F (25◦ C), the state of charge will decrease 20% per month from a full

charge, or 4% per month if the state of charge is between 40–60% [68].

The shortage costs are incurred when there is not enough inventory to meet the demand. In

terms of our vehicle battery, this is the cost of insufficient energy in the battery to complete the

driving load. The cost of a driver running out of charge before reaching his or her destination is

extremely high for BEVs. For example, the car may need to be towed, or the driver may need to

find alternate transportation to his or her destination. For PHEVs, the shortage cost is the cost of

relying on gasoline, which is relatively high compared to electricity costs and holding costs.

Consequently, the inventory cost for a vehicle j is:

inventory cost = ordering costs + holding costs + shortage costs

= pT (cj − dj) + pTg fj + ǫ · 1T (sj − tj)+ + S · 1T (tj − sj)+,

where (x)+ = {xi} = {max(xi, 0)} and 1 ∈ Rn is the vector of all ones, for small ǫ > 0 and large S.

Note that the ordering cost (pT (cj−dj)+pTg fj) is proportional to the amount the vehicle charges

(or potentially fuels). However, even if the vehicle charges (or fuels) enough to fill the battery (or

tank) from empty to full capacity, it can still be safely assumed that

0 < ǫ≪ pT (cj − dj) + pTg fj ≪ S.
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In order to minimize the overall inventory cost given an uncertain driving load, shortage costs

should not be incurred. That is, there is a steep price of an energy shortage, and shortage costs

should be avoided when possible. Because the holding costs are negligible, the expected inventory

cost will be minimized by storing as much energy in the battery as possible, i.e., charging the vehicle

battery to its full capacity in the hours with the lowest possible cost.

Therefore, our algorithm ensures each vehicle battery contains the maximum possible state of

charge before the start of the transport load. This will also make our algorithm robust to an

uncertain number of miles to be driven.

5.2 Rolling Horizon

The preceding Section 5.1 establishes the amount that each vehicle should charge to account for

uncertainty in the number of miles driven. In this section, we address the uncertainty in the timing

of the transport load (i.e., the hours in which the vehicle is driven).

Let h refer to the next hour in which a vehicle will be driving. It is reasonable to assume that

as time approaches hour h, the accuracy of the predicted vehicle driving schedule will improve. For

example, consider a driver who plans to drive at 8am and 5pm on the following day, say to and from

work. Yet at 9am on the given day, the driver decides he will also be driving around lunchtime, at

12 noon. We want our algorithm to consider this change, and sufficiently charge the vehicle by noon

instead of by 5pm.

To account for such changes in transport load, we implement our algorithm on a rolling horizon

that re-runs the algorithm periodically. That is, at a given hour h, the time horizon will be hour

(n+h−1). The algorithm will be implemented at a series of hours: h = 0, τ, 2τ, 3τ, . . . , where τ > 0

is a chosen increment parameter; our simulations use τ = 3 hours.

At each hour h = 0, τ, 2τ, 3τ, . . . , the algorithm will have improved information to update the

energy exchange schedules and account for changes in the expected driving schedule. The aggregator

will solve (LP-fleet) at hour h to create a new composite valuation from hours h to (n+h−1). Each

composite valuation will be a vector of n elements, and can be used to determine energy exchange

schedules for the considered n-hour period.

5.3 Justification of Robustness in (LP-fleet)

The formulation (LP-fleet) is also robust, because the constraints ensure that the state of charge for

each cluster ℓ is sufficient to meet the needs of 95% of drivers in cluster ℓ; this robust formulation

has an advantage over a nonrobust formulation. Consider (LP-nonrobust), which does not account

for uncertainty in the potential demand of the vehicles or in the base electricity load.
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minimize
cℓ,dℓ,fℓ,gℓ,∀ℓ

∑k

ℓ=1 bℓ
(
pT (cℓ − dℓ) + (pg)T fℓ

)
+ ρ · ccap

subject to sℓ,1:n = sℓ,0:n−1 + ceff · cℓ − deff · dℓ + geff · gℓ − αtℓ : λs
ℓ

sgℓ,1:n = sgℓ,0:n−1 + fℓ − β · gℓ : λsg

ℓ

tℓh = 0 =⇒ fℓh = 0, gℓh = 0 : η1ℓ , η
2
ℓ

tℓh > 0 =⇒ cℓh = 0, dℓh = 0 : η3ℓ , η
4
ℓ∑k

ℓ=1 bℓ(cℓ − dℓ) ≤ ccap · 1− L : θ

0 ≤ (sℓ, cℓ, dℓ, s
g
ℓ , fℓ, gℓ) ≤ (s̄ℓ, c̄ℓ, d̄ℓ, s̄

g
ℓ , f̄ℓ, ḡℓ) : νℓ, γℓ.

(LP-nonrobust)

Let θrob ∈ Rn and θnonrob ∈ Rn represent the dual variables of (LP-fleet) and (LP-nonrobust)

respectively, given the same input. Figure 5.1 shows an example of θrob and θnonrob, and loads

altered with the net charge amounts resulting from (LP-fleet) and (LP-nonrobust), given the same

input. As can be seen in this figure, the net charge resulting from (LP-fleet) is more than the net

charge resulting from (LP-nonrobust).

A simulation of 300 different clusters of fleets showed that 59% of the time, the peak demand

value of the altered load from (LP-fleet) is less than the peak demand of the altered load from

(LP-nonrobust). That is, on average the fleet of vehicles charges more with a robust formulation,

but the maximum peak demand is lower. Thus, the robust formulation (LP-fleet) accounts for

uncertainty in vehicle demands, while reducing the average impact on peak demand.

0 4 8 12 16 20 24
0

0.02

0.04

0.06

0.08

0.1

Hourly θ values

Hour

H
o
u
rl
y
 V

a
lu

e

 

 
Nonrobust θ

Robust θ

4 8 12 16 20 24
40

50

60

70

80

90

100

110
Load Altered with Net Charge of Clustered LP Solution

Hour

L
o
a
d
 (

M
W

)

 

 
Load before PEVs
Altered Load−− Robust LP
Altered Load−− Nonrobust LP
Charge Cap

Figure 5.1: Example of θ and Altered Load for a Fleet using a Robust and Nonrobust Formulation

5.4 Algorithm Description

We now describe Algorithm 1, which uses the composite valuation to determine energy exchange

schedules for PEVs. It includes the actions of both the aggregator and the devices on the PEVs.

The algorithm is run on a rolling horizon and re-evaluates every τ hours. At each re-evaluation, the

aggregator solves the robust formulation (LP-fleet) to find the marginal hourly price of electricity,

θ⋆ ∈ Rn, and constructs the composite valuation q⋆ = (p+ θ⋆) ∈ Rn. When a PEV connects to the
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Algorithm 1 Electricity Trading with a fleet of PEVs using a Composite Valuation

1: for h = 0, τ, 2τ, 3τ, . . . do
2: Cluster past driving patterns and solve the static linear program to find the composite

valuation q⋆ := (p+ θ⋆) ∈ Rn, for hours h to h+ n− 1
3: for each vehicle that connects to the grid do

4: if the vehicle can charge for hc hours then
5: Charge the battery in the hc hours when q⋆ is lowest
6: end if

7: if the number of hours spent idle is positive, hi > 0 then

8: Discharge the battery in the (hi/2) hours when q⋆ is highest
9: Charge the battery in the (hi/2) hours when q⋆ is lowest

10: end if

11: if the vehicle has a fuel tank and can rely on fuel then
12: Alert driver to fill the fuel tank
13: end if

14: end for

15: end for

grid, it uses the composite valuation to instantly determine an energy exchange schedule.

To determine the best energy exchange schedule, the vehicle battery is maximally charged in

the hours when q⋆ is lowest. If there are hours in which the vehicle battery is spent idle (i.e., not

charging, discharging or driving), then the battery charges and discharges equal amounts of energy

during the idle time period; this charging is done in the hours with the lowest possible values of

q⋆ and discharging is done in the hours with the highest possible values of q⋆. If the vehicle has a

gasoline tank that is near empty, the gasoline tank is filled during the next driving period.

5.5 Implementation

We implemented this algorithm in Matlab. The details of the implementation including data

analysis and input parameters are discussed below in Sections 5.5.1 and 5.5.2. For consistency in

our simulations, we use data from urban California. The results are in Section 5.7.

5.5.1 Data Analysis

We simulated our algorithm using real data on: driving behaviors, electricity loads, electricity and

gasoline pricing, day-ahead electricity load prediction errors, and vehicle characteristics.

Driving Behavior

We obtained real driving patterns from the 2009 National Household Travel Survey [64], as discussed

in Section 3.3.1. The data for each trip is extremely detailed, including over 80 fields of information

about the trip and household. Each trip is also given a weighting so that the weighted version of

the data is a representative sample.
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Our simulations use the subset of trips from urban California, around 17,000 households. The

data was cleaned and the relevant fields were used, including the following data on each trip: the

start and end time, the number of miles traveled, and the starting and ending location. The day of

the week on which the travel occurred was also recorded as well as the size of the household, the

type of vehicle, and the miles per gallon of each vehicle.

These driving patterns were grouped into 37 clusters, as described in Section 3.3.1. We found the

variance of the driving patterns in each cluster, σtℓ , and used a binary search method to determine

the scalar κtℓ so that 95% of the transport loads in the cluster are less than κtℓ · σtℓ .

We assume in our simulations that at a given hour h, the exact driving schedules are known

for hours {h, . . . , h + τ}, and an expected (but possibly inexact) driving schedule is known for the

driving schedules between hours {h+ τ +1, . . . , h+n−1}. As time progresses, we assume that PEV

drivers update their vehicle devices according to the predicted driving load.

Specifically, let z̄ be the actual number of miles driven in a given hour ĥ ∈ {h+τ+1, . . . , h+n−1},
and z be the predicted number of miles to be driven in hour ĥ. Then we assume z ∼ N (z̄, 5).

Similarly, if ȳ is the actual starting hour of a given trip occurring between hours {h+ τ +1, . . . , h+

n− 1}, and y is the predicted starting hour of the trip, then we assume y ∼ N (ȳ, 2).

Electricity and Gasoline Pricing

The electricity prices used are the PG&E summer baseline time-of-use (TOU) rates [50], which take

on three values throughout a 24-hour period, as shown in Figure 5.2. The gasoline price used is

$3.82/gallon, which was the mean price of regular gasoline in California for the week of August 25,

2011 [18].
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Figure 5.3: Day-Ahead Prediction Market Errors for the month of August 2011

Electricity Load

Electricity loads were obtained from the California Independent System Operator (CAISO) in the

PG&E transmission area. This data is available on the CAISO Open Access Same-time Information

System (OASIS) [11]. The PG&E system loads for the month of August 2011 were used, and scaled

using the assumption that PG&E serves 5.1 million households [51].

Day-ahead Electricity Load Prediction Errors

A distribution of load prediction errors was obtained from the CAISO OASIS website, for the

PG&E transmission access area. We obtained the predicted day-ahead demand and compared it to

the realized demand. From this, we derived the variance σL on the prediction load error, and used

binary search to determine the corresponding value κL so that the realized load will be less than

(L+ κL · σ2
L) with 95% probability. Figure 5.3 shows the PG&E day-ahead prediction error in MW

for August 2011.

Vehicle Characteristics

Two types of PEVs were simulated: Battery Electric Vehicles and Plug-in Hybrid Electric Vehicles.

The BEVs were modeled after the specifications of the Nissan Leaf [48], and the PHEVs were

modeled after the Chevrolet Volt [47]. Table 5.1 shows the specifications of each vehicle type.

Table 5.1: Vehicle Model Specifications

BEV PHEV

Battery Capacity 20 kWh 10.4 kWh
Fuel Tank Capacity 0 8.6 gallons
Charging Rate 6.6 kWh/h
Discharging Rate 6.6 kWh/h
Fueling Rate 0 3 gallons/min
Generation Rate 0 55 kWh/h
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Table 5.2: Algorithm Input Parameters

Parameter Name Default Value

Number of Days 5 days
Discrete Time Periods per Day 24 hours
Time Horizon (n) 120 hours
Re-evaluation Time Step (τ) 3 hours
Charging Efficiency (ceff) 81%
Discharging Efficiency (deff) 81%
Generating Efficiency (geff) 30%

kWh per Mile (α)
36/100 at 20 miles/hour
37/100 at 48 miles/hour

kWh per Gallon Gasoline (1/β) 33.7
Number of Clusters (k) 37
Optimization Solver MOSEK

5.5.2 Input Parameters

There are several different parameters input to our simulation that are designed for easy adjustment.

Table 5.2 lists these parameters and the default values used for the results in Section 5.7.

Note that the last input parameter is the Optimization Solver, which can be specified to be one

of two different solvers: MOSEK or SeDuMi (through CVX). MOSEK is an optimization software

package that includes interior-point, simplex and mixed-integer optimizers. This solver is particu-

larly efficient with sparse large-scale problems, such as (LP-fleet) [4]. SeDuMi is an optimization

software package for Matlab that uses Self-Dual Minimization techniques, and also efficiently solves

sparse large-scale problems [62]. We use SeDuMi via the modeling system CVX, which allows the

optimization problem input to be written in a simply understood modeling language [32].

5.6 Comparison Algorithms

In general, the baseline for comparison is the estimate of electricity usage in the absence of a DR

mechanism [20]. Since we are simulating a fleet of vehicles, we compare the results of our algorithm

to the outcome of vehicles charging at the maximum rate each time they plug-in for at least an hour

(Algorithm 2, Standard Charging). We also compare the outcome of our algorithm to that of vehicles

charging during the hours with the lowest possible cost (Algorithm 3, Lowest-Cost Charging). We

briefly describe each algorithm used for comparison before summarizing the results.

5.6.1 Standard Charging

For a standard baseline, we simulate the outcome of vehicles charging at the maximum rate each

time they plug-in, until either the battery is full or the connection is ended; we assume that a vehicle
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is plugged-in to the grid each time it is parked for at least an hour. This is Standard Charging, as

described in Algorithm 2, and simulates PEV charging in the absence of DR intervention.

Algorithm 2 Standard Charging

1: for each vehicle that connects to the grid do

2: while the battery is not full and the vehicle is connected do

3: Charge the battery at the maximum rate
4: end while

5: end for

5.6.2 Lowest-Cost Charging

For a comparison to other potential DR mechanisms, we simulate the outcome if vehicles were to

charge in the hours with the lowest possible electricity price, as in Algorithm 3. As described in [19],

this is an Economic-based DR program, which is used in practice for DR resources in the Commercial

and Industrial sector.

Algorithm 3 Lowest-Cost Charging

1: for each vehicle that connects to the grid do

2: if the vehicle can charge for hc hours then
3: Charge the battery in the hc hours when p is lowest
4: end if

5: if the vehicle has a fuel tank and can rely on fuel then
6: Alert driver to fill the fuel tank
7: end if

8: end for

5.7 Results

The following results use the default input parameters (as listed in Table 5.2) unless otherwise

specified. We compare two standard measurement and benefit features [29] from each charging

scenario: cost to the consumer and increase in peak electricity demand. We also include the total

amount of money spent on powering the fleet (with both electricity and fuel).

Figures 5.4 and 5.5 show the baseline electricity load, along with the augmented load when PEVs

charge according to each of three Algorithms 1, 2 and 3. Ideally, the goal is for the altered load to

decrease the peak demand and increase the off-peak demand, as in Figure 3.1.

Figure 5.5 shows the resulting augmented electricity loads, along with the charge cap as deter-

mined by (LP-fleet). As planned, the load augmented with net charge of the fleet using Algorithm

1 stays within the charge cap, where as the altered loads using Algorithms 2 and 3 do not.
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Table 5.3: Results of Fleet in Figure 5.4

Standard Low-Cost Composite
Charging Charging Valuation

Increase in Peak (%) 5.1 1.4 −0.15
Total Fleet Cost ($) 97, 678 83, 695 65, 349

Mean Cost Per Mile (¢) 6.8 4.4 .54
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Figure 5.4: Example with a Fleet of 10,000 Vehicles for 5 days

Table 5.4: Results of Fleet in Figure 5.5

Standard Low-Cost Composite
Charging Charging Valuation

Increase in Peak (%) 4.3 1.4 −0.16
Mean Cost Per Mile (¢) 6.7 4.5 0.32
Total Fleet Cost ($) 101, 310 88, 596 70, 371
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Figure 5.5: Example with a Fleet of 10,000 Vehicles for 5 days
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Figure 5.6: A Close-up of the Peak Demand in Figure 5.4

Figure 5.6 shows the peak demand during the first day of the example above. Specifically, it

shows a close-up of hours 15 to 22 in Figure 5.4. This plot shows the drastic differences in the

impact each of algorithms has on the peak electricity demand. Algorithm 1 clearly decreases the

peak demand value, whereas the other algorithms may result in a need to build new generators.

Table 5.5 presents the mean statistics over all algorithms, for 200 simulated fleets of 10,000

vehicles over a 5-day period. These results, along with Figures 5.4, 5.5, and 5.6, show that our

algorithm actually decreases the peak demand value for each day considered. Both standard charging

and low-cost charging will result in an increase in peak demand, by 1.1% and 4.7%, respectively,

whereas our algorithm results in a decrease in peak demand.

The results in Table 5.5 state that the cost per mile of a PEV can range from 0.67¢ to 6.5¢. For

comparison, using the same pricing, a Toyota Prius that gets 50 miles per gallon would cost about

7.8¢ per mile. Similarly, a Volkswagen Golf with 32 miles per gallon would cost about 12.1¢ per

mile. Thus, even when PEVs charge without a DR mechanism, it costs less to power a PEV than a

standard internal combustion engine vehicle.

Table 5.5: Mean Values taken over 200 Simulated Fleets of 10,000 Vehicles for 2 days

Mean Values

Standard Low-Cost Composite
Charging Charging Valuation

Increase in Peak (%) 4.7 1.1 −1.1
Mean Cost Per Mile (¢) 6.5 4.1 0.67
Total Fleet Cost ($) 91, 987 76, 653 61, 580
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However, the cost per mile for a PEV when using our composite valuation algorithm is about

one-tenth the cost as implementing standard charging, and less than one-sixth the cost of lowest-

cost charging. Given that the average person drives around 13,500 miles per year [49], the yearly

price difference between standard charging and using our composite valuation is almost $800 per

vehicle (on average); the average yearly price difference between lowest charging and using our

composite valuation would be more than $450 per vehicle. This provides motivation for consumers

to participate in a DR program that uses a similar method to Algorithm 1.

Table 5.5 also shows that an implementation of Algorithm 1 could decrease the peak load by

over 1%, whereas both Algorithms 2 and 3 result in an increase in peak electricity demand. This is

motivation for utilities to implement a DR mechanism similar to our composite valuation algorithm.

Therefore, we have created an algorithm to assign energy exchange schedules to individual PEVs

in a fleet that benefits both electricity consumers and utilities. The resulting altered load meets a

market obligation that is determined by the aggregator as the optimal load curtailment. Consumers

will incur the lowest possible cost, and their vehicle batteries will have the maximum state of charge

before their expected driving loads. Our mechanism, Algorithm 1, is dynamic, distributed and

robust and was tested on realistic data.
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Sensor-equipped vehicles will use developing sensor technology to detect the distance from themselves

to nearby objects. In the next few years, SVs could improve standards such as safety and traffic

flow; in the next few decades, they could be implemented in potential autonomous vehicles [61].

SVs may be equipped with GPS systems, which can determine the location of vehicles on the road

with an accuracy of 7.8 meters at a 95% confidence level [31]. However, we explore the possibility

of vehicles using sensors to detect the distance from the vehicle to its surroundings more accurately,

i.e., with an accuracy of ±1cm. These sensors could also determine the relative locations of nearby

vehicles, if a sufficient set of pair-wise distances between vehicles is known.

The aim of Part II in this thesis is to establish conditions on sensor density and structure in a

given area to ensure sensors can accurately determine their relative location. We use a semidefinite

programming relaxation of the problem formulation, and explore two properties of the sensors. In

Chapter 7, we find a lower bound on the radio range of randomly distributed sensors to ensure the

SDP provides the correct solution with high probability. In Chapter 8, we establish conditions on

the structure, or framework, of n sensors in order for the corresponding stress matrix to have rank

n, and hence for there to be exactly one realizable localization of the sensors in all dimensions.

6.1 Problem Formulation

We consider a network of n sensors whose locations are unknown, and m anchors whose locations

are known. The sensors can lie in any dimension d ≥ 1, but we focus on the practical cases that

d = 2 or d = 3.

The sensor network can be represented by a graph G(V,E), where both the vertex set and the

edge set consist of two distinct subsets. The vertices in V = Vx ∪ Va are partitioned into the set

Vx = {x1, . . . , xn} of n sensors and the set Va = {a1, . . . , am} of m anchors, for m ≥ d + 1. The

edges in E = Ea ∪ Ex are partitioned into the set Ex = {(i, j) : i, j ∈ Vx} of edges between sensors,

and Ea = {(k, j) : k ∈ Va, j ∈ Vx} of edges between an anchor and a sensor. For each (i, j) ∈ Ex

(or (k, j) ∈ Ea) the Euclidean distance between sensor i and sensor j (respectively anchor k and

sensor j) is known as dij (respectively d̄kj). The problem of finding the locations of the sensors can

be formulated as finding points x1, x2, . . . , xn ∈ Rd that satisfy the set of quadratic equations:

‖ xi − xj ‖2 = d2ij , ∀ (i, j) ∈ Ex

‖ ak − xj ‖2 = d̄2kj , ∀ (k, j) ∈ Ea. (SNL-norm)
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The question of whether there exists a realization of xjs that solves (SNL-norm), or if such a

realization is unique, has been extensively studied in the graph rigidity community from a theoretical

perspective (see [14,35] and references therein). However, the question of whether there is an efficient

computational algorithm to numerically answer some of these questions has only recently received

attention, following the formulation of its relaxation as a semidefinite program [2, 7, 39, 60].

6.1.1 Semidefinite Programming Relaxation

The relaxation (SNL-SDP) is an effective computational method to find a set of points {x1, x2, . . . , xn}
that solve the system (SNL-norm) [7, 60]. We use the Matlab notation Z(1:d,1:d) to represent the

upper-left d-dimensional principle submatrix of the decision variable Z, and the matrix dot-product

to refer to the sum of element-wise products: A •B =
∑

ij AijBij .

Let ei ∈ Rn be the ith column of the identity matrix in Rn×n, and 0 ∈ Rd be the vector of all

zeros. Define the symmetric matrices Aij := (0; ei− ej)(0; ei− ej)
T and Ākj := (ak;−ej)(ak;−ej)T .

We consider the following SDP relaxation of (SNL-norm):

maximize
Z

0

subject to Aij • Z = d2ij , ∀(i, j) ∈ Ex

Ākj • Z = d̄2kj , ∀(k, j) ∈ Ea

Z � 0, Z(1:d,1:d) = Id

(SNL-SDP)

Problem (SNL-SDP) is a convex semidefinite program and can be approximately solved in poly-

nomial time by interior-point algorithms. The solution matrix to (SNL-SDP), Z ∈ R(d+n)×(d+n),

can be decomposed into submatrices,

Z =

[
I X

XT Y

]
,

such that the constraint Z � 0 implies Y � XTX . If Y = XTX in the solution to (SNL-SDP), then

the columns of the submatrixX =
[
x1 x2 · · · xn

]
satisfy all quadratic equations in (SNL-norm).

6.2 Conditions for Unique Localizability

In Chapters 7 and 8, we determine conditions that ensure the solution to (SNL-SDP) will provide

a set of sensor locations that satisfy (SNL-norm). So et al. proved in [60] that the SDP relaxation

will find the exact locations of the sensors if the sensor network is uniquely localizable.

Definition 11. A sensor network is uniquely localizable if there is a unique X ∈ Rd×n with columns

that satisfy (SNL-norm), and there is no X̄ ∈ Rh×n, for h > d, with columns that satisfy (SNL-norm)

and X̄ 6= (X ;0). In other words, there is no non-trivial extension of X ∈ Rd×n into higher dimension

h > d that also satisfies (SNL-norm) [60].
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Figure 6.1: Construction of (d+ 1)-lateration graph in d = 2

The notion of unique localizability is stronger than the notion of global rigidity: a network can

be globally rigid and also have a non-trivial extension of X ∈ Rd×n into a higher dimension space

that satisfies (SNL-norm) [1, 60].

In this thesis, we consider sensor networks that induce a certain class of graphs. Specifically, we

consider networks that induce (d+ 1)-lateration graphs.

Definition 12. For d, n ≥ 1, the graph G(V,E) is a (d+1)-lateration graph if there exists a permuta-

tion of the vertices, {π(1), π(2), . . . , π(n)}, such that the edges of the sub-graph on {π(1), . . . , π(d+1)}
form a complete graph, and each successive vertex π(j) for j ≥ d + 2 is connected to d+ 1 vertices

in the set {π(1), . . . , π(j − 1)}. The permutation π of the vertices is called a (d + 1)-lateration

ordering. The graph G(V,E) contains a spanning (d + 1)-lateration graph if there is a subgraph

H(V̂ , Ê) ⊆ G(V,E) such that V̂ = V , Ê ⊆ E and H is a (d+ 1)-lateration graph.

Figure 6.1 illustrates the construction of a sample (d+ 1)-lateration graph in dimension 2.

If the graph induced from a sensor network contains a spanning (d+1)-lateration graph and the

sensor points are in general position, then it is uniquely localizable and (SNL-SDP) is a computa-

tionally tractable method of finding the sensor locations. Zhu et al. [74] provide a rigorous proof of

this. Intuitively, if all distances between (d + 1) points in general position are known, then there

are unique locations for these points. Similarly, any point with known distances to at least (d + 1)

points with known locations also has a unique location.

Definition 13. A group of sensors in dimension d are in general position if there are no (d + 1)

sensors whose locations are affinely dependent.

That is, the sensor locations {x1, . . . , x(d+1)} are in general position if the only solution to the

system of equations
d+1∑

i=1

αixi = 0 and

d+1∑

i=1

αi = 0

is αi = 0 for all i = 1, . . . , d+ 1. In other words, if we define the matrix

A =
(
a1 a2 · · · an

)
=

(
x1

1

x2

1
· · · xn

1

)
∈ R(d+1)×n, (6.1)

the columns of the matrix X , or the sensor locations, are in general position if and only if every

(d+ 1)× (d+ 1) square sub-matrix of A has rank (d+ 1).
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6.3 Related Work

Our work throughout Chapters 7 and 8 relies on that of Zhu et al. [74], which proves that a sensor

network inducing a trilateration graph with points in generic position is generically universally rigid,

and constructs an algorithm to reduce a graph with a spanning trilateration graph into a trilateration

graph. We also use a result of So’s PhD thesis [58], which proves that the following are equivalent:

1. The maximum-rank solution matrix Z of (SNL-SDP) has rank d.

2. Given the set of known distances, there is a unique set of sensor locations in dimension d.

3. The submatrices X,Y of the solution matrix Z =
(
I, X ; XT , Y

)
satisfy Y = XTX .

Chapter 7 finds a lower bound on the radio range of sensors in a network to ensure (SNL-SDP)

provides their correct locations. So et al. [59] attempted to create such a bound by analyzing the

area within the range of each sensor; this work illustrates the difficulty in such a method. Thus, our

analysis divides the sensor network area into sub-regions, a method similar to those in [6, 30, 73].

In 2005, Aspnes et al. [6] used graph rigidity theory to construct an asymptotic lower bound on

the sensor radio range to ensure there is a unique set of sensor locations when the network induces a

trilateration graph. Because this bound is asymptotic, it only holds as the number of sensors in the

given area approaches infinity. More recently in 2010, Javanmard et al. [36] also constructed a bound

on the sensor radio range; this is a weaker bound than ours, but considers noisy measurements.

We note that the localization of sensors in a network of vehicles is a distinctive challenge, because

vehicles (or sensors) may be continually moving. We refer the curious reader to Jin’s PhD thesis [37],

which creates software (SpaseLoc) to solve (SNL-SDP) for large-scale problems by breaking a sensor

network into smaller subproblems. Jin’s thesis also develops a dynamic version of SpaseLoc to

estimate the locations of moving sensors in a real-time environment and applies the method to bus

transit systems.

6.3.1 Our Contribution

Chapters 7 and 8 construct conditions for unique localizability based on (d+ 1)-lateration graphs.

In Chapter 7, we assume each sensor (or anchor) can detect the distance from itself to each

sensor (or anchor) within a given radio range. Our result is a lower bound on this range to ensure

the induced graph contains a spanning (d+1)-lateration graph, with high probability. Determining

this range may be a key component in designing sensors of SVs; given the density of vehicles (and

static objects) equipped with sensors in an area, the radio range of the sensors will control the

number of known distances and hence the localizability of the vehicles.

In Chapter 8, we create an algorithm that constructively proves the stress matrix of the network

has rank n, if the induced graph on n sensors in dimension d has points in general position that form

a (d+1)-lateration graph. This proof provides a certificate of unique localizability for networks that

induce this class of graphs.
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In this chapter, we establish a lower bound on the required radio range of randomly distributed

sensors in order for the network to be uniquely localizable with high probability. Commonly, sensors

are able to detect the distance to other sensors within a given connectivity (or radio) range. The

graph induced from such a network is called a unit-disk graph.

Definition 14. A sensor network induces a unit-disk graph if the distance between two sensors is

known if and only if the sensors are within a distance of r of each other.

For a sensor network that induces a unit-disk graph, the number of sensors that can be correctly

localized increases with the radio range. Angluin et al. use an asymptotic analysis to explain this

phenomenon in [5] when the sensor locations are uniformly distributed in a unit-square. We present

a non-asymptotic bound on the radio range requirement of the sensors in order to ensure the network

is uniquely localizable.

We consider a unit-disk graph induced by a given concentration of sensors uniformly distributed

throughout the specified area. Our non-asymptotic bound is constructed by deconstructing the area

into sub-regions and analyzing the network using these sub-regions.

Define r(p) to be the radio range of the sensors that ensures the network is uniquely localizable

with probability at least p. We find a lower bound on r(p) such that the induced unit-disk graph

will have a spanning (d+ 1)-lateration graph.

7.1 Decomposition of Network Area

LetH be the area in dimension d that contains the sensor network. Without loss of generality, we can

assume H is a unit hypercube of dimension d, i.e., H = [0, 1]d. We divide H into M sub-hypercubes

in dimension d, say h1, h2, . . . , hM ⊂ H, where each sub-hypercube hi will have a volume of 1/M ,

and the length of each of its edges will be ℓ := 1/ d
√
M . This partition will allow us to analyze the

localizability of sub-hypercubes in the region and their contained points, as opposed to analyzing

the localizability of each point individually. By breaking the region into small enough regions, we

can use a divide-and-conquer method to analyze the entire network.

Without loss of generality, we can assume M = bd, where b is a positive integer and b ≥ 3.

Similarly, if the region considered is a hyper-rectangle in dimension d, we can assumeM = b1·b2 · · · bd,
where bi ≥ 3 for i = 1, . . . , d positive integers. Figure 7.1 shows a unit hypercube in dimension d

split into M = 25 sub-hypercubes.
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Figure 7.1: Example of a Partitioned Hypercube

Let the number of sensors in each sub-hypercube be binomially distributed. Specifically, let

Yi ∼ B
(
n, 1

M

)
be the number of sensors placed in sub-hypercube hi, for i = 1, . . . ,M . Assume the

Yi sensors in sub-hypercube hi are arbitrarily placed in general position.

Let S =
∑M

i=1 Yi denote the total number of points inH. Because the Yi values are independently

and identically distributed and each sub-hypercube has equal area, the total number of points will

be approximately uniformly distributed in H. By properties of the binomial distribution,

E [S] = M · E [Y1] = M
( n

M

)
= n

Var (S) = M ·Var (Y1) = M ·
[
n

M

(
1− 1

M

)]
= n

(
1− 1

M

)
.

Thus, (S/n) → 1 almost surely. For sufficiently large M , this binomial distribution of sensor

points throughout each sub-hypercube is statistically equivalent to a uniform distribution of n points

throughout the region H.

7.2 Radio Range Bound

In this section, we construct a bound on the radio range r(p) that ensures the graph induced from

the sensor network is a (d+1)-lateration graph, and hence is uniquely localizable. This lower bound

on r(p) depends on the number of sub-hypercubes M , which implicitly creates a bound on r(p),

given the density of the network. That is, our bound on r(p) will be in terms of M , where M will

be chosen to ensure a sufficient number of sensors lie in each sub-hypercube with high probability.

We establish an ordering on the sub-hypercubes hi for i = 1, . . . ,M that extend to an ordering on

the sensor points in each of the hypercubes. This resulting ordering will produce a (d+1)-lateration

ordering on the points, with probability p.

For simplicity, we prove the following lemmas for the case of d = 2, and we refer to the sub-

hypercubes as sub-squares. We also refer to a (d+1)-lateration in dimension d = 2 as a trilateration.
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However, we note that the same analysis can be applied to hypercubes in higher dimensions, and

our bound r(p) ≥ 2ℓ
√
2 in Lemmas 2–4 is analogous to the bound r(p) ≥ 2ℓ

√
d in dimension d,

where ℓ is the edge length of each hypercube.

A trilateration ordering starts with a clique on 3 vertices, and extends to the remaining vertices

and their respective edges. Thus, we first establish a sufficient condition for the graph induced

on the sensor network to contain a 3-clique, then determine sufficient conditions for there to be a

trilateration ordering on the remaining vertices.

Given a lower bound on r(p) to ensure theres is a clique in the graph, we extend the bound to

account for two possible scenarios:

· each sub-square contains at least one sensor point

· there are sub-squares that do not contain any sensor points.

We determine the probability of a (d + 1)-lateration on the induced graph for both of these cases.

Combining these two probabilities allows us to determine a lower bound on the radio range r(p) to

ensure the induced graph contains a spanning (d+ 1)-lateration graph.

7.2.1 A Clique in the Graph

We first determine the number of sub-squares M such that, for a given number of sensors, there will

be a 3-clique contained in a single sub-square. We then construct a lower bound on r(p) such that

all points in a sub-square are connected to each other. This 3-clique in the graph can represent to

the permutation indices {π(1), π(2), π(3)} of the trilateration ordering.

Proposition 1. Let H contain n points, and let r(p) ≥ ℓ
√
2 =

√
2√
M

and M ≤ n−1
2 (or equivalently

r ≥
√
2
√
d√

n−1
). Then there exists at least one clique of 3 points in the unit-disk graph G(V,E).

Proof. The length of the diagonal of each sub-square is
√
2√
M
. If r(p) is lower bounded by the given

value, each point in sub-square hi will be connected to every point in the same sub-square hi.

If there are at most n−1
2 sub-squares, then by the pigeon-hole principle, at least one sub-square

contains at least 3 points. Therefore, when M ≤ n−1
2 , there is a clique of 3 points in at least one

sub-square in the unit-disk graph with a radius r(p) ≥ ℓ
√
2.

7.2.2 A (d+ 1)-lateration ordering

Given the density of the sensors, we establish conditions on r(p) to ensure each remaining point can

be assigned a permutation index π(j) and is connected to at least 3 points in {π(1), π(2), . . . , π(j−1)}.

Definition 15. For an integer k > 1, we say k sub-squares are sequential if they are: a) in the

same row and k consecutive columns, or b) in the same column and k consecutive rows.
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Definition 16. Sub-squares that share an edge or a vertex are called neighbors. If two sub-squares

share an edge, they are called simple neighbors. If two sub-squares do not share any edges, but share

a vertex, they are called adjacent neighbors.

Define Πj := {π(1), π(2), . . . , π(j)} to be a permutation of a subset of the vertices in G(V,E)

that form a trilateration ordering. By Proposition 1, if r(p) ≥ ℓ
√
2, then this permutation contains

at least 3 points that form a clique; that is, there is a permutation Πj on a subset of j ≥ 3 of the

points that is a trilateration ordering.

In the following lemmas, we take the ordering Πj on a subset of the points, and build on it to

construct a trilateration ordering on all points in the induced graph, with probability p.

Lemma 2. Let Πj := {π(1), π(2), . . . , π(j)} be a permutation of a subset of the points in G(V,E)

that forms a trilateration ordering. Assume that each sub-square hi ∈ H ∈ R2 contains at least

one point, and r(p) ≥ 2ℓ
√
2. If three sequential sub-squares in a row (or column) contain points in

Πj, then there is a permutation of all points in the corresponding columns (or rows) of the three

sequential sub-squares, {π(j + 1), π(j + 2), . . . , π(k)}, such that the augmented permutation of the

vertices Πk = {π(1), . . . , π(j), π(j + 1), . . . , π(k)} is also a trilateration ordering.

Proof. We prove this lemma by induction on the number of corresponding columns (or rows) whose

points are also in the trilateration ordering Πj = {π(1), . . . , π(j)}, and use Figure 7.2 as an example.

The lower bound 2ℓ
√
2 is twice the length of the diagonal of each sub-square, so that r(p) ≥ 2ℓ

√
2

ensures all points in a given sub-square are connected to all points in neighboring sub-squares.

Consider the example in Figure 7.2 as the base case: if the points in the three sequential sub-

squares {h11, h12, h13} are in the trilateration ordering Πj , then there is an augmented permutation

that includes the points in {h21, h22, h23} and is also a trilateration ordering. Specifically, if we

permute the points in {h21, h22, h23} via the ordering on their containing sub-squares:

{π(j + 1), . . . , π(k)} := {h22, h21, h23},

h11 h12 h13

h21 h22 h23

Figure 7.2: A Base-Case Example of a Network with a Trilateration Ordering
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then the augmented permutation Πk := {π(1), . . . , π(j), π(j + 1), . . . , π(k)} is also a trilateration

ordering on the points.

Thus, there is an augmented permutation Πk that includes the points in the sequential sub-

squares in a single neighboring row (i.e., {h21, h22, h23}), and Πk is also a trilateration ordering.

Inductively, such an ordering can continue throughout successive rows. Again, we use Fig-

ure 7.2 as an example. Assume that there is an augmented permutation Πk that includes the

points in {h11, h12, h13, . . . , hℓ,1, hℓ,2, hℓ,3}, for some ℓ ≥ 2. If we permute the points in sub-squares

{hℓ+1,1, hℓ+1,2, hℓ+1,3} via the ordering on their containing sub-squares:

{π(k + 1), . . . , π(k + 3)} := {hℓ+1,2, hℓ+1,1, hℓ+1,3},

then the augmented permutation Πk+3 := {π(1), . . . , π(k), π(k + 1), . . . , π(k + 3)} is also a trilater-

ation ordering on the points.

An analogous argument using three sequential sub-squares in the same column would show that

if a trilateration Πj contains points in three sequential sub-squares in consecutive rows, then Πj can

be augmented with all points in the corresponding rows to form a permutation Πk that is also a

trilateration ordering.

Therefore, we have proved via induction that if a trilateration ordering contains points in three

sequential sub-squares, then there is an augmented trilateration ordering that contains the points

in all sub-squares in the corresponding columns (or rows) of the sequential sub-squares.

Lemma 3 below analyzes the cases depicted in Figure 7.3, and builds on the augmented tri-

lateration constructed in Lemma 2. Under the assumption that each sub-square contains at least

one point, Lemma 3 connects Lemma 2 and Proposition 1 to construct a trilateration on the entire

induced graph.

Lemma 3. Assume that each sub-square hi ∈ H contains at least one point, and r(p) ≥ 2ℓ
√
2. Then

the associated unit-disk graph contains a spanning trilateration graph if either:

1. there is a non-corner sub-square that contains 3 points

2. there is corner sub-square that contains 3 points and one of its neighbor sub-squares has at

least two points.

Proof. As in Lemma 2, the lower bound r(p) ≥ 2ℓ
√
2 ensures all points in a given sub-square are

connected to all points in neighboring sub-squares. Using Figure 7.3 as an example, we prove that

if either condition of Lemma 3 is satisfied, then there exists a trilateration ordering on the points in

the graph.

1. Consider the example in the left grid of Figure 7.3 with a 3-clique in non-corner sub-square

h22; let this 3-clique form the trilateration ordering Π3 = {π(1), π(2), π(3)}. If the points in
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h11 h12 h13

h21 h22 h23

h31 h32 h33

h11 h12 h13

h21 h22 h23

h31 h32 h33

Figure 7.3: Conditions as described in Lemma 3 to ensure trilateration

the sub-squares {hij}, for i, j ∈ {1, 2, 3}, are augmented to the permutation Π3 in any order,

then the resulting permutation of the points Π9 is a trilateration ordering.

By Lemma 2, there is a permutation of the points, say {π(10), . . . , π(k)}, in the corre-

sponding three rows and three columns of sub-squares such that the augmented permutation

Πk := {π(1), . . . , π(9), π(10), . . . , π(k)} is a trilateration ordering. Because Πk contains points

in three sequential rows and three sequential columns of every row and column of the grid, by

Lemma 2, the points in every sub-square in the grid can be augmented to Πk to construct an

extended trilateration ordering on every point in H.

2. Now consider the right grid of Figure 7.3, where the corner sub-square h11 contains a 3-clique,

and there are two points in a neighboring sub-square of h11. Let the 3-clique in sub-square

h11 form the trilateration ordering, Π3 = {π(1), π(2), π(3)}. If the points in the remaining

sub-squares are permuted via the ordering on their sub-squares:

{π(4), . . . , π(13)} = {h12, h22, h21, h13, h23, h32, h31, h33},

then the augmented permutation on the vertices {π(1), . . . , π(13)} is a trilateration ordering.

Using an analogous argument to part 1 of this proof, by Lemma 2, there is a permutation Πk

that contains every point in H and is a trilateration ordering.

Therefore, if the conditions of Lemma 3 hold, the associated unit-disk graph contains a spanning

trilateration graph.

Lemma 3 provides sufficient, but not necessary, conditions for a trilateration ordering on all the

points to exist with high probability, which would imply unique localizability of the sensor network.
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However, these are strict conditions for a sensor network, since a random distribution of sensors

may not always ensure that each sub-region contains at least one sensor. Thus, we extend these

conditions to a more general case, and allow for the possibility of empty sub-squares.

Intuitively, too many empty sub-squares will result in a graph that is not uniquely localizable; if

empty sub-squares exist, there must be restricting conditions to ensure the graph is not too sparse to

ensure localizability. Thus, we establish additional properties of the graph that ensure a trilateration

with high probability, but allow for empty sub-squares.

Definition 17. A sub-square is densely surrounded if all its simple neighbors have at least two

points, and one of the simple neighbors has at least 3 points.

Lemma 4. Assume every empty sub-square is densely surrounded and r(p) ≥ 2ℓ
√
2. Then the

associated unit-disk graph contains a spanning trilateration graph if there is a 3-clique in a non-

corner sub-square.

Proof. We know that if there is at least one point in every sub-square, then there is a permutation

of the vertices (via a permutation on the sub-squares) that is a trilateration ordering. It remains to

be shown that if there is an empty sub-square in the grid that satisfies the conditions of Lemma 4,

then there is still a permutation on the vertices that is a trilateration ordering.

Consider the sample grid in Figure 7.4 as a counterexample, and define a permutation of the

points via the ordering on their sub-squares:

Π7 := {h11, h12, h21}. (7.1)

The permutation Π7 is the only trilateration ordering on a subset of points in the sample grid.

h11 h12 h13

h21 h22 h23

h31 h32 h33

Figure 7.4: Example of a grid that does not satisfy the conditions in Lemma 4
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That is, Π7 cannot be augmented with any other points in the sample grid and still be a trilateration

ordering, because none of the sub-squares {h13, h23, h31, h32, h33} neighbor a subset of sub-squares

in Π7 that contain at least 3 points combined. Thus, empty sub-squares must be densely surrounded

to ensure a trilateration ordering on the points exists.

The grid in Figure 7.5 shows the worst-case example of the conditions of Lemma 4. The shaded

sub-square h22 is empty and densely surrounded, and the 3-clique is along the edge of the area

H. We prove that a trilateration ordering exists on the points in this sample grid with a densely

surrounded sub-square. This proves Lemma 4 holds in the worst-case; the proof that Lemma 4 holds

in every case is a generalized extension of this.

Define the permutation on the points in Figure 7.5 via the ordering on their sub-squares:

Π13 := {h12, h11, h13, h21, h23, h32, h31, h33}. (7.2)

This permutation is a trilateration ordering on the points in the sample grid. Note that Π13 is

a trilateration ordering only because the sub-squares {h21, h23} contain at least three points com-

bined; that is, a permutation containing the points in the sub-squares {h32, h31, h33} can only be a

trilateration if {h21, h23} together contain at least three points.

By Lemmas 2 and 3, if there are no other empty sub-squares in H, then there is trilateration

ordering on all the points in H. However, if there are other densely surrounded empty sub-squares

in H, then by a similar construction as (7.2), there is still a trilateration ordering on all points in H.
Therefore, if the condition of Lemma 4 holds, the associated graph contains a spanning trilater-

ation graph.

h11 h12 h13

h21 h22 h23

h31 h32 h33

Figure 7.5: Example of a grid that satisfies the conditions in Lemma 4
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Lemmas 3 and 4 utilize Lemma 2 to establish sufficient conditions for the graph induced on a

sensor network in dimension 2 to contain a spanning trilateration graph. Because such a graph

is uniquely localizable [74], these are also sufficient conditions to ensure the solution to the SDP

relaxation formulation (SNL-SDP) will provide the correct locations of the sensors. Thus, we use the

conditions of Lemmas 3 and 4 to establish a lower bound on the probability that a sensor network

that induces a unit-disk graph with radius r(p) ≥ 2ℓ
√
2 is uniquely localizable.

Define the events:

A := {A network of sensors binomially distributed in its sub-regions is uniquely localizable},
B := {All empty sub-squares are densely surrounded},
C := {There is a sub-square containing a 3-clique that is not in a corner},
Ĉ := Cc = {Any sub-square containing a 3-clique is in a corner}.

The probability that a sensor network with points binomially distributed throughout its sub-

regions is uniquely localizable is lower-bounded by

P {A} = P
{
A | Ĉ

}
P
{
Ĉ
}
+ P {A | C}P {C} ≥ P

{
A | Ĉ

}
P
{
Ĉ
}
.

We find a lower bound on P {A} by lower bounding the probabilities P {A | C} and P {C}.
For an area H divided into M = b2 sub-squares (for some integer b ≥ 3), there are (M − 4)

sub-squares in H that are not in a corner. The probability that there is a sub-square containing a

3-clique that is not in a corner is

P {C} = 1−
(

2∑

i=0

(
n

i

)(
1

M

)i (
1− 1

M

)n−i
)M−4

.

To find P {A | C}, consider an area H with k ≥ 0 empty sub-squares. By Lemma 3,

P {A | k = 0, C} = 1,

and by Lemma 4, for i > 0,

P {A | k = i, C} ≥ P {B | k = i, C} .

The conditions of Lemma 4 require that empty sub-squares be densely surrounded. To find the

probability that an empty sub-square is densely surrounded, we first find the probability that a

sub-square does not have empty simple neighbors, and then find the probability that each simple

neighbor has at least two points and one simple neighbor has more than two points.

Assume there are k empty sub-squares, say s1, s2, . . . , sk. Because of the independence as-

sumption, these empty sub-squares are uniformly distributed. Given the empty sub-square s1, the
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probability that s2 is not a simple neighbor of s1 is at least
(
1− 4

M−1

)
; the probability that s3 is

not a simple neighbor of s1 or s2 is at least (1− 2 · 4
M−2 ); and so on, so that the probability that no

two empty sub-squares are neighbors is at least
∏k−1

j=1 (1 − 4j
M−j

).

The probability that all simple neighbors of an empty sub-square have at least two points and

at least one of them has more than two points is

p̂ = P {All simple neighbors have at least two points}
− P {All simple neighbors have exactly two points}

=
[
1−

(
n

1

) (
1
M

) (
1− 1

M

)n−1
]4
−
[(

n

2

) (
1
M

)2 (
1− 1

M

)n−2
]4
.

Thus, the probability that all empty sub-squares are densely surrounded is

P {B | k = i, C} ≥ (p̂)i ·
i−1∏

j=1

(1 − 4j

M − j
). (7.3)

Because the right-hand side of (7.3) is only a valid probability when i < M/5, we only consider grids

with less than u := ⌊M/5⌋ − 1 empty sub-squares. Moreover, for any i < M − 4,

P {C | k = i} ≥ 1−




2∑

j=0

(
n

j

)(
1

M

)j (
1− 1

M

)n−j




M−4−i

:= pC,i.

The probability that a given sub-square is empty is p0 = (1− 1
M
)n, and the probability that H has

k empty sub-squares is

P {k = i} =
(
M

i

)
pi0 (1− p0)

M−i.

Finally, given a radio range r(p) ≥ 2ℓ
√
2, and points binomially distributed throughout each

sub-square, the probability that a sensor network in H is uniquely localizable is lower-bounded by

P {A}≥ P {A|C}P {C}=
u∑

i=0

P{A|k = i, C}P{C|k = i}P {k = i}

≥
u∑

i=0

P{A | k = i, C}P {k = i} pC,i

≥ pC,0 P {k = 0}+
u∑

i=1

pC,i P {k = i}×P {B | k = i, C}

≥ pC,0 P {k = 0}+
u∑

i=1

p̂i · pC,i P {k = i}×
i−1∏

j=1

(1− 4j

M − j
). (7.4)

This result leads to Theorem 2. Note that we can treat sensors that form a 3-clique as anchors,

because their locations are known given the distances between them.
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Figure 7.6: Comparison of our Radio Range to that of Javanmard [36] and Aspnes [5]

Theorem 2. Let H ∈ [0, 1]d be the unit hypercube in dimension d and partition H into M = bd

equal sub-hypercubes, say h1, h2, . . . , hM ⊂ H, where ℓ = 1/b is the edge length of each sub-hypercube.

Let the number of sensor points in each sub-hypercube be independently and binomially generated

according to B
(
n, 1

M

)
where n ≥ M + 1, and let one of the sub-hypercubes contain d + 1 anchors.

Then, if the connectivity radius satisfies r(p) ≥ 2ℓ
√
d, the probability p that the sensor network is

uniquely localizable is given by expression (7.4).

Proof. This follows from the probability analysis above and Lemmas 2, 3, and 4.

Observe that this lower bound on P{A} is inversely proportional to M , which is inversely pro-

portional to n. This implies that the probability a network in a given area H is uniquely localizable

is proportional to the number of distributed sensors n, which is intuitive.

For a given number of sensors n, we can find value of M such that the right-hand side of Equation

(7.4) is at least 0.99. Figure 7.6 shows r(0.99) versus the number of sensors n in the unit square

such that the SDP relaxation will correctly determine the locations of the sensors.

We compared our radio range lower bound against two other bounds in Figure 7.6. Aspnes’

bounds are almost identical to ours for any value of n. Thus, our result shows that the bound of

Aspnes et al. in [5] (of r > 2
√
2
√
logn√
n

for d = 2) is true even when n is small, although it was initially

proved to be an asymptotic bound for n sufficiently large. Our bound, while not in an analytical

form, is proved for any value of n. Javanmard et al. also constructed an asymptotic bound in [36],

which is weaker than ours and Aspnes’.

Therefore, we have constructed a lower bound on the required sensor radio range to ensure the

corresponding network is uniquely localizable with probability 0.99. This result can be applied to

determining the range of vehicle sensors, or of anchors on a surrounding a road, to determine the

vehicles’ locations. If sensors and anchors in the area have a sufficient communication range, the

relaxation (SNL-SDP) will correctly determine the sensor (or vehicle) locations.



8 General Frameworks of Sensor

Networks

In this chapter, we construct a matrix purification algorithm that provides a certificate of unique

localizability for sensor networks inducing a (d+1)-lateration graph with points in general position.

8.1 A Sensor Network Framework

Chapter 7 establish conditions on the sensor radio range so that, with high probability, enough

pair-wise distances are known to determine the sensor locations. However, the number of known

pair-wise distances between sensor is not the only factor that determines unique localizability; the

structure of the network also plays a role. For example, consider the extreme case illustrated in

Figure 8.1, where the points represent sensors and the edges represent known distances between

neighboring sensors. In this example, the sensors are densely placed in an area in a linear formation,

and even though a large number of distances may be known, there is more than one set of sensor

locations that satisfy the distance constraints (SNL-norm).

We define a framework of a sensor network, which allows us to define sufficient properties on

the network structure to ensure unique localizability. Let X = (x1, x2, . . . , xn) ∈ Rd×n be the given

location matrix of n sensors in dimension d.

Definition 18. A graph G and its corresponding location matrix X are called a framework, (G,X).

We again consider a sensor network that consists of m ≥ d + 1 anchor points whose locations

{a1, . . . , am} ∈ Rd are known, and n sensor points whose locations {x1, . . . , xn} ∈ Rd are yet to be

determined. We assume only a subset of the distances between sensors and anchors are known, and

we want to solve (SNL-SDP) to obtain a set of locations that satisfies equations (SNL-norm).

Figure 8.1: An Example of a Sensor Placement that is Not Uniquely Localizable

60
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8.1.1 Strong Localizability

To establish conditions on the framework of the sensor network, we need to observe properties of

the dual of (SNL-SDP):

minimize Id · V +
∑

(i,j)∈Ex
wijd

2
ij +

∑
(k,j)∈Ea

w̄kj d̄
2
kj

subject to S :=

(
V 0

0 0

)
+
∑

(i,j)∈Ex
wijAij +

∑
(k,j)∈Ea

w̄kjĀkj � 0.
(SDP-dual)

Observe that (SDP-dual) is always feasible, because

V = 0, wij = 0 ∀(i, j) ∈ Ex, and w̄kj = 0 ∀(k, j) ∈ Ea

is a feasible solution. Note that since there are no constraints on V in (SDP-dual), any principal

d× d submatrix of a matrix S is feasible as long as S remains positive semidefinite. As discussed in

Chapter 6, the problem is uniquely localizable if

Z =

(
Id X

XT XTX

)
� 0

is the only solution to (SNL-SDP). In this chapter, we extend the notion of localizability by observing

the framework of the network.

Definition 19. The SDP relaxation (SNL-SDP) is strongly localizable if there is a feasible dual

matrix S such that

ZS = 0, S � 0 and rank(S) = n. (8.1)

If a sensor network is strongly localizable, then it is uniquely localizable, and a certificate of its

unique localizability can be computed in polynomial time. In graph rigidity theory, strong localiz-

ability is equivalent to the corresponding stress matrix of the network being positive semidefinite

and having rank n; unique localizability is equivalent to universal rigidity [3].

In the remainder of this chapter, we construct an algorithm to prove that for a sensor network

framework (G,X), if the induced graph G contains a spanning (d + 1)-lateration graph and the

locations X are in general position, then (SNL-SDP) is strongly localizable and the solution can be

computed in polynomial time.

8.2 An Algorithm to Prove Strong Localizability

The following algorithm constructs a matrix that is feasible for the dual problem (SDP-dual) and

satisfies (8.1). We start with a matrix that satisfies (8.1), and then modify each column so that the

resulting matrix is also feasible for (SDP-dual).
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8.2.1 Format of a Feasible Dual Matrix

We separate an optimal solution matrix of (SDP-dual) into the submatrices

S =

(
V W̄

W̄T W

)
, W ∈ Rn×n, W̄ ∈ Rd×n,

where the elements of W correspond to weights on the sensor-to-sensor edges:

Wij =





−wij , (i, j) ∈ Ex

0, (i, j) 6∈ Ex

∑
(i,j)∈Ex

wij +
∑

(k,j)∈Ea
w̄kj , i = j

(8.2)

and the elements of W̄ correspond to weights on the sensor-to-anchor edges:

W̄ij = −
∑

(k,j)∈Ea

w̄kj(ak)i. (8.3)

Thus, the jth diagonal element of S is the negative sum of the weights of wij and w̄kj on sensor j.

8.2.2 Matrix Modification Algorithm

In O(n3) operations, we construct a matrix S⋆ ∈ R(d+n)×(d+n) that is feasible for (SDP-dual) and

also satisfies (8.1). The algorithm starts by modifying an initial matrix that satisfies (8.1), and

progressively alters each column so that the resulting matrix will be feasible for (SDP-dual).

We assume that the sensors are in general position and that the induced graph is a (d + 1)-

lateration graph. For simplicity, we also assume there are exactly (d+ 1) anchors that are the first

(d+1) points in the (d+1)-lateration ordering; all other points are sensors, ordered 1, . . . , n, where

only edges (i < j, j) are included in Ex. The primal solution matrix Z can be written as

Z =

(
Id X

XT XTX

)
=

(
Id

XT

)(
Id X

)
,

which makes it easy to see that L =
(
−X ; In

)
∈ R(d+n)×n is in the nullspace of Z. Moreover,

Pn := LLT =

(
XXT −X
−XT In

)
� 0

is in the nullspace of Z, and rank(Pn) = n. The matrix Pn satisfies (8.1) and will be the initial

matrix for our algorithm, Algorithm 4 on page 65.

Algorithm 4 modifies the elements of Pn to create a matrix S⋆ in O(n3) operations. There will

be n modifications steps (one for each column {d+1, . . . , d+n}), each of which create a new matrix,
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Pn−1, Pn−2, . . . , P 0, where P ℓ, for ℓ = n−1, . . . , 0, will satisfy (8.1). Each alteration requires O(n2)

operations and modifies a single column, starting with the last column (d+ n) and continuing until

column (d + 1). The resulting matrix S⋆ := P 0 will satisfy (8.1) and be a feasible solution to

(SDP-dual).

Modification of the last column

We use the modification of column (d + n) of Pn as an example, then generalize the modification

for the remainder of the columns. Define the vector

pn :=

(
xn −

∑
(k,n)∈Ea

w̄knak

en −
∑

(i,n)∈Ex
winei

)
∈ Rd+n, (8.4)

for some weight variables (w̄kn, win) that will be determined later. The first modification of Pn will

create the new matrix

Pn−1 := Pn + pn(pn)T .

Let Pn
j denote the jth column of Pn. Because pnn = 1, the last column of pn(pn)T is simply pn, and

the last column of the modified matrix Pn−1 is

Pn−1
(d+n) = Pn

(d+n) + pn =

(
−xn

en

)
+

(
xn −

∑
(k,n)∈Ea

w̄knak

en −
∑

(i,n)∈Ex
winei

)
=

(
−∑(k,n)∈Ea

w̄knak

2en −
∑

(i,n)∈Ex
winei

)
.

The values of the of the weight variables w̄kn, ∀(k, n) ∈ Ea, and win, ∀(i, n) ∈ Ex, need to be

chosen such that Pn−1
(d+n) is the last column of a feasible matrix for (SDP-dual). That is, the weight

variables (w̄kn, win) in pn must satisfy (8.2) and (8.3). Specifically, the off-diagonal elements in the

last column must sum to the diagonal element:

∑

(k,n)∈Ea

(
w̄kn

∑

i

(ak)i

)
+

∑

(i,n)∈Ex

win = Pn−1
(d+n),(d+n) = 2. (8.5)

The last column of an optimal solution matrix to (SDP-dual) will be in the nullspace of
(
Id X

)
,

and also satisfy (8.1), if

(
Id X

)
pn =

(
Id X

)(xn −
∑

(k,n)∈Ea
w̄knak

en −
∑

(i,n)∈Ex
winei

)

= 2xn −
∑

(k,n)∈Ea

(w̄knak)−
∑

(i,n)∈Ex

(winxi) = 0. (8.6)

Because (X̄,X) are in general position and G is a (d+ 1)-lateration graph, equations (8.5) and

(8.6) combined place exactly (d + 1) linearly independent constraints on (d + 1) weight variables.

Thus, there is a set of unique (d+1) weight variables w̄kn and win that satisfy this set of equations.
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It follows from ZPn−1 = 0 and rank(Z) = d that rank(Pn−1) ≤ n. And Pn−1 � Pn � 0 implies

that
∣∣N (Pn−1)

∣∣ ≤ |N (Pn)| = d, or equivalently that rank(Pn−1) ≥ n. Thus, rank(Pn−1) = n.

Therefore, this modification has accomplished the objective:

· ZPn−1 = ZPn + Zpn(pn)T = 0,

· Pn−1 = Pn + pn(pn)T � Pn � 0,

· rank(Pn−1) = n,

· and the last column of Pn−1 satisfies the conditions to be the last column of a feasible and

optimal matrix solution of (SDP-dual).

This modification of last column of Pn creates a new matrix Pn−1 that satisfies (8.1) and the

last column is a feasible and optimal last column of a matrix solution to (SDP-dual).

General modification of each column

Each remaining column (d+n−1), . . . , (d+1) of Pn can be modified so that the resulting matrix S⋆

satisfies (8.1) and is feasible for (SDP-dual). The remaining steps are slightly different than the first,

because the modification of each column (d + ℓ) for ℓ = n, . . . , 1 alters the entries P ℓ
ij for i, j ≤ ℓ,

while keeping the entries P ℓ
ij for i, j > ℓ unchanged. That is, the modification step to obtain the

matrix P ℓ−1 from P ℓ will alter the principal (d + ℓ) × (d + ℓ) submatrix of P ℓ so that P ℓ−1
(d+ℓ) is a

feasible and optimal column of a matrix solution to (SDP-dual), and P ℓ−1 will satisfy (8.1). The

modification of column P ℓ−1
(d+ℓ) will not alter the (d+ ℓ+ 1), . . . , (d+ n) columns or rows of P ℓ.

For the modification of column (d+ ℓ) for ℓ = n− 1, . . . , 1, define the vector pℓ ∈ Rd+n as

pℓ =




pℓ1:(d+ℓ−1)

pℓd+ℓ

pℓ(d+ℓ+1):(d+n)


 =




(
−∑(k,ℓ)∈Ea

w̄kℓak

−∑(i,ℓ)∈Ex
wiℓei

)
− P ℓ

1:(d+ℓ−1),(d+ℓ)

1

0




, (8.7)

for weight variables w̄kℓ and wiℓ yet to be determined.

Note that when ℓ = n, this definition of pℓ is the same as the definition of pn in (8.4). Moreover,

observe that the updated matrix P ℓ−1 := P ℓ + pℓ(pℓ)T will be equivalent to the matrix P ℓ in all

columns j and rows i, for i, j > (d+ ℓ). The (d+ ℓ)th column of P ℓ−1 is

P ℓ−1
(d+ℓ) =




P ℓ−1
1:(d+ℓ−1),(d+ℓ)

P ℓ−1
(d+ℓ),(d+ℓ)

P ℓ−1
(d+ℓ+1):(d+n),(d+ℓ)




. =




(
−∑(k,ℓ)∈Ea

w̄kℓak

−∑(i,ℓ)∈Ex
wiℓei

)

1 + P ℓ
(d+ℓ),(d+ℓ)

P ℓ
(d+ℓ+1):(d+n),(d+ℓ)
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Again, for P ℓ
(d+ℓ) to be the (d+ℓ)th column of a feasible matrix for the dual problem (SDP-dual),

the weight variables (w̄kℓ, wiℓ) in pℓ must satisfy (8.2) and (8.3). That is, the off-diagonal elements

in the last column must be equal to the diagonal element:

∑

(k,ℓ)∈Ea

(
w̄kℓ

∑

i

(ak)i

)
+

∑

(i,ℓ)∈Ex

wiℓ = 1 + P ℓ
(d+ℓ),(d+ℓ) +

d+n∑

i=d+ℓ+1

P ℓ
i,(d+ℓ). (8.8)

Similarly, the (d+ ℓ)th column of an optimal solution matrix to (SDP-dual) will be in the nullspace

of
(
Id X

)
:

−
∑

(k,ℓ)∈Ea

w̄kℓak −
∑

(i,ℓ)∈Ex

wiℓxi +
(
1 + P ℓ

(d+ℓ),(d+ℓ)

)
xℓ = P ℓ

1:d,(d+ℓ) +

d+ℓ−1∑

i=d+1

P ℓ
i,ℓxi. (8.9)

Again, because (X̄,X) are in general position and G is a (d+1)-lateration graph, Equations (8.8) and

(8.9) combined place exactly (d+1) linearly independent constraints on the (d+1) weight variables,

and thus there is a unique solution that determines the weight variables (w̄kℓ, wiℓ). Therefore, for

each column (d+ ℓ) this modification accomplishes the objective:

· ZP ℓ−1 = ZP ℓ + Zpℓ(pℓ)T = 0,

· P ℓ−1 = P ℓ + pℓ(pℓ)T � P ℓ � 0,

· rank(P ℓ−1) = n,

· and the (d+ℓ)th column of P ℓ−1 satisfies the conditions to be the (d+ℓ)th column of a feasible

and optimal matrix solution of (SDP-dual).

Repeating this process on each column, for columns (d+n), . . . , (d+1), will result in an optimal

dual solution matrix S⋆ := P 0 that satisfies (8.1). This algorithm is formalized in Algorithm 4.

Algorithm 4 Matrix Modification Algorithm

1: Given the primal solution matrix Z ∈ R(d+n)×(d+n) to (SNL-SDP) and the sensor locations

X ∈ Rd×n, define L :=

(
−X
In

)
and Pn := LLT .

2: for ℓ = n, . . . , 1 do

3: Choose weight variables w̄kℓ and wiℓ that satisfy the set of (d+1) equations (8.8) and (8.9).
4: Define pℓ ∈ R(d+n) as in (8.7)
5: Set P ℓ−1 := P ℓ + pℓ(pℓ)T

6: end for

7: S⋆ ← P 0.
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8.2.3 Proof of Strong Localizability

We now prove that a (d + 1)-lateration graph with points in general position admits a positive

semidefinite stress matrix with rank n that can be computed in strongly polynomial time.

Theorem 3. Take a graph G of m ≥ d+1 anchor points and n sensor points with edges given in Ex

and Ea, and let G be a (d+1)-lateration graph with (X̄,X) in general position. The sensor network

localization problem on G is strongly localizable, and a rank-n dual optimal matrix can be computed in

strongly polynomial time from (X̄,X), using O(n3) arithmetic operations, if the lateration ordering

is known.

Proof. Each of the n modification steps in Algorithm 4 performs O
(
n2
)
operations, for a total of

O
(
n3
)
operations. The constructed matrix S⋆ satisfies:

· ZS⋆ = 0,

· S⋆ � 0,

· rank(S⋆) = n,

· and S⋆ will be an optimal solution matrix to the dual problem (SDP-dual).

Because the graph G induced from the sensor network is a (d + 1)-lateration graph and the

locations of the sensors are in general position, there is exactly one possible modification proce-

dure for each column in order to construct S⋆. For the sensor network framework (G,X), the

matrix modification process described in Algorithm 4 constructs a rank-n dual optimal matrix in

strongly polynomial time. Therefore, the sensor network localization problem on (G,X) is strongly

localizable.

We also have the following corollary that generalizes the result of Theorem 3.

Corollary 1. Take a graph G of m (≥ d + 1) anchor points and n sensor points with edges given

in Ex and Ea, and let G contain a (d + 1)-lateration spanning subgraph, with (P̄ , P ) in general

position. The sensor network localization problem on G is strongly localizable, and a rank-n dual

optimal matrix can be computed in polynomial time by solving (SNL-SDP) and (SDP-dual).

This secondary result holds because we can ignore all edges outside the spanning (d+1)-lateration

subgraph to prove the existence of a positive semidefinite stress matrix with rank n. Finding a

spanning (d + 1)-lateration subgraph requires at least O(nd+2) operations, and hence we cannot

actually construct such a stress matrix in O(n3) operations. However, the interior-point semidefinite

programming algorithms will always compute a maximum-rank stress matrix in polynomial time,

although not strongly polynomial.



9 Conclusion

Future personal vehicles will most likely collaborate to improve standards such as safety, traffic flow,

and environmental benefits [15]. This thesis focuses on two types of future vehicles, Plug-in Electric

Vehicles and Sensor-equipped Vehicles. We use linear optimization methods to construct algorithms

that facilitate communication or energy flow among future vehicle networks.

For Plug-in Electric Vehicles, we use online linear programming techniques to design and simulate

an algorithm that utilizes vehicle batteries in a way that benefits both consumers and utilities. We

consider a fleet of PEVs with V2G capabilities, and show that the vehicle batteries can be used

as a beneficial resource for the electricity grid, while being of minimal cost to the consumer. Our

algorithm could dynamically assign robust charging and discharging schedules for each vehicle in a

fleet of thousands.

For Sensor-equipped Vehicles, we apply sensor network localization techniques to establish suffi-

cient conditions under which SVs could determine their relative locations given the distances between

some of them. Specifically, we establish a lower bound on the radio range of the sensors and con-

ditions on the framework of a network in a given area that ensure a semidefinite programming

relaxation of the problem will produce a correct localization of the sensors.

9.1 Plug-in Electric Vehicle Network

We construct a dynamic, distributed and robust mechanism to determine energy exchange schedules

for a fleet of PEVs. The resulting allocation of electricity trading can meet a market obligation

and provide each vehicle with enough energy for its driving load. Our algorithm depends only on

the knowledge of a few hundred driving behaviors from a previous similar day and instantly assigns

energy exchange schedules to vehicles as they plug-in to the grid, without requiring a back-and-forth

communication with the aggregator or other vehicles in the fleet.

We proved existence of a composite valuation that equally factors in the benefits to the elec-

tricity market and to the consumers. This set of hourly values allows us to create a distributed

algorithm, removing the need for a centralized mechanism that requires constant communication

with an aggregator and the electricity market.

Our results show that our algorithm using this composite valuation, Algorithm 1, out-performs

each comparison algorithm in terms of consumer cost, increase in peak power demand, and total

cost for the fleet.
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9.1.1 Practical Significance

According to the United States Environmental Protection Agency (EPA), personal vehicles con-

tributed nearly 17% of all greenhouse gas emissions in the U.S. in 2009 [67]. The same study by the

EPA states that the electric power industry contributes about 33% of all greenhouse gas emissions,

making it the largest contributor of greenhouse gases. These emissions are a result of power plants

fueled by coal, petroleum, and natural gas.

Renewable energy generation creates electricity from natural resources, such as wind, sun or

geothermal heat. Such power generation has a number of benefits: it does not emit greenhouse

gases during operation; natural resources are unlimited in quantity and lack the potential for scarcity,

unlike fossil fuels; and after capital investment, sustainable resources are cost-free due to their infinite

supply.

However, sustainable power is variable and unpredictable; supply of renewable generation cannot

be controlled to meet user demand and storage devices are needed that store surplus electricity to be

used in times of deficit. Storing surplus power for later use can allow utilities to meet the demand

using electricity obtained at the most efficient and cheapest times [70]. A main concern among

energy storage analysts is the capital cost of large energy storage devices for this purpose, and the

idea of using PEVs as distributed energy storage has become popular in the energy storage field.

Plug-in electric vehicles will run off electricity provided by the grid, which can be generated

sustainably and used to run the vehicle without releasing greenhouse gases. The data analysis

in [16] shows that on any given day 54% of vehicles are not driven at all. The same work also shows

that 90% of vehicles start and end their days at home, implying that there is a substantial window

of time every night when the vehicle can be plugged-in with the potential for both charging and

discharging while benefiting the consumer. Thus, if PEVs can be used as distributed energy storage

devices that facilitate the integration of renewable energy generation into the grid, such a system

has the potential to drastically decrease greenhouse gas emissions.

We have designed a mechanism specifically for PEVs that could be used by demand response ag-

gregators to utilize a fleet of PEVs as distributed energy storage devices and promote the integration

of renewable energy into the grid. An implementation of our algorithm would provide substantial

monetary profits and environmental offsets to motivate consumer participation, while also using

PEV batteries to provide grid services.

9.2 Sensor-equipped Vehicle Network

The benefits and implications of sensor-equipped vehicles are abundant, but their implementation

presents a number of challenges. SVs will detect the distance from themselves to nearby objects,

and if certain conditions are true, this set of known pair-wise distances can be used to compute the

relative locations of nearby vehicles. We establish the conditions under which an SDP relaxation is

an efficient computational method to correctly solve the sensor network localization problem.
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We provide the first nonasymptotic bound on the connectivity radius of randomly distributed

sensors to ensure the graph induced from the network is uniquely localizable, with high probabil-

ity. From our result, the strength of vehicles sensors can be determined. This could have large

implications in designing sensors for sensor-equipped vehicles, and in the placement of anchors on

surrounding roads.

We also prove that if the graph induced from a network of n sensors in dimension d is a (d+1)-

lateration graph of points in general position, then the graph admits a positive semidefinite stress

matrix with rank n, and there is a unique localization of the points. This was a long open question

in graph rigidity theory. We show that a network with the specified framework will have a unique

set of sensor locations, and a certificate of this uniqueness can be constructed in strongly polynomial

time. This result establishes conditions on the framework of the sensors in order for there to be

exactly one localization of the sensors in all dimensions.

These results establish the conditions on a sensor network to ensure the solution to the SDP

relaxation provides the exact sensor locations. We can apply these conditions to determining the

density, radio range, and placement of anchors for SVs and the surrounding road, so that vehicles

in the given area can establish their relative location.

9.2.1 Practical Significance

Sensor-equipped vehicles may detect situations that a driver may not and operate accordingly to

avoid collisions or prevent traffic congestion, which could lead to a number of benefits on an individual

and societal level. SVs could drastically decrease the frequency of accidents caused by human error,

which cause around 33,000 deaths and 1.2 million injuries each year [44]. The vehicles could also

improve fuel efficiency by optimizing driving speeds, and could cooperate to improve traffic flow.

Such intelligent systems in vehicles may also bring us a step closer to autonomous vehicles.

General Motors (GM) predicts that autonomous vehicles, or driverless vehicles, will be on the road

by 2018 [61]. Google has designed, built and tested a small fleet of driverless vehicles on California

highways [44]. By providing guidelines on the design of these sensors and the structure of the

networks, we may also be assisting to further the development of driverless vehicle technology.
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