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We consider a mixture of a diatomic photolytic precursor AX and a reagent BC that undergoes the photoinitiated reaction 

AX+ hu+A+X followed by A+BC+AB+C. In the limit that AX is stationary relative to BC, we show that the threedimen- 

sional velocity distribution of the AB product in a specified quantum state can be related to the differential cross section of the 

A+BC reaction by a simple, invertable, closed-form expression. With a favorable choice of kinematics, we demonstrate that it is 

possible to extract the full state-to-state differential cross section from a measurement of the velocity distribution of the AB 

product in the laboratory frame. 

1. Introduction 

The measurement of differential cross sections 

from state-to-state reactions promises to offer new 
insight into how elementary reactions occur. At the 
simplest level of interpretation, differential cross 
sections distinguish between classes of reaction dy- 
namics, such as stripping, rebound, and insertion [ 11. 
State-to-state differential cross sections should re- 

veal with an unprecedented degree of clarity the 
mechanism of a chemical reaction. For example, 
state-to-state differential cross sections of the H + H2 
reaction should provide very stringent tests of the 
dramatic effects of quantum resonances [ 21 and the 
geometric phase [ 31. Although detailed state-to-state 

differential cross sections would add an entirely new 
dimension to our understanding of a long list of re- 
actions, only a few measurements of product-state- 
resolved differential cross sections have been made 

to date. 
The most intuitive way of measuring a differential 

cross section is by crossing two beams of reactants 
and measuring the products as a function of the an- 
gle into which they scatter [4]. Although this tech- 
nique has been successful in the measurement of dif- 
ferential cross sections that are averaged over reagent 

and product internal quantum states [ 51, only a 
handful of differential cross sections have been mea- 

sured with product state resolution. These include 

studies of the Ba+LiCl+BaCl+Li [6], 
Ba+KCl-+BaCl+K [7], F+HZ+HF+F [8], 

F+I,+IF+I [9], HfNOz-+OH+NO [ 101 
D+H,-+HD+H [31] and H+D2+HD+D [ll] 
reactions. Only the studies of the DS Hz H+D2 re- 
actions have resulted in a differential cross section 
for a single state-to-state reaction [ 11,3 I]. A pri- 
mary challenge of these measurements has been the 

experimental difficulty of having only a minuscule 
amount of product expected in a given rovibrational 
state scattered into a given element of solid angle. 

In recent years great strides have been taken to 
overcome the small expected signal from crossed- 
beam experiments. These include the development 

of ion imaging techniques [ 12,13 ] as well as the use 
of Rydberg-atom time-of-flight (TOF) spectroscopy 
[ 111. Another approach directed toward obtaining 
state-to-state differential cross sections has been to 
abandon crossed beams and to attempt to learn about 
differential cross sections from hot-atom reactions 
under bulb conditions [ 14-221, which tend to pro- 
vide much more signal. Here the word bulb is used 
loosely. By “photoinitiated bulb reaction”, we mean 
an experiment in which a precursor, AX (normally 
a diatomic), is combined with a reactant, BC, in a 
single gas stream and allowed to enter into a reaction 
chamber via some means, such as an effusive or 
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pulsed expansion. The precursor molecule AX is then 

photodissociated to initiate the reaction sequence 

AX+hv-+A+X, (1) 

A+BC+AB+C. (2) 

From measurements of the velocity distribution of 
the AB product, the zeroth- and second-order mo- 

ments of the differential cross section have been de- 
termined [ 14,17,22]. A possible misconception is 
that only these two moments of the differential cross 
section can be extracted from a photoinitiated bulb 
experiment. As we show, if the kinematics are fa- 

vorable, the complete differential cross section can 
be deduced from the velocity distribution of the AB 

product, and, in principle, a direct inversion of prod- 
uct velocity data is possible to obtain the differential 
cross section. Brouard et al. [20] have calculated 
laboratory-frame velocity distributions for the OH 
product of the reaction of 0 (‘D) with CH4 from as- 

sumed forms of the differential cross section, and 
have demonstrated that isotropic scattering in the 
center-of-mass frame is most consistent with their 

experimental OH velocity data. For the reaction of 
0( ‘D) with NzO, the same workers [ 181 were able 
to demonstrate that the vibrationally excited NO 
product is forward scattered by comparing their data 
to the predictions of a stripping mechanism. The 
general strategy for obtaining a differential cross sec- 

tion from a photoinitiated bulb experiment is sim- 
ilar to the strategy used by McCaffery and co-work- 
ers [ 231 in their Doppler-resolved double resonance 
experimental studies of inelastic scattering. 

Shafer [ 161 and Aoiz et al. [24] have given in- 
tegral expressions for the velocity distribution of the 
AB product under conditions where the thermal mo- 
tion of the reagents is significant, and Hall [ 151 has 

used Monte Carlo calculations to determine the one- 
dimensional projection of the velocity distribution 
onto a single axis. An invertable expression for the 

velocity distribution as a function of the differential 
cross section, however, has yet to be published. In 
this Letter we suppose that the AX, BC gas mixture 
is stationary, i.e. the translational temperature of the 
gas is cooled to 0 K before the photoinitiated reac- 
tion occurs. By making this approximation, we are 
able to obtain a simple relationship between the AB 
product velocity and the differential cross section. 
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The equations of Shafer [ 161 and of Aoiz et al. [ 241 
collapse to the equations presented here if the ap- 
proximation of a stationary photolysis precursor AX 
and a stationary target molecule BC is made. We then 
discuss the conditions necessary to obtain the dif- 
ferential cross section from a bulb experiment. We 

compare the expected velocity distribution from our 
simple analysis with that obtained from a Monte 
Carlo calculation that includes the effect of temper- 
ature. In a companion Letter [ 25 ] we illustrate the 
results of this analysis by determining the state-to- 
state differential cross section for HCl from the re- 
action C1+CH.,(v3=1, .7=1)+CHj+HCl(~‘=1, 

J’). 

2. The velocity distribution of product molecules 
from a stationary photoinitiated reaction 

Even in the limit of a stationary AX, BC gas mix- 

ture, the velocity distribution of the AB product from 
the reactions given in eqs. ( 1) and (2) can be a highly 
averaged quantity. The photolysis of AX by a mono- 
chromatic light source normally leads to a range of 

photoproduct states. This range in turn leads to a 
spectrum of A translational energies, EA, determined 

by the difference between the photon energy, h V, and 
the endothermicity, AE,, of individual photodisso- 
ciation channels: 

EA= 

The velocity distribution of the AB product will 
therefore be a sum of velocity distributions that arise 

from reactions at several different collisional energies. 
An additional degree of averaging occurs because 

of the possible internal-state combinations of the 

reactants and products. Single state-to-state reac- 
tions can be studied, however, by careful choice of 
the precursor AX and the photodissociation wave- 
length, cooling or laser-induced state preparation of 
the BC reactant, and selective detection of the AB 

product [26]. If the velocity distribution of the de- 
tected AB product of such a system were to be mea- 
sured, it could be expressed as a single summation 
over the state-to-state velocity distributions from the 
individual internal states of C. Often C is con- 
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strained to have a narrow range of internal energies. 
This constraint can occur either when C acts as a 

spectator to the reaction or when C has no energet- 
ically accessible excitated states. In this case the ve- 
locity distribution of the detected AB molecule is de- 
termined by a single reaction pathway. In the 
following treatment we only consider the velocity 

distribution from a single state-to-state reaction. The 
extension of our analysis to the more general case is 
straightforward and therefore omitted. 

Because the internal states of the reactants and 
products are defined by the reaction pathway, the 
speed of the AB product in the center-of-mass frame, 
uAB, can be deduced by conservation of energy and 
momentum, as is shown in the Appendix, 

UAB= 

m, 

4 h4 
(4) 

Here mA, mBc, p, mc, and p’ are the masses and re- 
duced masses of the reactants and products, 
kf= mA + mBc= mAB + mc, and AJ% is the difference 
between the potential energy of the products and 

reactants. The speed of the AB product in the lab- 
oratory frame, uAB, is determined by the speed of the 
center of mass, U, the speed of AB in the center-of- 
mass frame, UAa, and the scattering angle of the re- 
action, 0,, 

VAB=U+UAB , 

v~g=~2+~:B+2~~AB~0~e~, 

(5) 

(6) 

where the speed of the center of mass is given by 

(7) 

Eq. (6) is intriguing; the only variable needed to 
determine the speed of AB in the laboratory frame 

is the scattering angle. Alternatively, if we measure 
the speed of AB we have determined the three speeds 

vAB> &B> and u that make up the sides of a triangle 

(fig. 1). From the law of cosines we can determine 
the cosine of scattering angle, cos f?,, as a function of 

the speed of the AB product, vAB. 

c0se,=i,,d= 
&-U 2-&, 

2uu,, . (8) 

We can also determine the cosine of the angle be- 

Fig. 1. Velocity diagram for the A+BC reaction in which the BC 
molecule is stationary. The velocity of the center of mass, II, lies 
parallel to the velocity of A. The laboratory frame and center-of- 
mass frame velocities of the AB product are denoted by uAB and 
Us, respectively. 

tween the center-of-mass velocity and laboratory- 

frame velocity of the AB product, cos (Y, as a func- 
tion Of VAB, 

^ 
cos a!=vA,~l= 

v;g+u2-u~B 
2v,4,u . 

(9) 

These relationships imply a simple relationship 
must exist between the product velocity distribution 

f( oaa) and the distribution of scattering angles given 
by the normalized differential cross section, (I/ 
cT)dcr/dL! In the Appendix we show that for a state- 

to-state photoinitiated bulb reaction, the velocity 
distribution of the AB products is related to the dif- 
ferential cross section by the expression 

f(VAB)E l E 
2VABUllA~ CS dL’ 

x i1 +BPz(~AB’i)PZ(~AB.a)] , 

vmin < vP.Ei < vmax Y 

f(vAB)=o, 

VAB < %in Or VAB ’ v~,x ? 

Here 

(10) 

V mm= 1 U-“ABI 3 (11) 

V ,,,a~= Iu+uABI , (12) 

d is the direction of the electric vector of the pho- 

todissociation laser, which is assumed to be linearly 
polarized, /3 is the anisotropy parameter for the pho- 

157 



Volume 212, number 1,2 CHEMICAL PHYSICS LETTERS 3 September 1993 

todissociation, andf(v,,) is normalized to unity, 

(13) 

We note thatf( DAB) depends on the direction of DAB 

only through the term P2(fiAr,.6). The quantity ( l/ 
a)da/dQ is evaluated at the value of tiAB-P given by 
eq. (8 ) and ti..,AB.ii is a function of vAO which is given 

by eq. (9). 
Eq. (10) is a remarkable result; the differential 

cross section for a state-to-state reaction can be di- 
rectly obtained from a measurement of the three-di- 
mensional velocity distribution of the product of a 
photoinitiated bulb reaction. This conclusion re- 
quires some qualification. The range of possible 
product velocities given by eqs. ( 11) and ( 12) must 

be large enough to be measured and to survive the 
effect of thermal averaging. This condition in turn 
requires that the speed of the center of mass, U, must 
be neither much smaller nor much larger than the 
speed of the product in the center-of-mass frame, uAB. 
For example, if DI is photodissociated at 242 nm to 
produce a D atom with 2.0 eV of energy and the D 
atom is allowed to react with H2( v= 1, J= 1) to pro- 

duce HD( v’ = 1, J’ = 7), the forward-scattered HD 
will have a laboratory-frame velocity of 10600 m/s 
whereas the backward-scattered HD will have a lab- 

oratory-frame velocity of 3300 m/s. This velocity 
difference is readily measured. On the other hand, if 
these D atoms were instead allowed to react with 

ground-state HI to form HD( v’ = 0, J’ =O) + 
I ( 2P3,2), the forward-scattered HD product would 
have a velocity of 14900 m/s, whereas the back- 
ward-scattered HD would have a velocity of 14500 
m/s. Clearly, care must be taken to choose a system 
with kinematics that lead to a range in the product 
velocity, 

V range= l”+uABi - i”-UABi > 

that can be measured. We can write 

(14) 

V range=% > Y< 1 9 

V ra,ge=2u, Y> 1 , (15) 

where y is the ratio of the speed of the AB product 
in the center-of mass frame to the speed of the center 

of mass, 

For AE= 0, eq. ( 16 ) reduces to 

Y= 

(16) 

(17) 

If mn is much greater than the masses of the other 
particles, most of the kinetic energy will be trans- 
ferred to the C product, and the AB product velocity 
will not be large enough to be measured. If mn is not 

much greater than m, or mA, the quantity y deter- 
mines the amount of information that can be ex- 
tracted from a photoinitiated bulb reaction. Con- 
sider three limiting cases: ( 1) uAB << u (ye 1 ), (2) 
uAB>>u (p-l), and (3) &B%U (y~l). For case 
( 1 ), no information about the differential cross sec- 
tion can be deduced from the velocity distribution of 

the AB product; for case (2) only the second-order 
moment of the differential cross section can be ob- 
tained; whereas for case (3), the entire differential 
cross section can be extracted from the velocity dis- 
tribution of the AB product. In sections 2.1-2.3, we 

consider each of these cases. 

2.1. Case (1): u,,<< u (y -45 I) 

When a heavy A reacts with a light molecule BC, 
y is small. The center-of-mass velocity dominates the 

kinematics so that the velocity of the AB product is 
close to the center-of-mass velocity, regardless of 
whether it is forward or backward scattered. Thus, 

in the limit that Y approaches zero, nothing about the 
differential cross section can be deduced from the 
velocity distribution of the AB product. 

When a light A reacts with a heavy molecule BC, 
y is large. In this case the center-of-mass speed be- 
comes insignificant, and the product velocity in the 
laboratory frame takes on the same value as the 
product velocity in the center-of-mass frame. Be- 
cause uAB is fixed by the kinematics of the state-to- 
state reaction, the speed of the product in the lab- 
oratory frame, u,, is also fixed. The only dynami- 
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tally significant component to the product velocity 
distribution is the angular anisotropy. For photoin- 
itiated bulb reactions, this angular anisotropy is lim- 

ited by the angular anisotropy of the reactant A. Thus, 
in the limit that y becomes large, only the zero- and 
second-order moments of the differential cross sec- 
tion can be determined. 

2.3. Case (3): UAB% u (Y z 1) 

The optima1 reaction systems for measurement of 
a differential cross section in a bulb are those for 
which 7% 1. For thermoneutral reactions, this situ- 
ation occurs when mA z m,. When yz 1 the range of 

product speeds for different scattering angles is sig- 
nificant. Because of this range, the product speed 
distribution is sensitive to the differential cross sec- 
tion. Unlike for y>> 1, the measurable information 
is no longer limited by the degree of anisotropy of 
the photofragments: instead it is limited by the 
sharpness of the distribution of speeds of the hot- 
atom reagent A. For a monoenergetic photoproduct 

A and a stationary reactant BC, the sensitivity of the 
AB speed distribution to the differential cross sec- 
tion is not restricted. We conclude that bulb exper- 
iments are well suited to the measurement of differ- 
ential cross sections from state-to-state reactions of 

A with BC where m, z m, and mB is not much greater 
than mA. Ideal reactions include that of H+H, and 
its isotopomers, and X+HY hydrogen-transfer re- 
actions in which m, and my are similar masses. 

3. Experimental factors that affect velocity 
distribution measurements 

A number of experimental methods can be used to 

measure the AB velocity distribution or its projec- 
tion onto a line or a plane. Two possible factors that 
can affect the measurements are the temperature of 

the target gas, BC, and the spatial anisotropy of ro- 
tational angular momentum vectors, both of which 
should be considered in the analysis of AB velocity 
data. 

3.1. The effect of temperature on the velocity 
distribution 

As in a beam experiment, if the gas in a bulb ex- 

periment is not cold enough, information about the 
cross section is lost. To illustrate the extent of this 
loss, we consider the reaction D+HI(u= 1, 
J=l)-+HD(~‘=I,J’=7)+HatatotalenergyofI.8 
eV. The differential cross section for this reaction 

predicted by Kuppermann and Wu [27] is partic- 
ularly interesting because it shows a strong influence 
of the geometric phase. We wish to determine if this 
cross section, shown in fig. 2a, can be extracted from 
a bulb experiment that starts with a DI, H2 gas mix- 
ture that has not been cooled to a translational tem- 

perature of 0 K. 
The DI is photodissociated at 242 nm to produce 

D atoms that react with the Hz with 1.0 eV of col- 
lision energy. A collision energy of 1.0 eV corre- 
sponds to the 1.8 eV of total energy used by 
Kuppermann and Wu in their calculation. In figs. 2b- 
2d, the distribution of speeds of the HD( u’ = 1, 
J’ =7) product from a stationary gas is then calcu- 
lated from eq. ( 10) and compared with a Monte 
Carlo calculation of the speed distribution from gases 
with translational temperatures of 5, 100, and 300 
K, respectively. At 5 K, which is achievable by a 
pulsed expansion of the gas, the agreement between 
the analytical and the Monte Carlo calculation is 

quantitative. Even at 300 K, the obtained velocity 
distribution has indications of each of the main fea- 

tures of the differential cross section. We conclude 
that the AX, BC gas mixture must be cooled to ex- 
tract detailed information about the differential cross 
section. If the temperature of the AX, BC gas mix- 
ture is known, however, it may be possible to extract 
the overall form of the differential cross section by 
deconvolution provided that the signal-to-noise ra- 
tio is high and the form of the differential cross sec- 
tion is smooth. 

3.2. Sensitivity to the angular momentum 
anisotropy of AB 

Almost all methods available to measure velocity 
distributions, such as sub-Doppler laser-induced flu- 
orescence (LIF), resonance-enhanced multiphoton 
ionization (REMPI), and time-of-flight mass spec- 
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Fig. 2. A comparison of the speed distributions obtained from eq. (10) and from Monte Carlo calculations of HD molecules formed 
from the state-to-state photoinitiated bulb reaction sequence DI+hv+D+I, followed by D+HI(r= I, J= l)+HD(u’= 1, J’=7) t D, 
assuming 1.0 eV of collisional energy. The form of the differential cross section used is that calculated by Kuppermann and Wu [27] 
(see their fig. SC) and is shown in (a). The dotted lines are the results of the Monte Carlo calculation for DI, Hz translational tempera- 
tures of(b) 5 K, (c) 100 K, and (d) 300 K, which should be compared to the solid line xvhich is the result of calculating from eq. ( 10) 
the HD speed distribution for a stationary DI, Hr gas mixture. 
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trometry (TOF/MS) are also sensitive to the align- 

ment of the AB product [28,29]. A complete dis- 
cussion of the correlated velocity and angular 
momentum distributions is beyond the scope of this 
Letter, and we will consider it elsewhere. We em- 
phasize that such effects are interesting and must be 
considered to obtain differential cross sections from 

photoinitiated bulb experiment. 

4. Conclusions 

For a favorable choice of masses, the full differ- 
ential cross section of a state-to-state chemical re- 
action A+ BC-+AB+C can be extracted from a pho- 
toinitiated bulb experiment in which the A atom is 
generated with a known speed and angular distri- 
bution, and the velocity distribution of a given state 
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of the AB product is measured. This analysis sug- 

gests the design of a new generation of experiments 
that provide high-resolution, state-to-state differen- 
tial cross sections for a variety of elementary chem- 

ical reactions. 
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Appendix: Derivation of the relationship between 
the distribution of product velocities and the 
differential cross section 

In this Appendix we calculate the velocity distri- 
bution of product molecules from a state-to-state 

photoinitiated bulb reaction with stationary reac- 

tants. To solve for the velocity distribution of the AB 
product of a state-to-state photoinitiated bulb ex- 
periment, we first review the kinematic constraints 
of conservation of energy and momentum: 

fp~+E=~p’~:~+E’+hD (A.1) 

and 

mAVA +mdbC=mABvAB+%vC, (A.2) 

where 

v,=vA-k (44.3) 

and 

v;=fl,,-u,. (A.4) 

Here E and E’ refer to the internal energy of the 
reactants and products respectively, and AD is the 
difference in potential energy between the ground 

state products and ground state reactants. We have 
used the convention that the direction of the relative 
velocity of the reactants is given by the velocity of 
the slower reactant subtracted from the velocity of 
the faster reactant. The relative velocity of the prod- 
ucts is defined as the velocity of the unobserved 

product subtracted from the velocity of the observed 
product. 

Because the gas is assumed to be stationary, hc = 0, 
and eq. (A-2) can be rewritten as eq. (5) in section 

2, where 

u= ( > !?f! VA 
M 

is the velocity of the center of mass, and 

UAB = 

(A.5) 

(‘4.6) 

is the velocity of AB in the center-of-mass frame. The 
magnitude of the velocity of the center of mass and 
of the velocity of AB in the center-of-mass frame are 
given by eqs. (7) and (4) of section i, respectively. 

In eqs. (AS), (A.6) and (4) and (7) from section 
2, M=mA+mBc and AE=E’+AD-E. Eq. (7) of 
section 2 implies that the center-of-mass speed takes 

on a fixed value, i.e. the distribution of center-of-mass 
speeds is a delta function. From eq. (A.5) we know 
6, = i, which implies that the anisotropy of the dis- 

tribution in center-of-mass velocities will be identi- 

cal to that of the photofragments. The complete dis- 
tribution function of the center-of-mass velocities is 
therefore given by 

d(u’-u) l+p2(i’-a) 
g(u’)= yy-- 

4n * 
(A.7) 

Eq. (4) of section 2 implies that the speed of the AB 
product in the center-of-mass frame takes on a fixed 
value. By definition, the differential cross section 

gives the angular distribution of the product in the 
center-of-mass frame. The complete distribution 
function of the velocity of the AB product in the cen- 
ter-of-mass frame is therefore 

h(ub) = 
d(u6B -&B) 1 da -- 

u& crdR’ (A.81 

with da/dL? evaluated at ih*ri‘. By convoluting eqs. 
(A-7) and (A.8), we obtain the velocity distribution 
of the AB product in the laboratory frame, 

f(v,~) = 1 du’ J‘ d&B g(u’) 

= du’g(u’)h(vAB-u’) 
I 

= uf2 du’d(ri’*tiJ d&p g(U’)h(VAB-U’) . 

(A.9) 

In eq. (A.9) we have chosen to integrate over the 
variable u’ in a spherical coordinate system in which 
the z axis is chosen to be parallel to SAAB. To evaluate 
the integral of eq. (A-9) we express the distribution 
functions g and h in terms of this coordinate system. 

We may use the spherical harmonic addition theo- 
rem [30] to rewrite eq. (A.7) as 
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x 

where B,,, and @,, are the coordinates of ii’ and 13, and 
& are the coordinates off in a spherical coordinate 
system with i=C*n. To rewrite h in the I)*~ coordi- 

nate system, we use the relationship 

(A.ll) 

where 

Y(&) =0 3 

to obtain the expression 

(A. 12) 

(A.13) 

The integral that results from substituting the forms 

of g(u’) and h(&B) given by eqs. (A.lO) and 
(A. 13) into eq. (A.9) can be evaluated in a straight- 
forward manner to yield the laboratory frame veloc- 

ity of the AB product given by eq. ( 10). 
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