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A nonlinear fitting procedure is presented that employs all measured line positions and

iteratively compares their values with those calculated from numerically diagonalized
model Hamiltonians with adjustable molecular constants. Case (a) wavefunctions with
definite parity are introduced as a convenient basis set, and the effects of spin—orbit, spin-
spin, spin-rotation, and centrifugal distortion interactions neglected in the Born-Oppen-
heimer separation are included simultaneously using the Van Vleck transformation. The
spectroscopic constants found by this procedure represent the minimum-variance, unbiased
set and maintain, to a high degree of accuracy, the separate mechanical and magnetic
meanings of the molecular constants. Arguments are presented that such spectroscopic
constants with mechanical meaning allow the most accurate construction of potential
energy functions using the Rydberg-Klein—Rees (RKR) procedure. Residual mechanical
and magnetic ambiguities, such as engendered by A-type doubling, are discussed.

I. INTRODUCTION

Diatomic molecular constants have held the interest of two groups, namely, positional
spectroscopists who produce them, and “intensity spectroscopists’” who use them. Un-
fortunately, the overlap integral between these two groups has not always been large.
In positional spectroscopy, the molecular constants are often viewed as parameters that
reproduce, interpolate, or extrapolate the measured line positions. On the other hand,
in intensity spectroscopy, the molecular constants are viewed as parameters from which
molecular intensity factors—Franck-Condon factors and rotational line strengths—
can be calculated. As a consequence, positional spectroscopists sometimes have re-
ported values for the molecular constants that fit the data but are not the most appro-
priate for calculating intensity factors, and in turn, intensity spectroscopists sometimes
have used these constants without regard to their meaning. For example, a B, value is
often given for each multiplet of a II state (S > 0) and these effective B, values have
been used to construct a potential for each multiplet, from which intensity factors were
deduced (see Sec. IV), despite the fact that these B, values do not describe the moment
of inertia of the molecule.
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In reducing line position measurements to molecular constants, ideally one formulates
model Hamiltonians for the upper and lower electronic states of the band system and fits
the measured line positions to the eigenvalues of these Hamiltonians using a sound
statistical procedure. In practice, several impediments occur. Because of the inadequacy
of the Born-Oppenheimer separation of the total molecular energy into electronic,
vibrational, and rotational parts, a large number of molecular constants must be in-
troduced to account for the energy level structure of the molecule. These constants
appear in the expressions for the energy levels in an often complex and nonlinear manner
so that their determination poses a burdensome problem, sometimes requiring the
solution of transcendental equations. Moreover, additional difficuities may arise from
the need to determine the molecular constants using proper statistics.

For closed-shell diatomics (IZ states), the energy levels may be represented by the
simple expression E(v,J) = T, + B,J(J + 1) — D,J*(J + 124 H,J¥(J + 1)} + ---.
For open-shell diatomics, the energy level expressions are the roots of a secular deter-
minant calculated from the matrix elements of a model Hamiltonian.

Basically, these matrix elements have been available since the early work of Van
Vleck (7). However, if the model requires many constants to represent the molecular
energy levels, the application of these ponderous algebraic expressions to experimental
data has encouraged truncation and simplification. In such simplified forms, the
molecular constants no longer have exactly their original meanings because, as adjust-
able parameters in a least-squares fit, they have absorbed, to some extent, the effects of
the missing constants. Consequently, the constants in these truncated or approximated
forms often embody both mechanical and magnetic properties. This loss of the purely
mechanical meaning attributed to the band origin and rotational constants, i.e., the
vibrating rotator model (2), impairs the construction of a reliable potential (3) from
these constants using the Rydberg-Klein-Rees (RKR) procedure. Of course, the ac-
companying loss of the purely magnetic meaning attributed to the other constants
similarly impairs the direct comparison with ab énitio calculations of the fine-structure
splittings. In fact, this blurring of the mechanical and magnetic meanings of molecular
constants and the concomitant uncertainty in the construction of RKR potentials was
our original motivation (4) in examining the reduction of diatomic spectra.

In addition to the problem associated with the forms of the energy level expressions,
there are problems of a purely statistical nature related to the fitting of the observed
line positions to the theoretical energy level expressions. The time-honored method of
determining rotational constants is the use of combination differences (5). Although
combination differences are extremely useful in carrying out a preliminary analysis,
their statistical shortcomings for producing final values of the molecular constants have
been pointed out by Aslund (6) and are summarized in a following paper (7). It suf-
fices here to note that combination differences do not use all the measured line positions
and the method implicitly assumes that all measurement errors are associated with the
state under analysis.

We present in this paper a practical procedure for reducing diatomic spectra to
molecular constants that avoids the problems discussed above. Calculated line posi-
tions are iteratively compared to the measured line positions in a nonlinear least-squares
fit. The calculated line positions are the appropriate differences between the eigenvalues
of the upper and lower state Hamiltonians, in which the molecular constants appear as
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adjustable parameters. Because this procedure is numerical, algebraic expressions for
the roots of secular determinants are not explicitly required. Note that, in contrast to
combination differences, this procedure utilizes the full body of measured line positions.
Moreover, the resulting values of the molecular constants are the minimum-variance,
unbiased estimates and their errors are statistically meaningful.

in the next section, we discuss the development of the model Hamiltonian and sum-
marize the evaluation of its matrix elements in a Hund’s case (a) basis set with well-
defined parity. The matrix elements connecting different vibrational levels of the same
electronic state (centrifugal distortion) and those connecting different electronic states
(A-doubling and spin-splitting) are treated simultaneously in the same manner using
the Van Vleck transformation. In Section III, we present the details of the nonlinear
least-squares fitting procedure and in the final section we emphasize the problems as-
sociated with the loss of purely mechanical meaning in the molecular constants used
to construct RKR potentials.

We feel that the more accurate reduction of data to molecular constants with sound
statistical meaning and with a minimum loss of mechanical and magnetic significance
warrants consideration of this direct approach. It is ironic that the approach of com-
paring measured line positions to those calculated from diagonalizing effective Hamil-
tonians with adjustable molecular constants is being increasingly applied to the analysis
of polyatomic spectra (&), while perhaps for historical reasons this approach has not

yet won general favor for diatomics. We hone that some direct approach? s
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present in what follows, will gain acceptance as a means of obtaining molecular con-
stants from measured line positions.

II. THEORY
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amiltonian for a freely vibrating,

rotating diatomic molecule has been ﬁnhalAﬂPnA at lenoth bhv ceaveral authors (0—1IM
clating diatomic moieCuie nas opeen considerea at lengin by several aulhors (Y—iv).
In the absence of external fields we may write
P N7 S BT Ao 7] 71y
JU = IV T JUrot T IV f8 T VRS, \1)

where 3Co represents the nonrelativistic Hamiltonian of the nonrotating molecule, 3C,o
symbolizes the rotational motion of the nuclei, 3C;, contains magnetic terms that cause
the fine structure, and JCsy, includes all nuclear spin and nuclear moment terms that
cause the hyperfine structure. Because hyperfine splittings are rarely resolved in optical
spectra, we disregard 3Cs, in what follows.

According to the Born-Oppenheimer approximation, the energy associated with 3¢,
depends only on the electronic and vibrational quantum numbers 7 and v. Since we are

concentrating our attention on the rotational analysis of diatomic spectra, the exact

2 It is encouraging to note these techniques are under development at several laboratories, for example:
L. Veseth J. Phys. B 5, 229 (1972); J. W. Johns (private communication) ; A. J. Merer (private communi-
cation); W. Klemperer R. W. Field, T. H. Bergeman and co-workers (private communication);

Mmoo T TE7, 1

1. L. I1. yvWalker (pI'lVd.Ie commum(.d.uon)



40 ZARE ET AL.

form of 3Co is of little concern to us here, whereas the form of 3C,., given by

SCmt = B(T)R2
B(r)(J — L— 8y, )

I

plays a major role in the subsequent analysis, In Eq. (2)
B(r) = h/8nlcur’ 3)

is the radial part of the rotational energy operator, defined in terms of the internuclear
distance r and the reduced mass u, and

R=J-L-8§ @)

is the rotational angular momentum operator of the nuclei, defined in terms of J, L, and

nic enin anonl m Nt anoaratare
S, the total, the electronic orbital, and the electronic spin angular momentum operators.

The fine structure Hamiltonian depends in a complex manner on the orbital and spin
angular momenta, |; and s;, of the individual electrons 7, the interelectronic distance
r;; between any two electrons, the distance between any electron and any nucleus
7k, the charge Z; on the nucleus %, and the internuclear distance r. We shall refer to this
as the microscopic form of the fine structure Hamiltonian. However, it is traditional in
spectroscopic work to replace the microscopic fine structure Hamiltonian by a phe-
nomenological fine structure Hamiltonian that represents the major magnetic inter-
actions by a limited set of adjustable parameters. In this procedure, all terms in 3¢, are
omitted that cause a uniform shift rather than a splitting of the fine structure compon-
ents. The fine structure Hamiltonian is then regarded as a sum of three terms

s = Hso + Hss + Hsr, (5)
where

so = A(r)L-S (6)
is the so-called spin-orbit interaction,
3gs = e(r) (352 — 59 ("
is the so-called spin-spin interaction, and
sr = v(r)N-S - (8)

is the so-called spin-rotation interaction. In Eq. (7) the z axis is chosen to lie along the
internuclear axis, and in Eq. (8) N=J— S = R+ L is the total orbital angular
momentum operator. We note that some authors, e.g., Kovics (1) and Bennett (12),
represent the phenomenological spin-rotation interaction by «(r)R-S rather than
7(r)N-S. The difference between these two choices is a term v (r)L-8 that mimics the
phenomenological spin-orbit interaction 4(r)L-S. With the choice y()R-S Hund’s
case (b) coupling is given by the condition A = yB. However, we wish to retain the
more traditional identification of Hund’s case (b) coupling with 4 = 0. Accordingly,
we define the spin-rotation interaction as in Eq. (8).

There has been considerable attention given to the relation between the parameters
of the phenomenological spin-orbit (1,13-15), spin—spin (16-20), and spin-rotation
(21-23) interactions and the microscopic form of the fine structure Hamiltonian. It may
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be shown that to good approximation the operator replacements given in Egs. (6)—(8)
may be used to calculate matrix elements diagonal in S. However, for matrix elements
off-diagonal in S, the microscopic forms of these interactions must be employed for they
connect states that according to Egs. (6)-(8) would not otherwise be perturbed.

The energy levels of a diatomic molecule are given by the solutions to the time-
independent Schrédinger equation

gy = Ey 9)

for the molecular Hamiltonian 3 shown in Eq. (1). In practice, one chooses a con-
venient finite basis set ¢; and expands the eigenfunctions ¢ in terms of ¢;

= Z aiPi. (10)

ISC,-J- — Ea,'jl = 0, (11)

The choice of basis set is unquestionably arbitrary and any complete basis set would
suffice provided the calculations are carried out to sufficient accuracy. However, by
making a wise choice of the initial basis set, 3¢ may be roughly partitioned into diagonal
blocks (sub-matrices) that weakly interact with one another. The diagonal blocks refer
to Born—Oppenheimer states.

We choose the wavefunctions appropriate to Hund’s case (a) coupling as the basis
set. These wavefunctions are simultaneously eigenfunctions of the operators J?2, 2,
Jz Se, and L, with eigenvalues J(J + 1), S(S 4 1), @, =, and A, respectively, but the
L2 operator is not diagonal in this representation. We choose the phase convention that

Jaxt|jJzlJy=JJ+1D -1} (12)
and
(SZ£1|S4|82) = —[SS+1)~-ZCE £+ D]} (13)

where J = J, &= 4J, and S, = S. & iS5, and where we, follow Van Vleck’s procedure
of reversed angular momentum (7).

Foragiven electronic state #, vibrational level 9, and rotational level J,there are 25 + 1
possible spin projections —S, —S + 1, -+ -,.5, and 2 possible orbital angular momentum
projections —A and A for A 74 0. Thus, the energy levels are found, to first approxima-
tion, by diagonalizing a (25 + 1)(Z — 840) by (25 + 1)(2 — 840) submatrix which we
shall call the #2J.SA block (Born-Oppenheimer state). Then the matrix elements that
connect different #oJSA blocks must be considered. However, if their magnitude is
small and the interacting blocks are well separated in energy, the effect of the off-
diagonal matrix elements may be included simply by perturbation theory. In what
follows we first consider the matrix elements within a single #2JSA block, and then the
energy corrections caused by matrix elements that connect different blocks.

B. Matrix Elements Within the Same nvJSA Block

The calculation of case (a) matrix elements has been considered at length by various
anthare mnet notahlv ]’\v Van Vieck (1Y Hougen (24 Kavace (11 Freed (25) and

QUULIULS, 1IUGL LUwaisy ¥V oll VILLAR £/, LIUURUIL 4T/, H0vals \414/, 110U \4J ), aliQ



42 ZARE ET AL.

TABLE 1

Cask (a) Matrix ELEMENTS WITHIN THE SAME # v J S A Brock

(AZ |38, [AZ) = T,
(AZ |30 |AZ) = BLJU+1)—2+SE+1)~27]

WS |He[A,Z£1) = BJT+1) —QQ@£DPSS+1) ~ZE £ )P
(AZ [3es0|AZ) = 4,z

AZ|Rss|AZ) = &[3Z*—SE+ 1]

(AZ[3Csp|AZ) = w[Ze-SE+ 1]

AZ|Rep A2+ 1) =—inJT+1) —2@£ DPSES+ 1) —ZE £ ]

Miller, Levy, and Carrington (10). Consequently, we will not repeat these derivations
but list instead in Table I the matrix elements that occur within the same n9J.SA block.
The parameter T',, B, 4,, €,, and v, appearing in Table I are the familiar spectroscopic
constants associated with each type of interaction for the state n, v. They represent the
expectation values of the radial parts of their respective operators,® specifically

T, = (nv|3o+ B(r) (L2 + L) |nv)

B, = (nv|B(r)|nv)

A, = (nv|A(r)|nv) (14)
& = (nov|e(r)|n,)

Yo = {(no|y(r)|nv).

We follow the customary practice of incorporating into T, the term (B(r)(L.2 + L,?))
arising from the diagonal matrix elements of 3. We note that this apparently un-
avoidable approximation introduces a rotational contribution into the band origin,
which is normally regarded as having only vibrational significance.

Because of the radial dependence of these operators, the molecule, as it rotates, couples
neighboring vibrational levels within the same electronic state. Furthermore, because
of terms such as J-L and L-8, there are also nondiagonal matrix elements that couple
different electronic states into the #2J/SA block. The levels of the #noJSA block may be
said to be perturbed by these other interactions. Occasionally, the perturbation can be
ascribed to a pair or a small number of levels from neighboring blocks. Then the effect
of the perturbation can be treated by diagonalizing the matrix of the interacting levels
provided the locations and symmetry designations of the perturbing levels are known.
This amounts to all orders of perturbation theory. For example, this technique has been
applied with notable success to the low-lying valence states of CO (26); however, this
requires the knowledge of energy locations (i.e., T., G,, B,, and D,) and symmetry
designation of all interacting levels. More generally, the perturbations are small in
magnitude and large in number. Moreover, they involve many interacting levels
from distant blocks whose energy positions are often poorly known. In this latter case,
an exact treatment is impossible and resort must be made to some approximate pro-

81t is customary in microwave spectroscopy to call the diagonal spin-spin interaction constant
Ay where Ay = $e.
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cedure. Thus in order to construct a generally applicable procedure for obtaining
molecular constants from the majority of diatomic spectra, we treat these interactions
by incorporating their effects on the #uJSA block of interest. This is accomplished using
an approximation, introduced by Van Vleck (1,27-29) which is similar to second-order
perturbation theory. When this procedure is applicable, we need no longer diagonalize
the supermatrix of interacting blocks.

C. The Van Vieck Transformation

Let the Hamiltonian be written as
H = Ho+ \Hy, (15)

where A denotes the order of the perturbation. We assume that the matrix elements of
H, lie entirely within diagonal blocks while the matrix elements of H; may lie inside or
outside diagonal blocks. A unitary transformation can be applied to H that removes, to
first order in A, the matrix elements of H; that lie outside of the diagonal blocks. The
remaining matrix elements of H; that lie outside of the diagonal blocks are second order
in A and they contribute to the energy only in fourth order in A. Thus through third
order in A, the transformed matrix of H consists of diagonal blocks. Let the matrix ele-
ments of the #vJSA block of interest be indexed by 4, 7, k, etc. and let a, 8, v, etc. label
levels of other blocks. Then the unitary transformation causes the matrix elements of
within the #2J.SA block to have the form

Hy = Hy® 4+ \Hy® + NH;® 4 NH,®, (16)
where
H;© = (i|Ho| j) = E:by;, (17)
H;W = (i|Hi| j), (18)
o =y ST T el E ) (19)
MV TR A
and
1| Hy|a)a| Hy 17
H,nj"‘):Z[ (¢| Hy|aY(e| H1|8)(B| H| j)
a L8 (FEi— EJ)(E;— Ep)
| Hy | k)Y k| Hyla)a|Hy| 7 1| Hy|a)a| Hy| BY k| Hy| 7
_%ZQI [ k) (k| Hy|o)e] IJ>—%Z<I la){ee| Ha| )k |]>:I' 20)
k (Ek - Ea)(EJ' - Eu) k (Ek - Ea) (E1 _ Ea)

Equations (16)-(20) constitute the Van Vleck transformation. According to this
procedure the corrections through third order in the perturbation H, are found by
diagonalizing the (25 + 1)(2 — 60s) by (25 4 1)(2 — ua) block given by Eqgs.
(16)—(20). It suffices in most applications to retain only the second-order correction in
the perturbation. A further simplification results if the energy separation between the
interacting blocks is much larger than the energy separation between the fine structure
components of the #»2JSA block. Then to good approximation the correction matrix
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H;;® may be written
(i Hi|a)o| Hal j)
H;® =3 ) (21)
@ ErwJ - En’v'J

where E,,; — E./ s is the energy difference between the centers of the unperturbed
blocks #vJSA and #'v'JS'A’. Equation (21) closely resembles the form of second-order
perturbation theory. We illustrate next the Van Vleck transformation by using it to
correct for the effects of centrifugal distortion (24,30).

D. Matrix Elements Connecting Different Vibrational nvJSA Blocks

The radial dependence of the interactions 3C4, 3s0, Hss, and Hsg cause neighboring
vibrational levels to be coupled together. Let us assume that the vibrational spacings
are large compared to the fine structure splittings. Because 3Cyt and 3Cso predominantly
determine the rotational energy level structure, we ignore the radial dependence of Jss
and 3Csg in what follows. First, let us concentrate our attention on JC,ot. According to
Eq. (21) this may be treated through second order in this interaction by adding to
H;® and H;;® the correction matrix

(mvJ QiSZ | 3o | 10 T SZ Yt TUSZ' | Hrot | 10 :SZ;)

H ii(2) = (22)
ey Env - E,“,r
We may separate Eq. (22) into a product of angular and radial factors
Hij(z) = [Z (WU[B(?’)Inv’)(nvilB(anv):I
v Env - Env’
X [T (J0:SE:|Re| J/ST)(J@ST | R J,SZ)] = — D@2 RYQ;Z),  (23)

Q'

where we have equated the radial factor to the centrifugal distortion constant —D, (31),
and where we have neglected the mixing of other electronic states caused by matrix
elements of R? off-diagonal in A.

Similarly, if the perturbation 3 is treated through third order, we have the addi-
tional centrifugal distortion term of the form

Ili]'(s) = H»(Q,Ez I 1{6 l QJEJ> (24)

The matrix elements of R* and R® within the same block may be evaluated by standard
means (32), and the results are collected in Table II. From Egs. (23} and (24) we see
that centrifugal distortion may be treated as if 3C.o; were replaced by an effective rota-
tional Hamiltonian of the form

oot = BDR2 - DvR4 —+ H,,RG. (25)

The spin-orbit interaction may also couple together neighboring vibrational levels
through the weak radial dependence of A(r) (33). If we consider the centrifugal dis-
tortion effects caused simultaneously by 3C., and 3s¢ we must introduce two additional
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centrifugal distortion parameters

A )2
ap, = 3 Tl A@) 1) 26)
» Env - Env'
and

> (nv| A(r) | nv')(nv' | B(r) | nv)'
v’ Env e Em.»'

ADv =2 (27)

Table IT also contains the additional matrix elements resulting from these centrifugal
distortion corrections. We note that the matrix elements of ap, have no J dependence,
and the Z dependence is the same as the diagonal spin-spin interaction constant, e,.
Hence for A > 0 states, ap, and ¢, are inextricably mixed and in a least-squares fit to
the data, totally correlated. Consequently, we omit further reference to ap,, but it
must be recognized that the value for e, will include the effects of ap,. The parameter
Ap, is often referred to as 24 in the literature (33-34). Note that the matrix elements
involving A4 p,are J-dependent.

Inspection of Tables I and IT shows that there are no nonvanishing matrix elements
between levels with different values of A. Thus, to this approximation, the #sJSA block
separates into two identical, diagonal subblocks, one for +A and one for —A, provided
A # 0. This corresponds to the twofold degeneracy of the A components. However,
when we consider perturbations from neighboring electronic states, which are caused
by terms we have so far neglected, then this degeneracy is removed.

TABLE II
Cask (a) CENTRIFUGAL D1sTORTION MATRIX ELEMENTS OF THE ROTATIONAL
AND OF THE SPIN-ORBIT HAMILTONTANS

<A2I5cmt + JCSOIAE> = D'DUIZ(QE) +f2(ﬂz) +f3(ﬂz)]
+ H,' f3Q2) 4 2/, QZ)[f2(OZ) + f: (@) ]
+HE@+ 1,2+ Dfe(@2) + /1@ — 1, Z — 1)f5(02))
+ ap.AZ? + A p AZf, (QZ)
(AZ |3t + Hso[A, Z £ 1) =~ Dfu( @)L (2) + /1@ £ 1,2 £ 1)]
+ Hf @2)[*(@2) + @) i@+ 1,Z 1)
F+RRQ@E1L, 21D+ 2@, 2 £ 1) + f2Q2)
+EQFLZF )] — ApAQ £ 1S, ()
(AZ|3Crot +Hs0]A, T 2) =~ Dpfs(Q2)f1(@ = 1, T 2 1) + Hfs(@)fu(@ £ 1, 2 £+ 1)
() +h@x=L,ZxD)+0@+2,2+£2)]
(AE]GCM + JCSOIA, zZ+ 3) = va4(92)f4(9 =+ 1, I+ 1)f4(ﬂ + 2, P S 2)
where
HhE@E)=JU+1) -®+ 5 +1) —22
LEE)=UU+1D)—-2@+DISE+1) -2+ 1)]
HEE)=JU+D—-2@—-DISE+1) -2 -1)]
) =UU+)—-0@HPSE+D) -z D]
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T

BLE Jil

Case (a) MaTtrix ELEMENTS CONNECTING # 9.J S A BLOCKS WITH
D1FFERENT VALUES OF A OR S

(nJQSAZ Kot [0 TQ £ 1, SA £ 1,Z) = (moJ |2B(r) (Ly + L2 0o DT + 1) —Q@ % DT
(IQSAZ [0t + Hso | JASA £ 1,2 F 1)

= (mJ |[2B() + ALy + LY2 |0V INSE +1) —Z@E F 1)}
(nuJQSAZ [Kgo | v JRS'A'Z') = (— DA A C(5'18; 2, A" — A, Z)AASN'S
(mJQSAZ [Hss|mJOSA £ 2,2 F 2= 3a[(SFZ+ DS S FE+ DSz — D

E. Matrix Elements Connecting Different Electronic nvJSA Blocks

Within the framework of the fine structure Hamiltonian given by Egs. (5)-(8) there
are only two types of terms that connect different electronic states. These are listed in
Table III. The first type, which is of the form J,L_ 4+ J_L, represents a Coriolis in-
teraction arising from 3C.t. It connects electronic states differing by one unit in A.
This interaction is J-dependent and its magnitude increases with increasing J. In the
literature this is often referred to as L-uncoupling. Because this interaction may affect
the &+ A components differently, it contributes to a J-dependent splitting of the A
doublets. The second type of interaction, which is of the form L, .S_4- L_S,, arises
from both 3¢ and 3so. It is independent of J and thus contributes primarily to
J-independent shifts in the A doublets.

If the microscopic form of the fine structure Hamiltonian is considered, additional
matrix elements are found that are diagonal in @ but with AS = 0, or &=1. In particular,
the microscopic form of the spin-orbit operator connects electronic states of different
multiplicity for which AA = 0 and =+=1. These are included in Table IIT where we in-
troduce 4,454’8 as the intercombination analog of the spin—orbit parameter. Note that
the matrix elements of the microscopic spin-orbit operator for AS = 4 1 are in general
different for different values of Q in the nvJSA block of interest, but they are related to
each other through a factor (—1)4—4 C(S’LS; Z’, A’ —A, Z) where C is a Clebsch-
Gordan coeflicient. The microscopic forms of the spin—spin and spin-rotation interaction
have nonvanishing matrix elements for AA = 0, 1, ==2and AS = 0, £ 1, respectively
(10,25). Other than the diagonal matrix elements shown in Table I, these matrix ele-
ments are usually neglected since these latter interactions are usually much smaller
than the spin-orbit interaction. An exception occurs, however, for II states of triplet
and higher multiplicity. For such states the spin—spin interaction connects the A = + 1
and A = — 1levels with the same value of Q (See Table III).

F, Case (a) Wavefunctions with Parity

As pointed out by Kronig {35) and by Van Vieck {{), the task of calculaiing the moiec-
ular energy levels is significantly simplified if we transform to a basis set with well-de-
fined parity. In such a basis set, each wavefunction may be classified as even or odd ac-
cording to whether it remains unchanged or changes sign upon inversion through the
origin of the spatial coordinates of all particles. Since the molecular Hamiltonian is invari-
ant under inversion, only states of the same parity have nonvanishing matrix elements
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connecting them. Consequently, the introduction of a parity basis set divides the secular
determinant into two noninteracting blocks, one of even and one of odd parity. Thus
the calculation of case (a) matrix elements between states of well-defined parity not
only has the computational advantage of reducing the size of the secular equations we
must solve, but also the conceptual advantage of allowing us to associate a definite
parity with each calculated energy level.

The symmetry classification of diatomic molecules has been discussed by Wigner and
Witmer (36), Hougen (37), and Bunker and PapouSek (38). Different parity conven-
tions have been proposed by Freed (25), Hougen (24), Y.-N. Chiu (39), Pack and
Hirschfelder (40), and Wofsy (41). Nevertheless, this topic has been a source of con-
siderable confusion to us, and consequently, we present in Appendix A a development
of the parity convention we adopt here. Let i,, denote the inversion of all spatial co-
ordinates. In Appendix A, we show that when 1,, acts on a case (a) wavefunction it
transforms it as follows

iop| nUTQSAZ) = (—1)7+S%e|pu], —QS, —A, —3), (28)

where s = 1 for 2~ states and s = 0 for 2+ states; Appendix A shows that for all other
states s may be set to zero.

Wavefunctions with well-defined parity p may then be constructed from case (a)
wavefunctions in the following manner:

1
| 28+1Ag 9T p) = \/—j[|anQSAE) + [mo], — @S, — A, —2)], (29)

(where in the molecular term symbol it is understood that A = |A|) and for the special
caseA = 0,2 = 0:

[0 25120 o] pt) = | n0J0S00). (30)
In Egs. (29) and (30) the parity p* is given by
pE = £ (Z)7Hst 31

where the plus sign refers to the state with the parity * and the minus sign to the state
with the parity p—.
For the matrix elements appearing in Table I and IT it is readily shown that

(n'u]ﬂ,SE,pi I H I anQjSEjpi) = <1’L'U]Q,SE@ | H ] anQjSZJ—), (32)

and the results listed in Tables I and IT may be used directly. For the matrix elements
appearing in Table III, however, the following two identities are required for their
evaulation

(nvJQSAZ | H | n' v/ T S'A'T)
= (=1 Sttt (an ], —QS, —A, —3|H|wv' T, —QS', =N, =) (33)
and
(mJQSAZ | H|w/'v' T, —Q'S!, =N, —3)
= (=) (g ] —QS, —A, —Z|H|w' v JXSAZ).  (34)
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G. Electronic Perturbation Paramelers

The interaction between different electronic states may again be treated by means of
the Van Vleck transformation. This causes additional adjustable parameters, often
called A-doubling and spin-splitting constants, to appear in the 25 4 1 by 25 4 1 block
of nvJ levels with the same parity. The second-order correction term has the general
form
(n 25+ g, T p| Hu|n' 25t g v/ Tp)(n’ 25"+ 1N o o' Tp| Hy | m 25+ A0, 0T p)

Ue/is = »

n' Q2 Envs — Eprprg
35)

where the matrix elements of H, and Hy may be obtained from Table IIT with the help
of the identities given in Eqs. (33) and (34).

The Franck-Condon principle primarily controls the magnitude of the contribution
of each perturbing #’v" level to the numerator in Eq. (35). This may be seen by splitting
off from Eq. (35) the factor (v|k,(r) | v'){v' | hs(r) | v) where &, (r) and ky(r) are the radial
parts of the perturbations H, and Hs. We suppose /. (r) and /(r) to vary slowly with 7.
Then the radial factor is roughly equal to (v|7)?, the square of the overlap integral of
the two vibrational wavefunctions. Thus only those n’v’ levels with appreciable Franck-
Condon factors ¢, , connecting the levels #»v and #v’ contribute to the value of v,.
Because the Franck-Condon factors are relatively insensitive to the rotational quantum
number J, the numerator in Eq. {35) may be considered to be independent of J to first
order.

The proximity of interacting levels controls the contribution of each perturbing #'v’
level to the denominator in Eq. (35), which may be written approximately as

Ean — En’v’Jl" (Env - En’v’) + (Bv - Bv’>](] + 1). (36)

When the separation between the two perturbing levels is much larger than (B, — B.)
X J(J + 1), then, to first order, the electronic perturbation parameter v, is independent
of J.

However, if data are available to high J values, centrifugal distortion corrections to
v, may be warranted. The J-dependence of the energy denominator may be expressed as
a power series expansion in J{(J 4 1)

B, »
T U+ ] 37)

no n’ »f

(Ean - l':n'v’.l)_'1 = (Env - En’v’)—l[l +

and the J-dependence of the radial matrix elements (37) as
IV Ty = (| h() | V) + 2. (T + 1). (38)

Thus the effects of centrifugal distortion on y, result in the replacement of y, by
v, + ¥p.J (J + 1) everywhere y, appears in the 25 + 1 by 25 4 1 parity block of
interest. We note that yp, represents the collection of termsin J (J 4 1) when Egs. (37)
and {38) are combined. Similar centrifugal distortion corrections have been developed
previously by Veseth (34).

This discussion can be specialized to electronic perturbations arising from the form of
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the rotational and fine structure Hamiltonians given by Egs. (2) and (5-8). Within
this framework only electronic states of the same multiplicity and with AA = 4= 1 may
perturb each other, to first order. For Z states, it may be shown that in general three
additional electronic perturbation parameters appear in the rotational energy level
expressions (1, 17,42)

(n' BTV T |2 A(r) Ly | m 25HIZE 9 ] )2

0.5 =2 ) 39
n'o’ Ean - En’v’J
(' 3L o/ J | 3A() Lo | m 554152 oY n! 24T o/ T | B(r) Ly | 254152 o)
pE=42 , (40)
n’o’ Ean - En’v’J
and

(n' 2810 o/ J| B(r) Ly | n 25+13% o ] )2
En'aJ - En'v’J '

g.° =2 Z,:, (41)

However, the presence of electronic perturbations in Z states cannot be recognized from
inspection of the spectroscopic data because the functional form of the energy level
expressions for the rotational levels of a 2 state are unaltered (11,42). This is illustrated
for a %2 state in Appendix B, which also provides a concrete application of the preceding
theory. Moreover, for £ states, the adjustable molecular constants also absorb the
effects of perturbations by any other state. Consequently, the perturbation of Z states
by other electronic states is an insidious problem since there is no simple way to ascertain
whether the molecular constants determined in the rotational analysis, namely, the
band origin »,(?’, v""), the rotational constants B,, D,, H,, etc., the spin-rotation con-
stant v, and the spin-spin constant ¢, (for .S > 1), have the separate mechanical and
magnetic meanings usually attributed to them.*5

For non-Z states the presence of electronic perturbations may also go undetected,
particularly for interactions between two electronic states with A & 0, e.g., a A state
interacting with a II state. On the other hand, the perturbations caused by Z+ states
manifest themselves by splitting the rotational levels of the non-Z state into two A
components (A-type doubling). In first order, only II states interact with T states, and
if we again restrict our attention to the commonly occurring situation of perturbations
between states of the same multiplicity, then in general three A-doubling parameters
must be introduced to describe the energy levels of such a II state. In a manner similar

4 Because of the presence of electronic perturbations the molecular constants of a 'Z state, which is
often regarded as the paragon of a molecular state that behaves as a vibrating rotator, do not describe
the vibrational and rotational motions of nuclei in an effective radial potential. However, the departure
of a = state from the vibrating rotator model may be detected by the following internal consistency test.
First, the experimental G (v) and B, values are used to construct the potential with the RKR procedure.
Secondly, the wavefunctions and associated eigenvalues are obtained for this potential. Finally, a com-
parison is made between the observed and calculated G (z) 4+ ¥ ¢ values and the observed and calculated
rotational constants B,, D,, H,, etc. (3/). Deviations outside the experimental uncertainties signal unde-
tected perturbations (or the unlikely failure of the RXR procedure).

5 An additional indicator that a multiplet = state is perturbed is the magnitude of v, and €, (for S
> 1), because often the values of these parameters include large (and for v,, dominant} contributions
from the off-diagonal spin-orbitinteraction. In particular, v, is usually well approximated by — $,% ({,43)
(See Appendix C).
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to Eqs. (39-41), these electronic perturbation parameters are conveniently defined as
(42)
(n BSHT o | FA(r) Ly [0 25+18E /)2
0,1 = Z - ) (42)
n'y’ Ean - En’ v J
(n 254 L 0T | 3A (r) Ly [0/ 2512+ o/ J)(n 2+UL o] | B(r) Ly | m' 25+1Z% o/ ])
pl=4% , (43)
n'v’ Ean - En"a’J
and ( 28+1 JIB( )L ] 7 28+1%+ ]>2
n o r)Li|n Txy
Qun =2 Z . (44)
n’v’ En o En’u’-]

For I states, only the A-doubling parameter ¢! occurs; for II states of higher
multiplicity, the energy level expressions depend on ¢,%, .1, and o,X. However, the
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Fic. 1. Rotational energy level pattern of a 2II state as a function of the spin-orbit parameter 4,1,
The parities of the A components are indicated by =+ signs and the point at which the A components of
the same ¥ component but of opposite parity cross is marked by an arrow. The figure is constructed using
the molecular constants B,I' = 2.0 cm™, g, = — 0.08 cm™, and p,I = —0.016 4,5, The figure refers to

a T state perturbed by a 2Z* state above. If the parities of the A components are reversed, then this

figure refers to a *I state perturbed by a 2=~ state above.
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Fic. 2. Rotational energy level pattern of a *II state as a function of the spin-orbit parameter 4,1. The
parities of the A components are indicated by == signs and the point at which the A components of the
same F component but of opposite parity cross is marked by an arrow. The figure is constructed using the
molecular constants B, = 2.0 cm™, ¢,f = 0.08 cm™, and p,% = 0.016 4,". The figure refers to a
’[1 state perturbed by a 2Z* state below. If the parities of the A components are reversed, then this figure
refers to a 1 state perturbed by a 22~ state below.

A-doubling parameter 0, cannot be determined independently from experimental data
because its effect can be totally absorbed into some of the other molecular constants
already employed in the analysis.® Consequently, to help maintain the integrity of
the other molecular constants we look for a means of estimating and fixing the value
of o,

Often the contribution from one or a few = states outweighs those from all others in
determining the values of the A-doubling parameters. When this situation occurs, then
the A-doubling splittings are readily calculated using what we shall call the unique

¢ For *II states, T,1, 4,7, and 0, cannot be determined simultaneously, whereas any two of these three
constants can. Of course, it is the first two, rather than the perturbation correction term, that should be
retained. For 3 states, 7,0, 4,2, o7, ., and 0,7 cannot be determined simultaneously, whereas any
four of these five constants can. Again, we regard o,T as the correction term and retain the first four. For
I states of higher even and odd multiplicity, it appears that 0,1 is involved in total correlations like
those of the 211 and 3II states, respectively.
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Fic. 3. Rotational energy level pattern of a 3II state as a function of the spin-orbit parameter 4,%. The
parities of the A components are indicated by = signs and the point at which A components of the same
F component but of opposite parity cross is marked by an arrow. The figure is constructed using the

molecular constants B,T = 2.0 cm™, ¢, = — 0.12 cm™, $,1 = — 0.0024 4,7, and o,® = 0.6 cm™.. The
figure refers to a *II state perturbed by a Z* state above.

perturber approximation in which the effects of all perturbing electronic states are
ascribed to the interaction with one real or effective (composite) Z+ or Z~ state whose
position relative to the II state (i.e., above or below) is known. We show in Appendix C
that under a set of not very restrictive assumptions that p,m is proportional to 4=
and that o,X is proportional to (A4 ,)2. Moreover, when the unique perturber approxima-
tion is valid, Appendix C gives the development of the approximate relation,

0/t = (1/8)(4."/Bp.", (45)

that permits 0, to be calculated from the value of the A-doubling constant p,™ and the
molecular constants 4,7 and B,U of the perturbed II state. The use of Eq. (45) as a
means of estimating o, has been suggested previously by Veseth (44) .

To gain insight into the nature of A doubling in II states, Figs. 1 and 2 show the lower
rotational energy levels of a *II state perturbed by a 2Z+ state as a function of 4,0
under the above assumptions, where for simplicity we have set v,%, D,%, H,®, and Ap.,",
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F16. 4. Rotational energy level pattern of a ®II state as a function of the spin-orbit parameter 4,5. The
parities of the A components are indicated by = signs and the point at which A components of the same
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figure refers to a ®II state perturbed by a 33% state below.

equal to zero. In this example, which cannot be assumed general, arrows mark the places
where the two parity components for the same J and @ cross. Note that there occurs
one and only one crossing for each (J, @) pair. This means that for a given value of A,
corresponding to the vibrational level of an actual molecule, the parity alternation of
the upper A-component will change phase at some J value near the crossing. As a con-
sequence, care musi be taken in assigning the parity to the observed A-doublets, since
these measured line positions are compared to calculated line positions of definite
parity.

Figures 3 and 4 show the lower rotational energy levels of a ®II state perturbed by a
32+ as a function of 4, in the same manner as ?II levels shown in Figs. 1 and 2. In
contrast to the I states, a 32~ above (below) is not identical to a *=+ above (below)
with the parities of the A-components reversed. However, the difference is a uniform
shift of dlfferent ma.gmtude for each multlplet The crossing points, marked by arrows,
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have two crossings each. However, for J = 3 and above, the F; components have no
crossings. The minimum value of J for which F3; components do not cross, of course,
depends on the particular choice of the molecular constants. In Fig. 4 only the F,
components above J = 1 cross twice; otherwise there are no crossings. We note that a
great deal of care must be taken in assigning the parity of the A components of aIl state.

o . oo : . .
For 11 states of higher multiplicity this problem is exacerbated, e.g., in *II states many

levels have three crossings as a function of 4. However, for homonuclear molecules whose
nuclei have zero spin, only one parity exists and the above is not a problem. This is,
of course, also no problem in transitions involving 2 states.”

III. NUMERICAL PROCEDURE

A computer program has been written to calculate upper and lower state molecular
constants from a direct, least-squares fit to the measured line positions of an individual
band using the effective Hamiltonians described in the preceding section. The calcula-
tional procedure logically divides into three steps: (1) The matrix elements of the upper
and lower state Hamiltonians are calculated for each J value using initial values of the
adjustable molecular constants; (2) both Hamiltonians are numerically diagonalized
and the resulting sets of eigenvalues are used to construct a set of calculated line posi-

ions; and (3) from a least-squares fit of the calculated to the observed line positions, an

improved set of molecular constants is generated. This nonlinear least-squares procedure
is repeated until a satisfactory set of molecular constants is obtained. As will be de-
scribed, the speed of this program makes the band-by-band reduction of spectroscopic
data with numerically diagonalized Hamiltonians a practical technique for obtaining
molecular constants in which the separate mechanical and magnetic significance is
iargely retained.

At present the scope of the computer program is as follows. All transitions between
withA < 5, c(zanA!Arl(g,arm cluded. An ate com

es with A < included. Any appropriate com-
bination of the following molecular constants may be evaluated: the band origin
(1, v") and, for the upper and lower states, the rotational constants B,, D,, and H,;
the spin-orbit constants 4,, 4,254’ and Ap,; the spin-rotation constant v,; the
spin-spin constants €, and a,; and the A-doubling constants ¢., and p, [0, is fixed as in
Eq. (45)] and their centrifugal distortion corrections ¢gp, and pp,. A-doubling is con-
sidered only for II states and only for a single perturbing state (unique perturber ap-
proximation) that differs from the perturbed II state by AS = 0, £1 and AA = 0, 1.
"

Thia 3
1iis prograim has b\, n dec'g'l“d so that it can be eas:ly Juudlﬁed toc in

teractions whose matrix elements are not given in Tables I-1II.

For each band, the input data to this program are of two types: the identification and
wavenumbers of the observed lines and the starting values of the requested molecular
constants. Each measured line position is accompanied by the rotational quantum num-
ber J”, the branch designation J'-J’’, the upper and lower F-levels, and the parities
(when A-doubling is being considered). Numerous internal consistency tests may be

.

7Tt is customary to let ¢ and d denote the upper and lower A components. However, Figs. 1-4 show that
then ¢ and d cannot generally represent the parity.
8 In Figs. 1-4, case (b) coupling corresponds to 4,1 = 0 and the rotational levels are labeled by the

quantum number NV, as shown. It has often been considered that the assignment of N is ambiguous at
low J levels. However, Figs. 1-4 shows that thig assieonment is, in fact, unambiguous

ievels, mowever, Igs, 2 8A0WE Lhal Lhlg assignment 18, 1 Iaci, unainbiguolls,
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made of these data. One of the most useful of these is a verification that the input
quantities accompanying each line are compatible with the identification of the states
involved since some published line positions do contain some physically impossible

lines (45). Furthermore, unidentified blends are detected and ﬂagged by testing whether
two or more input lines have exactly the same wavenumber.

For each molecular constant that is to be inciuded in the fit, there are three alterna-
tives in the input to the program: (1) The value of the molecular constant is fixed to an
assigned value; (2) the sign of the value of the molecular constant is fixed to be either
positive or negative while its magnitude may be determined, (3) the sign and magnitude
of the molecular constant is free to be found by the program. In the latter two options,

trial values are required. If reascnable starting values (220 percent) are not available

from previous work, then the data are initially fit using only the major constants, i.e.,
v (v, v"), 4., 4./, B/, and B,”. These estimates are then used as starting values for a
detailed fit. Serious convergence and false-minima problems, which often occur in non-
linear least-squares fitting, have not been encountered for reasonable, i.e., not un-
physical, choices of the starting values of the molecular constants. In fact, the ease of
convergence can be taken as some measure of the correctness of choices such as the
location and the symmetry type of the perturbing state in A-doubling. In the discussion
of Figs. 1-4, it was noted that the assignment of the parities to the observed A doublets
may not be straightforward; in the application of this program, some of the parities
may require iterative assignments. This often can be facilitated, for example, by initially
analyzing a Z-TI transition that shares a common I state with the II-II transition of
interest.

For the appropriate values of J' and J”, matrix elements for each (25 + 1)
X (28 + 1) parity block are constructed using Tables I-IIT and using first the starting
values, and then the iteratively improved values of the requested molecular constants.
The upper and lower state Hamiitonians are diagonalized to yield a set of eigenvalues
(term values) for each J’ and J”. From these eigenvalues, calculated line positions are
determined for the appropriate branches. These are compared with the measured line
positions and new estimates of the molecular constants are made that reduce the sum of
the squares of the residuals. This least-squares procedure is based on the method of
Marauardt (46) that ~ambines the (3aiaa (Talar sorieq) methad and the methad of

Marquardt (46) that combines the Gauss (Taylor series) method and the method of
steepest descent. This numerical procedure was adapted to the computer by Meeter
and Wolfe (47).

The molecular constants are iteratively improved until one of several specified con-
vergence criteria are met. Upon completion, the program provides as output the values
of the band origin and the molecular constants for the upper and lower states, as well
as the associated standard deviations (based on a linear approximation to the model in
the neighborhood of the constants). In addition to the standard deviation of each con-
stant, the correlation coetlicients between all pairs of constants (in the linear approxima-
tion) are also given. These correlation coefficients show quantitatively how the various
constants are interrelated in the least-squares fit (7).

Although this nonlinear least-squares fitting procedure may appear, at first glance,
to be complex, the time required to reduce the data of a typical band is sufficiently short
to make this procedure practical. Of course, the running time depends on the number of
requested constants, the number of lines in the band, etc., but particularly on the multi-
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plicities of the states. For example, the reduction of a *II-*II band, with A-doubling in
the lower state and about fifty lines in each of eight branches, requires less than two
minutes on a CDC-3800 computer.

Documentation for distribution of this and related programs is now in preparation.

IV. DISCUSSION AND EXAMPLES

Detailed applications of the procedure discussed in the preceding two sections have
been made to the O, 2,7~ X*Z ~ Red Atmospheric band system (48) and the O+ A1~
X1, Second Negative band system (45). In this section, we present examples illustrat-
ing the problems that result from the lack of a proper separation of the mechanical and
magnetic meanings of the molecular constants.

Since our main interest is in constructing reliable RKR potentials from which vibra-
tional matrix elements such as Franck-Condon factors, r-centroids, centrifugal dis-
tortion constants, etc. may be calculated, the mechanical significance of experimentally
obtained band origins and B, values is of paramount importance to us. Because the
Born—-Oppenheimer separation is not exact, there is always some loss of the mechanical
meaning of », and B, values and in many cases, we know of no practical way to recoup
this loss. However, some of the problems can be avoided and we give three examples.

One major problem is the use of “effective’” B, values that have absorbed some of the
spin-orbit coupling constant 4 ,. The analysis of a ?II state provides an example of this.
Because of spin-orbit splitting the rotational term values of a ?II state can be written
for a given vibrational level v as

Fi(v,J) = B,%J(J +1) =D, [JU+ )P+ --- (46)

where A-doubling has been ignored. In Eq. (46) ¢ = 1 or 2, corresponding to the lower
or upper sub-bands, respectively. For moderate to large spin-orbit splittings, the empiri-
cal analysis of spectroscopic data for *II states yields, according to Eq. (46), two slightly
different effective B, values, B, and B,®. If we only take into account the (diagonal)
contribution to the ®II energy of the spin-orbit interaction and ignore all other inter-
actions, then Hill and Van Vleck () showed long ago that the rotational term values
have the theoretical form

Fi(v,J) =BAJ(J +1) —§ =3[+ 1)+ V,(V, - 9]} (47
and
Fo(v, J) = BAJ(J + 1) —§ +3[(2T + 12 + V.(V, — 4 1%} (48)

where ¥, = A4,/B,. By rewriting the square root in Egs. (47) and (48) as
FiV. {1+ [(2J + 1) — 4V ,]/V2}}, making a power series expansion for

[(2] + 1)2 —4V, /¥ 2 < 1,
and collecting terms in J(J + 1), we may equate

B,®M=B[1 -V, 1—...] (49)
and
B,®=BJ[14+V, 14 -] (50)

Thus it can be seen that the effective B, values have the spin-orbit interaction en-
tangled with the mechanical B, value appropriate to the 2II potential, and potentials
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TABLE IV

FrANCK-CONDON FACTORS FOR THE T/#0 B 11 — X 1T BAND SYSTEM

o’ 0 1 2
vl
0 9.134 (—1)» 0.828 (—1) 3.652 (—3)
8.823 (—1) 1.113 (—1) 6.256 (—3)
1 0.825 (—1) 7.544 (—1) 1.523 (—1)
1.096 (—1) 6.742 (—1) 1.979 (—1)
2 3.936 (—3) 1.510 (—1) 6.149 (—1)
7.707 (=3) 1917 (—1) 5.032 (—1)

» The upper entry is calculated using the B state RKR potential constructed from B,* values; the lower
entry from B,? values. The number in parentheses is the power of 10, e.g., (—1) implies X 101,

constructed from the effective B, values do not govern the mechanical motion of the
nuclei.

Nevertheless, different RKR potentials have been constructed for 2II; and 2II; com-
ponents using the B, and B,® values (49-51). It is not surprising to find that, in the
case of NO y-bands, the relative vibrational intensity measurements of Poland and
Broida (52) disagree seriously with the predictions based on RK R potentials constructed
from such effective B, values (51), but agree fairly closely with the Franck—Condon
factors calculated from a RKR-potential based on the mechanical B, value (4).

Generally, the errors introduced into the vo(2’, v'/) and B, values by failing to main-
tain their mechanical significance are small compared to their magnitudes, provided of
course, that 4, is not partially absorbed in B, and »,(v/, v""). However, an error of only
a few parts per thousand in the B, value can appreciably affect the values of calculated
Franck-Condon factors; thus, maintaining the mechanical integrity even at this level
often is required. This requires consideration of the mixing of electronic perturbation
parameters into B,.

The B'TI-X'Z system of ThO illustrates this problem. In their analysis of this
A-doubled system, Edvinsson, Selin, and Aslund (53) determined two B, values, B,
and B.¢, as is often done, where ¢ and d refer to the upper and lower A components. For
example, they found By* = 0.324324 cm~' and B¢ = 0.322988 cm™, a difference of four
parts per thousand. In Table IV we present the Franck—Condon factors for the 740 B'TI-
X'Z band system based on RKR potentials constructed from the two sets of B,” values.
For Franck-Condon factors on the order of 10~! the two sets differ by as much as 209;
for Franck-Condon factors on the order of 10~2 the uncertainty is about a factor of two.
Because the ThO A'Z state lies about 500 cm™ below the B'II state it is reasonable to
suppose it is responsible for the relatively large A doubling in the BII state. If we further
assume that the AT state is a 12+ state (which is based on the assumption that the
ground 'Z state is a 'Z*) then it is expected that the B,? values associated with the
lower A component are the more mechanically meaningful. Unfortunately, there are no
intensity measurements available for this band system so that a direct test of this
hypothesis cannot be made.
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It is traditional to take as the B, value of the II state the average of the B, values
for the two A components. In the absence of further information, there appears to be no
simpler procedure for choosing a B, value for the construction of an RKR potential. As
the example of the ThO B-X band system shows, when B,° and B,? differ substantially,
the average B, value has doubtful mechanical meaning. However, when the unique
perturber approximation is valid, the values obtained for »,(2’, v") and B, refer more
accurately to the mechanical motion of the nuclei (45).

Perhaps at the level of insignificant mixing of the meaning of molecular constants is
the common replacement of [J(J 4+ 1) — @2 4 S(S+ 1) — 2] (see Table I) by
simply J(J + 1) in the expression for the energy levels. Note that this introduces

£B, inte T', (or, of more importance in the construction of RKR potentials, (AB, into

AG,y1) and £D, into B,, where § = Q2 — S(S 4+ 1) + Z2 These alterations in the
T, and B, values are usually within the experimental uncertainty; even in those cases
where the alterations are discernible, the impaired molecular constants lead to RKR
potentials that are essentially indistinguishable for the calculation of various vibra-
tional matrix elements.
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APPENDIX A

The case (a) wavefunction [#vJQ2SAZM) may be written as a product of two wave-
functions

| noJ QSAZM) = |TMQ) | nvSAZ), (A1)
where
*
iJHM’Q) = [(2] + 1)/872]%]}] MQ (“,{'3")4‘) (AZ)
is a rotational part and
|mm¢/\'5‘\ = P /v\ 28+ o, (. ) (A3)
VVVVVV ) Kp\? LA\, T4, ) (ad)

is a vibronic part that pertains to the nonrotating molecule. In Eq. (A2) D7*yq is a
symmetric top wavefunction, given by

D7 ya(afy) = e¥=d” ya(B) 7, (Ad)

where d7 yg is a jacobl polynomiai and a8y are Euler angies that describe the orienta-
tion of the molecule-fixed frame with respect to the space-fixed frame (54). In Eq. (A3)
R..(r) is the vibrational wavefunction and *t1¢,(q;, 0:; 7) is the electronic wave-
function. Here the internuclear distance is denoted by 7, the electronic coordinates by
q:, and the electron spin coordinates by ¢;, where the ¢; are measured in the molecular

frame. To determine the narity of the overall wavefunction |M'n TOSAS M\ we consider

1ifailliC, 10 GOWIiue wic l.wuu,_y Ui i OViian CluliCuOll (RO A&OS wo COISIGCe

the effect of the spatial inversion operation on | JMQ) and [m)SAZ) separatel).

In defining the molecular wavefunction |neJQSAZM) we use two coordinate systems,
a frame XY Z fixed in space and a frame xyz that moves with the molecule. The origin
of both frames coincide with the center of mass of the 4B molecule. The xyz frame is
defined to have its z axis along the internuclear axis pointing from nucleus 4 to nucleus

B. Both frames are right-handed coordinate systems. The Euler angles afy relate the
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space-fixed frame XVZ to the molecule-fixed frame xyz where, by performing three
successive rotations, X¥Z may be made to coincide with xyz: (1) a positive rotation by
0 < a < 27 about the Z axis; (2) a positive rotation by 0 < 8 £ = about the line of
nodes; and (3) a positive rotation by 0 < y < 2 about the 5 axis. The XVZ and xyz
frames are then related by

X cacBcy — sasy —cacfBsy — sacy casp x
Y| = | sacBey + casy —sacfsy -+ cacy sasB | | v |, (AS)
Z —sBcy sBsy B

where sine has been abbreviated by s and cosine by c. In Eq. (A5) the unitary trans-
formation matrix is the transpose of the well-known direction cosine matrix.

Under spatial inversion, X - — X, ¥ — — ¥V, and Z— — Z. For Eq. (A5) to be an
identity, we must determine how the Euler angles a8y and the molecule-fixed coordinates
xyz transform under this symmetry operation. Note that spatial inversion may be re-
garded as an inversion of the positions of all particles (nuclei and electrons) in a fixed
laboratory reference frame. It can be easily seen that the following transformation
preserves Eq. (A5):

xr— —x,

y—y,

3 3; (A6)
and

a—7m+a,

ﬁ—)ﬂ' —Br
vy = (A7)

Physically, Eqgs. (A6) and (A7) correspond to the symmetry operation ¢,%* for the
molecule-fixed coordinates and to the transformation C»* on the Euler angles.

We note that this choice is arbitrary. We could equally well have used the alternative
transformation (24) ¢,* on the molecule-fixed coordinates (x —x, y-» — ¥, 2— 2)
and Cs? on the Euler angles (@ » 7 + a, 83— — 8, ¥y > 7 — ). The only difference
in the Eulerian angle transformations is the behavior of the angle ¥ that measures rota-
tion about the molecule-fixed z axis. However, a linear molecule has only two rotational
degrees of freedom, and hence the angle v is redundant. Thus the value of v can be fixed
arbitrarily. If one chooses to express the effect of spatial inversion on the molecular
coordinates by Egs. (A6) and (A7), then v must be fixed equal to zero (the only number
equal to its negative). If, however, the alternative transformation (24) is chosen, then vy
must be fixed equal to 7/2. As will be seen, we prefer choosing Eqs. (A6) and (A7) be-
cause the expressions for the resulting transformation properties are simpler.

The rotational wavefunction |JMQ) may then be rewritten as

27 + 1
| M) = [ ] D7 sro(,8,0), (A8)

0

where the normalization factor has been altered to reflect the fact that integration over
the solid angle element no longer includes . The transformation properties of the rota-
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tional wavefunction |JMQ) may be derived with the help of the two identities (56)

Gy (T — B) = (=1)7™ d% e (B) (A9)
and
T m(B) = d'_—m (B). (A10)
We find that
1D yale, B, 0) = D™ pyolr +a, 7 — B, 0)
= (=1)'D"" (e, 8, 0). (A11)
Hence we conclude that
ip | JMQ) = (=17 |TM, —Q). (A12)

The vibrational wavefunction R,,(r) depends solely on the internuclear distance 7,
a quantity that is unchanged by the operation i,,. Thus the effect of i,, on |#vSAZ)
may be determined from the behavior of the electronic function 2*!¢g under spatial
inversion. The electronic wavefunction 25*1¢q may be regarded as an antisymmetrized
linear combination of spin-orbitals of the form

ealasi; 7) Xsz(02) (A13)

where ¢, expresses the orbital part and Xgs the spin part, respectively. For the purposes
of determining the behavior of the vibronic wavefunction |#2SAZ), it suffices then to
consider separately the behavior of ¢4 and Xgz.

The dependence of the orbital part on A may be written explicitly as ¢a(q.;7) e
where the electronic coordinates q; are conveniently represented in cylindrical
coordinates,

X; = p; COS ¥4,

yi = pisinvy,
Z; = Zy, (A14)

and the angle v, may be considered to be an electronic reference angle from which all
other v; are measured (35). To preserve the transformation properties given in Egs.
(A6) and (A7), o,** must have the effect of transforming p; — p; and y; — 7 — v..

In the special case of = states, corresponding to A = 0, we must distinguish between
two types of = states, Z+ and 2, according to whether the state is unchanged or changes
sign, respectively, under a reflection in the yz plane. Thus we have

iy 0o = (—1)° ¢q, (A15)

where s = 1 for 2 states and s = O for Z* states.
For non-Z states, we are at liberty to choose s = 0; this choice® implies that

ea(gi; ) = ()" o €47 (Al6)
Thus, for all states
Lpor = (—1)eo, (A17)

where s = 1 for 2~ states, and s = 0 for all others.

? Note that sometimes it may be preferable, especially when L is at most a good quantum number, to
let s be a function of L and possibly A (24, 40).
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In Hund’s case (a) coupling the spin coordinates o; are referred to the molecule-fixed
frame so that the symmetry operation i,, may alter the value of ¢;. We may make ex-
plicit the spatial dependence of the spin function Xgz by re-expressing Xgs in terms of
Hund’s case (b) spin functions Xs..,, where , is the projection of .S on a space-fixed axis:

XSE = Z Dsmsg(a,B,O) XSm.g- (A18)

In Eq. (A18) Xgu, is unaffected by the symmetry operation i,, while DS, s transforms
under i,, according to Eq. (A11). Thus

LpXsz = (—=1)5Xg, 3. (A19)
Combining Eqs. (A12), (A17), and (A19) we conclude that
iup| MIJSAZ) = (—1)7+8+s| o JS, —A, —Z), (A20)

where s = 1 for £~ states and s = O for all other states. In Eq. (A20) we have omitted
M from the wavefunction since Eq. (A20) is independent of the value of M.

APPENDIX B

For a 22 state each J value is associated with two rotational levels, one of each parity.
The case (a) basis set functions corresponding to the rotational level J with parity
pE = £ (—1)7+5+s may be written

1
|n 22yt pTpt) = \/_f[[n 239 JSAZ) + (#2320, — A, — Z)]

1
= Lozt an) & n2 )] (B1)

where we have abbreviated their form by introducing the signed value of A 4+ 2 as a
subscript on the term symbol. For a ?I1 state each J value, except J = 3, has four rota-
tional levels associated with it, two of each parity. The 2 X 2 blocks of parity p* are
constructed from the case (a) basis functions

1
|7 21 v pE) =\/—2_—[|n2Hng) + |[n_y0J)] (B2)
and
1
|n 211, o] pt) =\—/_2—[[n My o)) 4+ |n2M_y0])]. (B3)

In the special case J = %, the @ = § basis functions are missing and there are only two
rotational levels of opposite parity for this J value.
In the absence of perturbations, the p* parity levels of a *Z state have the energy

Hy© () + Hy®(p) = 1.7+ BAU +HU + 9 = DALU + DU + D]
+HAU+HU+HF 02U+, (B
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while the p~ parity levels have the energy

HyO@p) + Hy® @) =T°+ B U —=HU+3) - DA -HU + P
+HT - HU +DF+ 37,70 —3). (B

Equations (B4) and (B5) show that even in the absence of perturbation the rotational
levels of a 2Z state are split by an amount

E(n22"%i WJP‘) - E("’?E%i Y, J - 17 P+) = 'YDEJa (B6)

where the magnitude of the splitting increases linearly with J in the absence of cen-
trifugal distortion corrections to ¥%,. Thus each rotational level except the J = § level
of p~ parity occurs in closely-spaced pairs. Equations (B4)-(B6) assume a more familiar
form if J + % is replaced by the rotational quantum number &, which is a good quan-
tum number in Hund’s case (b) coupling.

Suppose *II states perturb the 22 state under study (42). Then, we may treat these
perturbations according to the Van Vleck transformation by adding the correction term

Hy@(+) = X [EMn =Z*0]) — E(' o' J)

X AL(n 22y oJ | Ho|n' 20 T) + (n 22yF o] | Hy [0/ T30/ T)
4 [(n22yEoJ | Hy|n' T30’ T) + (n 22 o] | Hylw/ 21130/ T) 2} (BT)

to the unperturbed energy of the p* levels of a 22+ state or the p~ levels of a 22~ state,
and by adding the correction term
Hy®(=) = X [E@®’Z*u]) — E( Ty J) ]

X {[(n 22y o] | Hy|n' 20’ T) — (n 22y o] |Hqln' 2140/ )
+ [(m 22yt o] | Hy|n' M0’ T) — (n 2Byt oJ | Hyn/ My o' T} (B8)

to the p~ levels of a ?Z* state or the p* levels of a 22~ state. Introducing the electronic
perturbation parameters ¢,%, p,%, and 0,7 defined in Eqs. (39-41), Egs. (B7) and (B8)
may be rewritten

Hy® () = 030 + DT + ) + 3020 + 9 + 0.2 (B9)

and
Hyy® (=) = ¢.5(J = H T + 5 — 39,50 = 3) +0.% (B10)

For J = }, the matrix elements involving the 2II; and *II_3 wavefunctions do not appear
in Egs. (B7) and (B8); however, Egs. (B9) and (B10) are unaltered.

Comparison of Egs. (B9) and (B10) with Eqgs. (B4) and (B3) shows that *II perturba-
tions contribute a term 0, to the effective band origin, a term —p,® to the effective
spin-rotation constant v,, and a term ¢, to the effective B, value. If centrifugal dis-
tortion corrections to the parameters 0,%, p,Z, and ¢, are also introduced, the effective
D, and H, values also differ from D,% and H,Z. This illustrates how the presence of
interacting 211 states impairs the mechanical meaning of the rotational constants of a
22 state. Because both parity levels are affected equally, it is not possible to recover
B,? from the experimental B, value. In the unique perturber approximation we note
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that B, < B,% if the perturbing II state lies above the 22+ state, and B, > B,% if the
perturbing 211 state lies below.

APPENDIX C

There are in general three A-doubling parameters required to describe the shifts and
splittings of the A components of a II state caused by interactions with Z= states of the

same multiplicity. These electronic perturbation parameters are conveniently defined
as (42)

(n?SHTL0T |34 (r) Ly | 2SH1ZE /T2

0,1 =3 E Z : (C1)
n'o’ naJ T Ln'v'J
(n 28+1q1 'L’]l %A (T)L+ | n/ 28+1g+ v’f}(n 28+17] ‘Z)JI B(r)L+ l n' 28+1g+ 'UI]>
p =42 = 7 , (C2)
n’ v’ noJ = L'y J
and (n 25+11oJ | B(r) Ly |n' 25+12% o/ J)2
n v r ”n Ty
g =2% E ; : (C3)
n'v’ noJ — Lon’o'J

It is possible to relate the A-doubling parameters to each other and to the constants
A4, and B," of the perturbed state. These approximate relations prove useful as a
means of estimating or interpreting the sign and magnitude of the A-doubling constants.
They also permit us to understand how the A-doubling structure of a II state changes
as a function of 4,7 from Hund’s case (a) coupling (4,7 —e), to Hund’s case (b)
coupling (4,1 = 0), to inverted Hund’s case (a) coupling (4,7 — — =) (See Figs. 1-4).

1. Born-Oppenheimer separation. Each vibronic matrix element appearing in Eqgs.
(C1)-(C3) are assumed to factor into the product of a vibrational and an electronic
matrix element :

(2L o] |3A(r) Ly |0/ 25VZE o' T) = (oJ |24 () |V T)n| L) (C4)
and
(n2SHL o] | B(r) Ly |0/ 712+ o/ JY = (oJ | B(r) | V' T){n| Ly |#'). (C5)

2. Neglect of centrifugal distortion. The A-doubling parameters are assumed to be
independent of J. Thus

(@J|B(r)[v'J) = (v| B(n)|7), (C6)

(W [34(@)[vT) = (v][34(n) [, (C7)
and

Iinvl - En’v’J = Env - En’v'. (CS)

3. Variation of 4(r) with r. The spin-orbit parameter 4 is usually a slowly-varying
function of internuclear distance (56). The reasons for this behavior are complex (15,57).
In brief, the value of 4 is approximately the sum of the contributions Z; (Z:z)ett {rsx?)
for each nucleus &, where (Z.).s: is the effective (screened) nuclear charge seen by the
unpaired electron 7 and {r;s3) is the average cubed inverse distance from the electron 4
to the nucleus k. As the internuclear distance changes by a small amount, the variation
of the electronic wavefunction does not sensitively affect these essentially atomic con-
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tributions. Therefore, we assume that
|34 () [v') = 14, ]o'). (C9)

With the help of the foregoing approximations the A-doubling parameters may be
rewritten

ovn = %(A nH)Z Z’ <n[L+ln,>2 Z/ _@l_v;—) (ClO)
B[+ v
p =243 (n|Lijn' 2T Mv Al >, (€11)
n’ L Env - En‘v'
- 01 B )| B o
v B(r)|v r)|v
q,,ﬂ=22’(n|L+|n')2Z; & . (C12)

Equations (C10)-(C12) show that 0, is proportional to the square of 4,1, p,™ is pro-
portional to 4,7, and ¢, is independent of 4,1.

4. Unique perturber approximation. We assume one Z* or one Z~ state (real or
composite) of the same multiplicity accounts for the A doubling. Then the summrat’on
over #’ in Egs. (C10)—(C12) may be omitted.

5. Effective energy denominator. Because of the Franck-Condon principle, only
those vibrational levels ¢’ of the ' 25+1Z+ state with appreciable Franck-Condon factors
contribute to the vibrational sums shown in Eq. (C10)-(C12). Moreover, the vibrational
spacings in the perturbing electronic state are usually small compared to the sepaiation
between the two electronic states » and »'. Accordingly, we assume that we can replace
the energy denominators in Egs. (C10)-(C12) by an effective value AE(v) that is
independent of v". This permits us to carry out the summations over ¢ in Egs. (C10)-
(C12). The expressions for the A-doubling parameters reduce to

0T = (4. 1)2n| Ly |0/ AE(), (€13)
Pt = 24 1B, (n| L, |/ AR (), (C14)
g = 20| B () |9)(n| L | W/ AE (D). (19

For calculational purposes'® AE(v) might be taken as
AE(”) = Z] Qv’n/(Env - En’u’), (C16)

where g, = (/|72

Inspection of Egs. (C13)-(15) shows that the sign of 0, is the same as ¢,", i.e., the
sign of AE(v), while the sign of .7 is the sign of 0, or ¢, times the sign of 4,1. Few
exceptions are known to this rule and they have been traced to the failure of the unique
perturber approximation (59). We also note that o, and p,T may be related to each

10 Often the evaluation of Egs. (C13)-(C15) can be further simplified by assuming that the valence
electrons have well-defined angular momenta 1 that make projections X on the internuclear axis [ Van
Vleck’s hypothesis of pure precession (42)]. This permits the matrix elements (z|L|n’)? to be simply
estimated. However, the pure precession hypothesis is not always satisfied (58) and, in any case, we need
not make this assumption in what follows.



DIRECT APPROACH FOR REDUCTION OF DIATOMIC SPECTRA 65

other by
0,1 =3(4 vH/BvH)PvH; (C17)

P”H = A nHQDH- (ClS)

If we further approximate {v|r—|v) as (v|72|1)? then Eq. (C18) simplifies to
P”Hz (A vH/BvH)QvH- (Clg)

No study of the validity of Eqgs. (C17) or (C18) appears to have been made to date;
the validity of Eq. (C19) has been considered in the analysis of the O,* AI,-X1,
system (43).

RECEIVED: September 12, 1972
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