S. Boyd EE102

Lecture 5

Rational functions and partial fraction
expansion

e (review of) polynomials
e rational functions

e pole-zero plots

e partial fraction expansion
e repeated poles

e nonproper rational functions

5-1



Polynomials and roots

polynomials
a(s) =ag+ ais+ -+ a,s"

e a is a polynomial in the variable s
e a; are the coefficients of a (usually real, but occasionally complex)

e n is the degree of a (assuming a,, # 0)

roots (or zeros) of a polynomial a: A\ € C that satisfy

a(A) =0

examples

e a(s) = 3 has no roots

e a(s) = s3> — 1 has three roots: 1, (—1+ jv/3)/2, (=1 — j\/3)/2
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factoring out roots of a polynomial

if @ has a root at s = )\ we can factor out s — \:

e dividing a by s — A\ yields a polynomial:

is a polynomial (of degree one less than the degree of a)

® We can express a as
for some polynomial b

example: s3> — 1 has a root at s =1

s —1=(s—1)(s*+s+1)

Rational functions and partial fraction expansion

5-3



the multiplicity of a root A\ is the number of factors s — A we can factor
out, i.e., the largest k such that

is a polynomial

example:
a(s)=s>+s°—s—1
e a has a zero at s = —1
3 o2
—s—1
° a(s):8+8 i — 52 — 1 also has a zero at s = —1
s+1 s+ 1
3 o2
—s—1
oﬂ:SjLS i = s — 1 does not have a zero at s = —1
(s +1) (s +1)
so the multiplicity of the zero at s = —1 is 2
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Fundamental theorem of algebra

a polynomial of degree n has exactly n roots, counting multiplicities

this means we can write a in factored form
a(s) = a,s" + - 4+ag=an(s— A1) - (s—\p)

where A1,..., A\, are the n roots of a
C o3 o2 _ 2
example: s°+s°—s—1=(s+1)7(s—1)

the relation between the coefficients a; and the \; is complicated in

general, but
mn

apg — An H(—Az‘), Ap—1 = —anzn:)\z'
i=1

i=1
are two identities that are worth remembering
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Conjugate symmetry

if the coefficients ag,...,a, are real, and A € C is a root, i.e.,
a(A) =ag+a A+ +a,\" =0

then we have

aN) = ag+ aih+ -+ aph = (ag + @A + - - + apA?) = a(\)

in other words: \ is also a root

e if )\ is real this isn't interesting
e if \is complex, it gives us another root for free

e complex roots come in complex conjugate pairs
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example:

&
)\1 0
;\4 L4
A3 | A6
—e f ° R
;\5 °
Ao o

Az and Ag are real; A1, Ay are a complex conjugate pair; A4, A5 are a
complex conjugate pair

If a has real coefficients, we can factor it as

a(s) =an | |[J(s =) I] (s—=2)(s—=N)
i=1 i=r+1
where Ai,..., A, are the real roots; A\r1, A\rt1,-- -5 Am, Am are the

complex roots
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Real factored form

(5= AN (s—=X) =5 =2\ s+ |\?

Is a quadratic with real coefficients

real factored form of a polynomial a:

a(s) = ay H(s — ;) H (5% + s + 3;)
i=1 i=r+1
® \,..., )\, are the real roots

e oy, 3; are real and satisfy a? < 40;

any polynomial with real coefficients can be factored into a product of

e degree one polynomials with real coefficients

e quadratic polynomials with real coefficients

Rational functions and partial fraction expansion



example: s — 1 has roots

I K N Gb N

1
ST 2 > 2

e complex factored form

P 1=(s—1) (s+ (1 +N§)/z) (s—|— (1 —j\/§)/2>

e real factored form

s —1=(s—1)(s*+s5+1)

Rational functions and partial fraction expansion
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Rational functions

a rational function has the form

F(s) = b(s) bo+bis+ -+ byps™
a(s) apg+ais+ -+ a,st’

i.e., a ratio of two polynomials (where a is not the zero polynomial)

e b is called the numerator polynomial

e a is called the denominator polynomial

examples of rational functions:

1 n S B s> +3s+ 3
241 25+3 2s3+3s2+2s5+3

, 8%+ 3,
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rational function F(s) = —=

polynomials b and a are not uniquely determined, e.q.,

1 3 43
s+1 3s+3 (s+1)(s2+3)

(except at s = £5v/3. . .)

rational functions are closed under addition, subtraction, multiplication,
division (except by the rational function 0)
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Poles & zeros

F(s) = b(s) bo+bis+ -+ byps™
- a(s) apg+ais+ -+ apst’

assume b and a have no common factors (cancel them out if they do . . .)

e the m roots of b are called the zeros of F'; A is a zero of F' if F(\) =0
e the n roots of a are called the poles of F'; X is a pole of F' if

limg_» [F(s)| = o0
the multiplicity of a zero (or pole) A of F' is the multiplicity of the root A
of b (or a)

06s + 12
s24+2s+1

example: has one zero at s = —2, two poles at s = —1
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factored or pole-zero form of F':

F(S):bo+b18+---+bms :k(s—zl)---(s—zm)

ap+ais+---+aps”™  (s—p1) (5 —pa)

where

e k=b,/an

® 21,...,2n are the zeros of I (i.e., roots of b)
® pi1,...,Dy are the poles of F' (i.e., roots of a)

(assuming the coefficients of a and b are real) complex poles or zeros come

in complex conjugate pairs

can also have real factored form . . .

Rational functions and partial fraction expansion
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Pole-zero plots

poles & zeros of a rational functions are often shown in a pole-zero plot

(x denotes a pole; o denotes a zero)

this example is for
(s +1.5)(s+1+4+2j)(s+1—27)
(s+25)(s—2)(s—1—4)(s—1+7)
(s +1.5)(s% + 25 + 5)
(s +2.5)(s —2)(s? — 25 + 2)

F(s) =

(the plot doesn't tell us k)
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Partial fraction expansion

let’s assume (for now)

e no poles are repeated, i.e., all roots of a have multiplicity one

e mMm<n

then we can write F' in the form

r Tn
1 4_ ... _F

F —
(5) S — A\ S — A\

called partial fraction expansion of F

® \i,...,\, are the poles of F
e the numbers rq,...,r, are called the residues

e when )\k:)\_lv T =T

Rational functions and partial fraction expansion
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example:

52 —2 I S SR
34352425 s  s+1 s+2
let’s check:
_1+ 1 N 1 —1(s+1)(s+2)+s(s+2)+s(s+1)
s s+1 s+2 s(s+1)(s+2)

in partial fraction form, inverse Laplace transform is easy:

-1y — ol " ™
L7 (F) L (S_)\1+ _|_S_)\n

(this is real since whenever the poles are conjugates, the corresponding
residues are also)
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Finding the partial fraction expansion

two steps:

e find poles A\1,..., A\, (i.e., factor a(s))

e find residues r1,...,7, (several methods)

method 1: solve linear equations

we'll illustrate for m =2, n = 3

bo + bls + b282 B 1 I T2 X T3
(S—>\1)(S—)\2)(S—)\3)_S—>\1 S—>\2 S—>\3
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clear denominators:

bo+b15+bys® =r1(s—X2)(5—A3) +72(5— A1) (5= A3) +73(5 — A1) (5— o)

equate coefficients:

e coefficient of s°:

bo = ()\2/\3)?“1 + (/\1)\3)7“2 + ()\1)\2)?“3

e coefficient of s!:

b1 = (—)\2 — )\3)7“1 -+ (—)\1 — )\3)7“2 -+ (—)\1 — )\2)7“3

e coefficient of s°:
b2 =71+ 7re+7rs3

now solve for rq, 79,73 (three equations in three variables)
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method 2: to get r;, multiply both sides by s — A\ to get

(S — )\1)([?0 + b18 + b282) _ 7“2(8 — )\1) 7“3(8 — )\1)
G- —Da)s—2a) 7 i

cancel s — \{ term on left and set s = \;:

S—)\Q S—)\g

bo + biA1 + baAT .
A=) (A —Xg)

an explicit formula for 1! (can get r5, 73 the same way)

in the general case we have the formula

re = (s — A\p) F(s)|

S:Akz
which means:

e multiply F' by s — A\

e then cancel s — \x from numerator and denominator

e then evaluate at s = \; to get
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example:

e residue ry:

( N 798 N r35> s?—2 |
ri=|[r = = —
! el 542 o (+D(s+2)|,_,
e residue 7o:
ri(s+1 1 2_9
Ty = 1(8 )—|—T2—|—r3(8+ ) = 5 —
S S+2 s=—1 S(S+2) s=—1
e residue rjs:
2 2 2_9
ry — ri(s + )+7“2(S—|— ) Y _ 8 1
S s+ 1 o S(s+1)|.__,

so we have:
s2—2 —1 1 1

s(s+1)(s+2) S +s+1+s+2
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method 3: another explicit and useful expression for ry is:

. b
Fad ()
to see this, note that
WY / _
b EEAB(S) b)Y (s)(s = M) _ b
s—Ar  a(s) s— A a’(s) a' ()
where we used |'Hopital’s rule in second line
example (previous page):
s2 —2 s2 —2

s(s+1)(s+2) T s34 252 + 23

hence,
s2 -9

- — 1
T 352 1 45 1 2 4—0
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Example

let's solve

2. solve for V' to get

Vis) = e

3. the poles of V are the cuberoots of 1, i.e., e/27%/3 k =0,1,2

# 1= (s—1) (s+ 1/2+j\/§/2) (s+ 1/2 —j\/§/2)
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4. now convert V' to partial fraction form

1 T2 T2
Vis) = +
s=1 syplygs g4l 48

to find residues we'll use

oy 1 b(—1/2-3jv3/2) 1
(1) 3 T w12 v3/2) 3

so partial fraction form is

Wl

1 1
Vi(s) = + 5 + &
ST sy s+

(check this by just multiplying out . . . )
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. take inverse Laplace transform to get v:

! 1 /3 1 /3
vt = 5ot 56(_%_‘773” + §e(—%+373)t
1 2 3
— §6t + 56_% COS —gt

6. check that v —v =0, v(0) =1, v/(0) =2"(0) =0
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Repeated poles

now suppose

_ b(s)
F(s) = (s = A)F1- (s — \)ki

e the poles \; are distinct (\; # A; for ¢ # j) and have multiplicity k;

e degree of b less than degree of a

partial fraction expansion has the form

1k T'1,k1—1 1,1
F — sl s vl L. )
) = GoagmE Teoage T e,
T2 ks T2 ko—1 2.1
TR TGk T,
o Lk, Tk —1 . 1
L P W TR P W e R Ry

n residues, just as before; terms involve higher powers of 1/(s — \)
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example: F'(s) = has expansion

s?(s+1)

same types of tricks work to find the r; ;'s

e solve linear equations (method 1)

e can find the residues for nonrepeated poles as before

Rational functions and partial fraction expansion
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example:
1 T ) T3

82(S+1)_82+S s+ 1

we get (as before)
rs=(s+ 1)F(s)|.__, =

S=

now clear denominators to get

ri(s+1)+res(s+1)+s° = 1
(1+7r)s®+ (r1+r)s+1 = 1

which yields r9 = —1, r1 =1, so
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extension of method 2: to get 7; 1.,

e multiply on both sides by (s — \;)*

e evaluate at s = \;

gives
F(s)(s = X)" |, _\ =Tk,
to get other r's, we have extension
1 & L
1 dsi (F(s)(s = Xi)™) o Ti ki~

usually the k;'s are small (e.g., 1 or 2), so fortunately this doesn’t come up
too often

Rational functions and partial fraction expansion 5-28



example (ctd.):

1 T2 r3
F(s) = _*
(5) 52 + S + s+ 1
e multiply by s

1 ras?

2 3

F = =
s“F(s) ] 7“1—|—7“23—|—S_|_1

e evaluate at s=0togetr; =1

e differentiate with respect to s:

1 n d [ r3s?
_ —
(s+1)2 2 ds\s+1

e evaluate at s =0 to get ro = —1

(same as what we got above)
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Nonproper rational functions

F(s) — b(s) _bo+bis+ -+ bps™
a(s) ap+ais+ -+ a,s”’

is called proper if m < n, strictly proper if m < n, nonproper if m > n

partial fraction expansion requires strictly proper F'; to find L~1(F) for
other cases, divide a into b:

F(s) = b(s)/a(s) = c(s) +d(s)/a(s)

c(s)=co+- -+ cmns" ", d=dy+ - +dis® k<n

then
LTYF)=cod+ -+ cmnd™ ™ + L7(d/a)

d/a is strictly proper, hence has partial fraction form
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example - ;
S +

F(s) =

(s)=—-77

is proper, but not strictly proper

5(S+1)—5+3_5 2

s+ 1 s+ 1

F(s) =

Y

SO

in general,

e [’ strictly proper <= f has no impulses at ¢t = 0

e [’ proper, not strictly proper <= f has an impulse at ¢t = 0
e ' nonproper <= f has higher-order impulses at t =0

e m — n determines order of impulse at ¢t =0
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Example

_s4+33—232+1
834282+ s

F(s)

1. write as a sum of a polynomial and a strictly proper rational function:

s(s3+2s*+5) —5(25%2 +5) + 5% — 25 +1

F —
(5) s3 + 252+ s
+—s3—332—|—1
= 5
s3 + 252 + 5
— (83 4+ 252+ 5) + (252 + 5) — 352 + 1
— S—'—
s§3 + 252+ 5
1+—s2+s+1
p— S —
3+ 252+ 5
1+—82+s+1
p— S —
s(s+1)2
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2. partial fraction expansion

—32—|—s—|—1_7“1_|_ T r3
s(s+1)2 s s+1 (s+1)2

e determine ry:

—s?2+s5+1
’]"1 e 5 — ]_
e determine rj3:
—s24+s5+1
s — =1
S s=—1
e determine r5:
d [(—s>+s+1 —s? -1
’]"2 p— p— 5 p— —2
ds S — 1 S 1
(alternatively, just plug in some value of s other than s = 0 or s = —1:
2
—s“+s+1 1 9 r3 9 1
=—-—=nm+—+—=14+4—=—+—-==12= -2
s(s+1)2 | _ 4 gty Tyt ’ )
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3. inverse Laplace transform

1 B 1 1 2 1
L7 (F(s)) = L <S—1—|—g—8+1—|—m)

= () —6(t)+1—2e "+ te?
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