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Abstract

The alternating direction method of multipliers is a powerful operator splitting tech-
nique for solving structured optimization problems. For convex optimization problems,
it is well known that the algorithm generates iterates that converge to a solution, pro-
vided that it exists. If a solution does not exist, then the iterates diverge. Nevertheless,
we show that they yield conclusive information regarding problem infeasibility for
optimization problems with linear or quadratic objective functions and conic con-
straints, which includes quadratic, second-order cone, and semidefinite programs. In
particular, we show that in the limit the iterates either satisfy a set of first-order opti-
mality conditions or produce a certificate of either primal or dual infeasibility. Based
on these results, we propose termination criteria for detecting primal and dual infea-
sibility.
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1 Introduction

Operator splitting methods can be used to solve composite minimization prob-
lems where we minimize the sum of two convex, closed, and proper functions.
These methods encompass algorithms such as the proximal gradient method (PGM),
Douglas—Rachford splitting (DRS), and the alternating direction method of multipli-
ers (ADMM) [1] and have been applied to problems ranging from feasibility and best
approximation problems [2,3] to quadratic and conic programs [4—6]. Due to their
relatively low per-iteration computational cost and ability to exploit sparsity in the
problem data [6], splitting methods are suitable for embedded [7-9] and large-scale
optimization [10] and have increasingly been applied for solving problems arising in
signal processing [11,12], machine learning [13], and optimal control [14].

In order to solve a composite minimization problem, PGM requires differentiability
of one of the two functions. If a fixed step size is used in the algorithm, then one also
requires a bound on the Lipschitz constant of the function’s gradient [10]. On the
other hand, ADMM and DRS, which turn out to be equivalent to each other, do not
require any additional assumptions on the problem beyond convexity, making them
more robust to the problem data.

The growing popularity of ADMM has triggered a strong interest in understand-
ing its theoretical properties. Provided that a problem is solvable and satisfies certain
constraint qualification (see [15, Cor. 26.3] for more details), both ADMM and DRS
are known to converge to an optimal solution [13,15]. The use of ADMM for solving
convex quadratic programs (QPs) was analyzed in [4] and was shown to admit an
asymptotic linear convergence rate. The authors in [16] analyzed global linear conver-
gence of ADMM for solving strongly convex QPs with inequality constraints that are
linearly independent, and the authors in [17] extended these results to a wider class of
optimization problems involving a strongly convex objective function. A particularly
convenient framework for analyzing the asymptotic behavior of such method is by
representing it as a fixed-point iteration of an averaged operator [15,17,18].

The ability to detect infeasibility of an optimization problem is very important in
many applications, e.g., in any embedded application or in mixed-integer optimization
when branch-and-bound techniques are used [19]. It is well known that for infeasible
convex optimization problems some of the iterates of ADMM and DRS diverge [20].
However, terminating the algorithm, when the iterates become large, is unreliable in
practice for several reasons. First, an upper bound on the allowed norm of the iter-
ates should be sufficiently large so that the number of false detections of infeasibility
is reduced. Second, divergence of the iterates is observed to be very slow in prac-
tice. Finally, such termination criterion is just an indication that a problem might be
infeasible, and not a certificate of infeasibility.

Aside from [20], the asymptotic behavior of ADMM and DRS for infeasible prob-
lems has been studied only in some special cases. DRS for solving feasibility problems
involving two convex sets that do not necessarily intersect was studied in [3,21-24].
The authors in [25] study the asymptotic behavior of ADMM for solving convex QPs
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when the problem is infeasible, but impose full rank assumptions on certain matrices
derived from the problem data. The authors in [S] apply ADMM to the homogeneous
self-dual embedding of a convex conic program, thereby producing a larger problem,
which is always feasible and whose solutions can be used either to produce a primal-
dual solution or a certificate of infeasibility for the original problem. A disadvantage
of this approach in application to optimization problems with quadratic objective func-
tions is that the problem needs to be transformed into an equivalent conic program,
which is in general harder to solve than the original problem [26,27].

In this paper, we consider a class of convex optimization problems that includes
linear programs (LPs), QPs, second-order cone programs (SOCPs), and semidefinite
programs (SDPs) as special cases. We use a particular version of ADMM, introduced
in [28], that imposes no conditions on the problem data such as strong convexity of
the objective function or full rank of the constraint matrix. We show that the method
either generates iterates for which the violation of the optimality conditions goes to
zero, or produces a certificate of primal or dual infeasibility. These results are directly
applicable to infeasibility detection in ADMM for the considered class of problems.

We introduce some definitions and notation in Sect. 2, the problem of interest in
Sect. 3, and present a particular ADMM algorithm for solving it in Sect. 4. Section 5
analyzes the asymptotic behavior of ADMM and shows that the algorithm can detect
primal and dual infeasibility of the problem. Section 6 demonstrates these results on
several small numerical examples. Finally, Sect. 7 concludes the paper.

2 Notation

All definitions introduced here are standard and can be found, for example, in [15,29].

Let N denote the set of natural numbers, R the set of real numbers, R, the set
of nonnegative real numbers, R:=RU {400} the extended real line, and R” the
n-dimensional real space equipped with inner product (-, -), induced norm ||-||, and
identity operator Id: x +— x. We denote by R"*" the set of real m-by-n matrices

and by S" (S}) the set of real n-by-n symmetric (positive semidefinite) matrices.

Let vec: S" > R™ be the operator mapping a matrix to the stack of its columns,
mat = vec~! its inverse operator, and diag: R” > S" the operator mapping a vector
to a diagonal matrix. For a sequence {xk}keN, we define §xF! = xk*+1 — xk The
proximal operator of a convex, closed, and proper function f: R" R is given by

prox, (1) i= argmin {ro+ 3y —x2}.

For a nonempty, closed, and convex set C C R”, we denote the indicator function
of C by

0, x €C,

+00, otherwise,

Te(x) := {
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the distance of x € R" to C by

diste(x) := min ||x — y||,
yeC

the projection of x € R" onto C by

e (x) := argmin |lx — y,
yeC

the support function of C by

Sc(x) :=sup (x, y),
yeC

the recession cone of C by

C¥ ={yeR":x+1yelC,xelC, >0}
and the normal cone of C at x € C by

Ne(x) :={y € R": supyee (¥ —x,y) <0}

Note that I is the proximal operator of Z¢. For a convex cone L € R”, we denote
its polar cone by

Ke:={y e R": sup, g (x,y) <0},

and for any b € R" we denote a translated cone by £, := K + {b}.

Let D be a nonempty subset of R”. We denote the closure of D by clD. For an
operator T: D +— R", we define its fixed-point set as

FixT :={x e D: Tx =x}
and denote its range by ran(7T"). We say that T is nonexpansive if
ITx =Tyl < llx = yll, V(x,y) €D xD,

and T is a-averaged with o« € ]0, 1[ if there exists a nonexpansive operator
R: D+ R"suchthat T = (1 — «)Id +«R.

3 Problem Description

Consider the following convex optimization problem:

min (%xTPx—i-qTx) s.t. Ax eC, @))

X
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with P € §%,q e R", A e R™*" and C € R™ a nonempty, closed, and convex set.
We make the following assumption on the set C:

Assumption 3.1 The set C is the Cartesian product of a convex and compact set
B C R™!, and a translated closed and convex cone K, € R™2, where m and m,
are nonnegative integers and m| + mp = m,i.e.,C = B x Kp.

Many convex problems of practical interest, including LPs, QPs, SOCPs, and SDPs,
can be written in the form of problem (1) with C satisfying the conditions of Assump-
tion 3.1. We are interested in finding either an optimal solution to problem (1) or a
certificate of either primal or dual infeasibility.

3.1 Optimality Conditions

We will find it convenient to rewrite problem (1) in an equivalent form by introducing
a variable z € R™ to obtain

min (%xTPx—i—qTx) st. Ax =z and zeC. 2)

(x,2)

We can then write the optimality conditions for problem (2) as:

Ax —z=0 (3a)
Px+q+ATy=0 (3b)
ze€C, yeNc(2), (3¢)

where y € R is a Lagrange multiplier associated with the constraint Ax = z. If there
exist x € R", z € R, and y € R™ that satisfy conditions (3), then we say that (x, z)
is a primal and y is a dual solution to problem (2). For completeness, we derive the
optimality conditions in Lemma A.1 of “Appendix.”

3.2 Infeasibility Certificates

In this section, we derive conditions for primal and dual infeasibility. The dual problem
associated with problem (1) is

max (—%xTPx - Sc(y)> st. Px+ATy=—¢ and ye (C®)° @

(x,)

and its derivation is included in Lemma A.2 of “Appendix.”

We will use the following pair of results to certify infeasibility of (1) in cases where
it is primal and/or dual strongly infeasible; we refer the reader to [30] for more details
on strong and weak infeasibility.
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Proposition 3.1

(1) If there exists some y € R™ such that
AT5 =0 and Sc(3) <0, 5)

then the primal problem (1) is infeasible.
(ii) If there exists some x € R" such that

Px =0, Axe(C*™, and {(q,x) <0, 6)

then the dual problem (4) is infeasible.

Proof (i) The first condition in (5) implies
inf (7, Ax) = inf<ATy,x> —0,
X X
and the second condition is equivalent to

sup (y, z) < O.

zeC

Therefore, {z € R™: (y,z) = 0} is a hyperplane that separates the sets
{Ax: x € R"} and C strongly [31, Thm. 11.1], meaning that problem (1) is
infeasible.

(ii) Definetheset Q := {Px+ATy: (x,y) € R" x (C*)°}. The first two conditions
in (6) imply

sup (x, s) = sup{<i, Px —{—ATy) xeR, ye (COO)O}
s€eQ

= sup (PX, x) + sup { (AX, y) : y € (C™)°}

SO?

where we used the fact that the inner product between vectors in a cone and its
polar is nonpositive. Since the third condition in (6) can be written as (x, —g) > 0,
this means that {x € R": (x, x) = 0} is a hyperplane that separates the sets Q
and {—gq} strongly, and thus, the dual problem (4) is infeasible. O

Note that, if condition (5) in Proposition 3.1 holds, then y also represents an
unbounded direction in the dual problem assuming it is feasible. Likewise, x in con-
dition (6) represents an unbounded direction for the primal problem if it is feasible.
However, since we cannot exclude the possibility of simultaneous primal and dual
infeasibility, we will refer to condition (5) as primal infeasibility rather than dual
unboundedness, and vice versa for (6).

In some cases, e.g., when C is compact or polyhedral, conditions (5) and (6) in
Proposition 3.1 are also necessary for infeasibility, and we say that (5) and (6) are strong
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alternatives for primal and dual feasibility, respectively. When C is a convex cone,
additional assumptions are required for having strong alternatives; see, for example,
[32, §5.9.4].

Remark 3.1 Due to Assumption 3.1, the support function of C takes the following
form:

Sc(y) = Sp(y1) + S, (2),

where y = (y;, y2) with y; € R™! and y, € R™2. Since the support function of Cp is

(b,y2), yeke,
+00, otherwise,

Sic, (02) = {

condition (5) is then equivalent to

ATy =0, §»€K° and Sg(h)+ (b, 72) <O0. @)

4 Alternating Direction Method of Multipliers (ADMM)

ADMM is an operator splitting method that can be used for solving composite mini-
mization problems of the form

min  (f(w) + g(w)), ®)
weRP

where f: R? R and g: RV — R are convex, closed, and proper functions [13].
The iterates of ADMM in application to problem (8) can be written as

wEtl proxf(wk — uk) (9a)
W prox, (ou])kH + (- + uk> (9b)
Wk a4+ (1 — a)wk — wE (9¢)

where « € 0, 2[ is the relaxation parameter.
We can write problem (2) in the general form (8) by setting

fx.2)=3x" Px 4 q"x + Tpez(x.2). (10a)
g(x,2) =Z¢(2). (10b)

If we use the norm ||(x, 2)|| = ,/a||x||% + ,o||z||% with (o, p) > 0 in the proximal
operators of functions f and g, then ADMM reduces to Algorithm 1, which was first
introduced in [28]. The scalars ¢ and p are called the penalty parameters. Note that
the strict positivity of both o and p ensures that the equality constrained QP in step 4
of Algorithm 1 has a unique solution for any P € S and A € R"™*".
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Algorithm 1 ADMM for problem (1).

1: given initial values xo, zo, yO and parameters p > 0,0 > 0, € 10, 2[
2: Setk =0
3: repeat

4 @D argmin 33T PR 4+ g7+ $1E — x5+ 512 - K+ o7 1K3

(X,2):Ax=Z
5 ko gkt 4 (1- a)xk
6: Mg (oz%k“ +(1-a)k+ p’lyk>
7. Yk kg, <a2k+l +(1—a)k _Zk-H)
8 k<« k+1
9: until termination condition is satisfied

Unless otherwise stated, we will use (-, -) to denote the standard inner product in
the Euclidean space, and ||-|| to denote the induced norm. The dimension of the space

will be clear from the context.

4.1 Reformulation as the Douglas-Rachford Splitting (DRS)

Itis well known that ADMM and DRS are equivalent methods [33]. The authors in [34]
show that the ADMM algorithm can be described alternatively in terms of the fixed-
point iteration of the Douglas—Rachford operator, which is known to be averaged [35].
In particular, the algorithm given by iteration (9) can alternatively be implemented as

k k
w' <« proxg(s )

k

W <« proxf(Zwk —5b

s ko — wh.
Similarly, an iteration of Algorithm 1 is equivalent to

(&%, 7%y « argmin %)ZTP)? +qT%
(x,2):AX=Z
+ ZIF — X7 + 5112 — @I — 1) )|
xh L yk + o ()Zk — xk>
VR oF o (Zk — Hc(vk)>

where

= e ()
yF = pd —Ti) (vh).

(11a)
(11b)
(11c)

(12a)
(12b)

(12¢)

(13a)
(13b)

We will exploit the following result in the next section to analyze the asymptotic

behavior of the algorithm.
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Fact4.1 The iteration described in (12) amounts to
@) < TR Y,

where T : R" 1 R js an (a/2)-averaged operator:

Proof Iteration (11) is a special case of iteration (49)—(51) in [34, §IV-C] with A = 1d,
B = —1d, and ¢ = 0, which is equivalent to

S Topsk,

where Tpg is the Douglas—Rachford operator given by
Tpr = (1 = 5)1d+5Q2 prox ; —Id) o (2 prox, —1d),

which is known to be («/2)-averaged [17,35]. The result follows from the fact that
iteration (12) is a special case of iteration (11) with f and g given by (10), and the
inner product given by ((x1, z1), (X2, 22)) = o (x1, x2) + p (21, 22)- o

Due to [15, Prop. 6.46], the identities in (13) imply that in each iteration the pair
(¥, y*) satisfies optimality condition (3c) by construction. The solution to the equality
constrained QP in (12a) satisfies the pair of optimality conditions

0= A%k -z (14a)
0= (P+oDi*+q—axk+pal (zk —@Mc — Id)(vk)> . (14b)

If we rearrange (12b) and (12¢) to isolate ¥ and z¥, i.e., write

k= xk 4o loxkt! (15a)

=z 4 a1k, (15b)

X
Zk
and substitute them into (14), then using (13) we obtain the following relations between
the iterates:

Axk — e (h) = —a! (Aaxk“ - 8vk+1> (16a)

Px* 4+ g+ pAT(1d —Tlo) (k) = —a~! ((P +oD)sxkH! 4+ pAT8vk+]) . (16b)

Observe that the right-hand terms of (16) are a direct measure of how far the iterates
(xk, zx, yk) are from satisfying optimality conditions (3a) and (3b). We refer to the
left-hand terms of (16a) and (16b) as the primal and dual residuals, respectively. In
the next section, we will show that the successive differences (5x*, 8vF) appearing
in the right-hand side of (16) converge and can be used to test for primal and dual
infeasibility.
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5 Asymptotic Behavior of ADMM

In order to analyze the asymptotic behavior of iteration (12), which is equivalent to
Algorithm 1, we will rely heavily on the following results:

Lemma 5.1 Let D be a nonempty, closed, and convex subset of R" and suppose that
T: D+ D is an averaged operator. Let s° € D, s = T*s°, and 8s be the projection
of the zero vector onto clran(T — 1d). Then

@) %sk — §s.
(i) 8sk — §s.
(iii) IfFix T # @, then {sk}keN converges to a point in Fix T.

Proof The first result is [36, Cor. 3], the second is [37, Cor. 2.3], and the third is [15,
Thm. 5.14]. O

Note that, since ran(7 — Id) is not necessarily closed or convex, the projection onto
this set may not exist, but the projection onto its closure always exists. Moreover,
since clran(7 — Id) is convex [36, Lem. 4], the projection is unique. Due to Fact 4.1,
Lemma 5.1 ensures that (%xk, %vk) — (6x,8v) and (Sxk, 8vk) — (6x, 0v).

The core results of this paper are contained within the following two propositions,
which establish various relationships between the limits §x and §v; we include several
supporting results required to prove these results in “Appendix.” Given these two
results, it will then be straightforward to extract certificates of optimality or infeasibility
in Sect. 5.1. For both of these central results, and in the remainder of the paper, we
define

87 1= Mee (8) (17a)
(Sy = ,OH(COO)O ((SU) (17b)

Proposition 5.1 Suppose that Assumption 3.1 holds. Then the following relations hold
between the limits 6x, 8z, and 8y:

(i) Adx =dz.

(i) Péx =0.
(iii) ATsy =0.
(iv) %zk — 8z and 8z — 8z.

) %yk — 8y and §y* — 8y.
Proof Commensurate with our partitioning of the constraint set as C = B x K, we
partition the matrix A and the iterates into components of appropriate dimension. We
use subscript 1 for those components associated with the set B and subscript 2 for those
associated with the set Cp, e.g., 7* = (z’f, zlz‘) where z’l‘ € B and zé € Kp, and the
matrix A = [A]; A;]. Note throughout that C*° = {0} x K and (C*°)° = R™! x K°,
and thus,

0
e (§v) = I:HIC((;UQ)] (18a)
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I ooy (8v) = |:H;£¥:S1&):| . (18b)

(i) Divide (16a) by k, take the limit, and apply Lemma 5.1 to get
1 1 k
Adx = lim ¢Tc(").
k— 00

Due to Lemma A.4 and the compactness of 3, we have

1 k
Aidx . Bvy) [ 0 }

=1 = . 1
[A25X] Pt |:%H]Cb(v]2():| M (8v2) (19

Combining the equalities above with (18a) and (17a), we obtain

Asx = lim e (%) = Mew (8v) = 52. (20)

(i) Divide (16b) by pk, take the inner product of both sides with dx, and take the
limit to obtain

—p~ ' (P8x, 8x) = Jim {Asx, Lye — e (0h))
—00

= (M (8v), 8v — Moo ()
= (Mex (8v), Mgy (30))
= O’

where we used Lemma 5.1 and (20) in the second equality and the Moreau
decomposition [15, Thm. 6.29] in the third and fourth. Since P € S”, it follows
that

Psx =0. 21
(iii) Divide (16b) by k, take the limit, and use (21) to obtain
0= lim }pA"(Id—I¢)(v")
k—o00
AT 1 1.k 1 k
o g (1~ )
= pAT (v — M (80))

= AT pIT e (80)
= ATsy,

where we used Lemma 5.1 and (20) in the third equality, the Moreau decompo-
sition in the fourth, and (17b) in the fifth.
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(iv)

v):

: We first show that the sequence (825 ken converges to §z. From (15), we have
—a! (8xk+] - Sxk) — sxk — 53k, (22a)
—— ((Svk+1 - 5:/‘) = 8z — 53*. (22b)

Take the limit of (22a) to obtain

lim 83 = lim sx* = §x.
k— 00 k—o00

From (14a), we now have 8z = A8%* — Adx. Take the limit of (22b) and use
(20) to obtain

lim 8zF = lim 83z% = Asx = 8z.
k—o00 k—o00

We now show that the sequence {%zk}keN also converges to §z. Dividing (13a)
by k and taking the limit, we obtain

lim 1zF = lim lmp* =4z,
k—>ook k—>ook C( )

where the second equality follows from (20).
We first show that the sequence {§ Y en converges to §y. From (13), we have
¥k = p (v* — z*), and thus,

lim 8y = p lim <8vk - (Szk) = p (80 — Tl (80)) = pIT(coeye (8) = By,
k—o00 k—o00

where we used the Moreau decomposition in the third equality and (17b) in the
last.

We now show that the sequence {%yk}keN also converges to §y. Dividing (13b)
by k and taking the limit, we obtain

lim bk =p lim (hof = 10e0h) = pGv —Tlew(60) =8y, o

Proposition 5.1 shows that the limits § y and §x will always satisfy the subspace and

conic constraints in the primal and dual infeasibility conditions (5) and (6), respec-
tively. We next consider the terms appearing in the inequalities in (5) and (6).

Proposition 5.2 Suppose that Assumption 3.1 holds. Then the following identities hold
for the limits §x and §y:

(i) (g.6x) = —oa H|ox|* — pa~! | Adx]?.
(ii) Sc(dy) =—p Lo~ [8y]>
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Proof Take the inner product of both sides of (16b) with §x and use Proposition 5.1(ii)
to obtain

(. 8x) + ,0<A8x, ad —Hc)(vk)> R <8x, 8xk+1> — pa! <A8x, 8vk+1>.
Using (19) and then taking the limit give
_ -1 2 -1
(q,0x) = —oa™ [6x||” — pa™" (Adx, dv)
— o lim <1'I;C(<Sv2), Mo (v —b)>
k—o00
= —oa 6x|)* — pa~! (Mg (8v), 8v)
— o lim <n,<(av2), Mo (0 —b)>
k—o0
= —oa |8x]* — pa [ Te (80) |17

—p lim (@), M0 = 1),
k— 00

(23)

where we used Lemma A.3(ii) in the first equality, (20) in the second, and
Lemma A.3(iv) in the third.
Now take the inner product of both sides of (16a) with 1oy (8v) to obtain

Ol_l <H(Coo)0 ((SU), 8Uk+l> = <ATH(CO<>)° ((SU)’ xk + Ol_18xk+l>
— [Ty (6w, Te@h)).

According to Proposition 5.1(iii) and (17b), the first inner product on the right-hand
side is zero. Taking the limit, we obtain

klggo<n(cw)o(au), Hc(vk)> = —a~ ! (M (gmoye (8v). 80)
= —a [T (gooye (80) 1%,

where the second equality follows from Lemma A.3(iv). Using (18b), we can write
the equality above as

—(171 I H(COO)°(81’) ||2 = kli{go <8v17 HB(UID> + <H’C° (6v2), HK” (U§)>
= Sp(8v1) + (Mo (v2), b)
+ lim <H;¢o(5v2), Mk, (V5 —b)>
k—o00
= Sp(Sv1) + S, (Mo (5v2))
+ lim (Mo 6va). T, 0 — b))
k—o00

= Se(T oy (60) + lim (M= (6v2), T, (05 = b)),
k— 00
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where the second equality follows from Lemmas A.3(i) and A.5, the third from
Lemma A.3(v), and the fourth from (18b). Multiplying by p and using (17b) and
the positive homogeneity of S¢, we obtain

Se@y) = —pa Mgy 60) 2 = p lim (Mo o), M = b)) 24)
k—00

We will next show that the limits in (23) and (24) are equal to zero. Summing the
two equalities, we obtain

(q,8x) + Sc(8y) +oa [sx|? + pat8v]?
T Sk —
= —p lim (M (6v2), M= (0 — b)) 25
—p lim (M= (6v2), e = b)),
k—o00

where we used [|8v]|? = ||TIge (80)]|% + [ITTcooye (8v)|1? [15, Thm. 6.29].
Now take the inner product of both sides of (16b) with x¥ to obtain

<ka, xk> + <q, xk> +p <Axk, (Id —Hc)(vk)> =—o ! <P6xk+1, xk)
—oa”! <8xk+1 , xk> (26)
— /oof1 (Axk, Svkﬂ).
We can rewrite the third inner product on the left-hand side of (26) as
<Axk, ad —Hc)(vk)> = <Hc(vk) o (5vk+‘ _ Aaxk“), (1d —Hc)(vk))
= (Ms@h, of) - IMshI?
+ (M, ), a4 =M1, b))
e <5Uk+1 — Akt pflyk>
= (Ms @b, of) = IMs@HI? + (b, M= 0§ = 1)
e <8vk+l _ ASxkH! p—lyk>
where we used (16a) in the first equality, (13b) in the second, and Lemma A.3(iii) in

the third. Substituting this expression into (26), dividing by k, and taking the limit, we
obtain

lim 1 (ka, xk> + (g, 8x) + Sc(8y) + oo |5x?

k— 00
= —pa71<8v —A5x,p715y> 27)

— pa~ ! (Asx, 8v),
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where we used Lemmas A.3(v), A.4, A.5, Proposition 5.1(ii), (17b), (18b), and the
compactness of B. The sum of inner products appearing on the right-hand side of (27)
can be written as

<8v — Aéx, p*‘ay> + (A8x, 8v) = (8v — TTemo (8v), T (eeye (81)) + (Temo (8), 8v)

= [T ey (80) 12 + [ TT e (80)|*
= ||sv]I?,

where we used (17b) and (20) in the first equality, and Lemma A.3(iv) and the Moreau
decomposition in the second. Substituting the equality above into (27), we obtain

(q.5x) + Sc(8y) + aa I5x|? + pa~|sv]? = — lim %<ka,xk>. (28)
k—o00
Comparing the identities in (25) and (28), we get the following relation:

lim }(Pak, k) = o lim (Me(e), Mies 5 = b))
k— 00

k—o00

+p lim <n,@(5v2), My vk — b)>.
k—o00

The positive semidefiniteness of P implies that the sequence on the left-hand side
is term-wise nonnegative. Since the two sequences on the right-hand side involve
inner products of elements in K and K°, each sequence is term-wise nonpositive.
Consequently, each of these limits must be zero. Finally, using (17b) and (20), the
claims of the proposition then follow directly from (23) and (24). O

5.1 Optimality and Infeasibility Certificates

We are now in a position to prove that, in the limit, the iterates of Algorithm 1 either
satisfy the optimality conditions (3) or produce a certificate of strong infeasibility.
Recall that Fact 4.1, Lemma 5.1(ii), and Proposition 5.1(iv)—(v) ensure convergence
of the sequence {(8xK, 82, 8y }ren.

Proposition 5.3 (Optimality) If (8x*, 8z%, yX) — (0, 0, 0), then the optimality con-
ditions (3) are satisfied in the limit, i.e.,

1PxK+q + ATy*| —> 0 and ||AxF — 2| — 0.

Proof Follows from (13) and (16). |

Lemma 5.1(iii) is sufficient to prove that if problem (1) is solvable, then the sequence
of iterates {xk, zx, yk}keN converges to its primal-dual solution. However, conver-
gence of {8x%, 8%, §y¥}ren to zero is not itself sufficient to prove convergence of
{xk, zx, yk }ken; we provide a numerical example in Sect. 6.3 to show when this sce-
nario can occur. According to Proposition 5.3, in this case the violation of optimality
conditions still goes to zero in the limit.
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We next show that if {(Sxk , 82k, 8 yk}keN converges to a nonzero value, then we can
construct a certificate of primal and/or dual infeasibility. Note that, due to Proposi-
tion 5.1(ii), 6z can be nonzero only when §x is nonzero.

Theorem 5.1 (Infeasibility) Suppose that Assumption 3.1 holds.

(1) If 8y # O, then problem (1) is infeasible and 8y satisfies the primal infeasibility
condition (5).

(ii) If 6x # O, then problem (4) is infeasible and Sx satisfies the dual infeasibility
condition (6).

(iii) If x # 0 and 8y # O, then problems (1) and (4) are simultaneously infeasible.

Proof (i) Follows from Propositions 5.1(iii) and 5.2(ii).
(i1) Follows from Propositions 5.1(iii)—(ii) and 5.2(i).
(iii): Follows from (i) and (ii).
O

Remark 5.1 1t is easy to show that §y and §x would still provide certificates of primal
and dual infeasibility if we instead used the norm || (x, z)|| = v/x7 Sx + z7 Rz in the
proximal operators in (9), with R and S being diagonal positive definite matrices.

5.2 Termination Criteria

We can define termination criteria for Algorithm 1 so that the iterations stop when
either a primal-dual solution or a certificate of primal or dual infeasibility is found
with some predefined accuracy.

A reasonable criterion for detecting optimality is that the norms of primal and dual
residuals are smaller than some tolerance levels gpim > 0 and gqua1 > 0, Tespectively,
ie.,

14X =M1 < eprim, 1Px* + g+ AT < equar. (29)
Since (8xK, 8y¥) — (8x,8y), a meaningful criterion for detecting primal and dual

infeasibility would be to use & yk and 8x¥ to check that conditions (7) and (6) are
almost satisfied, i.e.,

IAT8Y ) < epnr. distcs (355) < epinr S5OV + (b.858) < epnr, (30)

and
IPSxM|l < edin,  diste (ASK") < eqint, (g, 8x%) < egin, (31)
where gpint > 0 and ggint > 0. Infeasibility detection based on these vectors is used
in OSQP [28], an open-source operator splitting solver for quadratic programming.
Note that the tolerance levels are often chosen relative to the scaling of the algorithm’s

iterates and the problem data; see [28, Sec. 3.4] for details.
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Although the optimality or infeasibility conditions are guaranteed to be satisfied
exactly only in the limit, at least one of the termination criteria given by (29)—(31) will
be satisfied after finitely many iterations for any positive tolerance levels &pim > 0,
€dual > 0, epinf > 0, and &ginf > 0. For weakly infeasible problems, termination
criteria for both optimality and infeasibility will be satisfied for any given accuracy.
This means that an infinitesimally small perturbation to the problem can make it
solvable or strongly infeasible. We provide an example in Sect. 6.3 illustrating such
case.

Remark 5.2 Even though (8x*, §y¥) — (8x, 8y), termination criteria for detecting
infeasibility should not be implemented by simply checking that successive terms in the
sequences {(Sxk teen and {8 yk }ken are close together. The reason is that these sequences
can take values which repeat for many iterations even though they have not reached
their limit points, and such repeated values in these sequences will not necessarily
constitute infeasibility certificates. Instead, we check the infeasibility conditions (30)
and (31) directly, with the understanding that these conditions will necessarily be
satisfied in the limit for infeasible problems.

Remark 5.3 Instead of using 8y* in the primal infeasibility criterion (30), we could
instead use the vector

Ky _ 8y}
I ooy 6y = |:H;Co(6y]2‘ .

Note that the second condition in (30) would then be satisfied by construction.

6 Numerical Examples
In this section, we demonstrate via several numerical examples the different asymptotic

behaviors of the iterates generated by Algorithm 1 for solving optimization problems
of the form (1).

6.1 Parametric QP

Consider the QP
min (%xlz +x1 — xz)
(x1,x2)
s.t. 0 <x; +axy <uj (32)
1<x <3

1 < x2 <us,
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where a € R, u1 > 0, and u3 > 1 are parameters. Note that the problem above is an
instance of problem (1) with

1 a 0 U
P:|:(1) 8:|,q=|:_11i|,A= 1 0|,C=[Lu], I=|1{|, u=|3/|,

0 1 1 s
where [/, u] := {z € R™: [ < z < u}. Depending on the values of parameters u|

and u3, the constraint set in (32) can be either bounded or unbounded. The projection
onto the set [/, u] can be evaluated as

{7,41(z) = max (min(z, u), ),
and the support function of the bounded set 5 = [/, u] as
Sp(y) = (I, min(y, 0)) + (u, max(y, 0)),
where min and max functions should be taken element-wise.
In the sequel, we will discuss four scenarios that can occur depending on the values
of the parameters: (i) optimality, (ii) primal infeasibility, (iii) dual infeasibility, and
(iv) simultaneous primal and dual infeasibility, and will show that Algorithm 1 cor-

rectly produces certificates for all four scenarios. In all cases, we set the parameters
o = p = o = 1 and set the initial iterate (xo, 20, yO) =(0,0,0).

6.1.1 Optimality
Consider problem (32) with parameters
a=1, u; =5, uz=23.

Algorithm 1 converges to x* = (1, 3), z* = (4, 1, 3), y* = (0, —2, 1), for which the
objective value equals —1.5, and we have

Ax*—z*=0 and Px*4+qg+ATy* =0,
i.e., the pair (x*, y*) is a primal-dual solution to problem (32). Figure 1 shows con-

vergence of {x¥, zX, yK};n to a certificate of optimality. Recall that the iterates of the
algorithm always satisfy the optimality conditions (3c).

6.1.2 Primal Infeasibility
We next set the parameters of problem (32) to
a=1, u; =0, uz=23.
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10! g \ I g
— [l Ax* = 2l |
100 1N\ 2= === IPxk 4+ ATy | |
107t g E
1072 ¢ E
1072 ¢ E
1074 ¢
5L | | | | L
10 0 10 20 30 40 50
Iteration k
Fig.1 Convergence of {xk, 2K, yk}keN to a certificate of optimality for problem (32) witha = 1, u; =5,
and uz =3
10! I I T I n—1
— || AT 8% |2 = Sc(é&y*)
5 - —1.2
10—2 -
3 - —14
10—5 -
X -1 —1.6
1078 |-
- —1.8
10-11 | | | | | | | | | U_9
0 10 20 30 40 50 O 10 20 30 40 50

Iteration k Iteration k

Fig.2 Convergence of {§ yk }ken to acertificate of primal infeasibility for problem (32) witha = 1,u; =0
anduz =3

Note that in this case the constraint set is C = {0} x [1, 3] x [1, 3]. The sequence
{8V }ken generated by Algorithm 1 converges to §y = (2/3, —2/3, —2/3), and we
have

ATsy =0 and Sc(8y) = —4/3 < 0.

According to Proposition 3.1(i), 8y is a certificate of primal infeasibility for the prob-
lem. Figure 2 shows convergence of {8y¥},en to a certificate of primal infeasibility.
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100 Ho L |
— [[Pax* > — (g, 6x%) [|°
- - = disteos (Adx)
1072 | 1 1 —0.2
10~4 | 1 H +1—04
10-6 [ | L - —0.6
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Iteration k Iteration k

Fig.3 Convergence of (6x%} keN to a certificate of dual infeasibility for problem (32) witha = 0, u; = 2,
and u3z = +00

6.1.3 Dual Infeasibility
We set the parameters to
a=0, u;r =2, uz=-+oo.
The constraint set has the form C = B x K} with
B=1[0,2]x[1,3], K=Ry, b=1,

and the constraint matrix A can be written as
Ay . 1 0
A= [AJ with A; = [1 0} and A, =[0 1]. (33)

The sequence {8x*}ren generated by Algorithm 1 converges to 8x = (0, %), and we
have

PSx =0, Adx =0, Adx=1€eK, (q.8x)=-1<0.

According to Proposition 3.1(ii), 8x is a certificate of dual infeasibility of the problem.
Figure 3 shows convergence of {§x*}cn to a certificate of dual infeasibility, where
distce denotes the Euclidean distance to the set C*° = {0} x {0} x Ry.
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Fig.4 Convergence of {8 yk }ren and (8x%} keN to certificates of primal and dual infeasibility, respectively,
for problem (32) witha =0, u; = 0 and u3 = +o00

6.1.4 Simultaneous Primal and Dual Infeasibility

We set
a=0, u; =0, wuz3=-4o0.
The constraint set has the form C = B x K} with
B={0} x[1,3], K=R;, b=1,
and the constraint matrix A can be written as in (33). The sequences {8x*};en and
{8yKren generated by Algorithm 1 converge to 8x = (0, %) and §y = (%, —%, 0),
respectively. If we partition §y as §y = (8yy, y2) with §y; = (%, —%) and 8y, = 0,
then we have
AT8y =0, 8y, =0€Kk°, Sg@y)+ (b.8y2)=—% <0,
and

PSx =0, Adx =0, Adx=1eK, (q.8x)=-1<0.

Therefore, 5x and 8y are certificates that the problem is simultaneously primal and
dual infeasible. Figure 4 shows convergence of {8 y*}ren and {8x¥}en to certificates
of primal and dual infeasibility, respectively.
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6.2 Infeasible SDPs from SDPLIB
We next demonstrate the asymptotic behavior of Algorithm 1 on two infeasible SDPs

from the benchmark library SDPLIB [38]. The problems are given in the following
form

min ¢’x st. Ax=z and ze S},
(x.2)

where ™ denotes the vectorized form of S}, i.e., z € §™ isequivalent to mat(z) € ST,
and S)' := 8™ + {b}.
Let X € S™ have the following eigenvalue decomposition

X = U diag(A, ..., Am)UT.
Then the projection of X onto S is

HST_(X) = U diag (max(A1, 0), ..., max(X,, 0)) uT.

6.2.1 Primal Infeasible SDP

The primal infeasible problem infpl from SDPLIB has decision variables x € R!°
and z € §*°. We run Algorithm 1 with parameters « = 1 and p = o = 0.1 from the
initial iterate (x°, z%, y%) = (0, 0, 0). Figure 5 shows convergence of {§y*}ien to a
certificate of primal infeasibility, where dists= (y) denotes the spectral norm distance
of mat(y) to the positive semidefinite cone S'}.

6.2.2 Dual Infeasible SDP
Dual infeasible problem infd1l from SDPLIB has decision variables x € R!® and
z € 8. We run Algorithm 1 with parameters @ = 1 and p = o = 0.001 from the

initial iterate (x°, z%, y9) = (0,0, 0). Figure 6 shows convergence of (8xFlken to a
certificate of dual infeasibility.

6.3 Infeasible SDP with No Certificate

Consider the following feasibility problem [39, Ex. 5]

x1 1 0
min 0 s.t. 1 x 0 >0, (34)
(x1,%2) 0 0 —Xx1
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Fig.5 Convergence of {5yX};cn to a certificate of primal infeasibility for problem infp1 from SDPLIB
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Fig.6 Convergence of {5xk }ken to a certificate of dual infeasibility for problem infdl from SDPLIB

noting that it is primal infeasible by inspection. If we write the constraint set in (34)
as
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and denote by A = [vec(A;) vec(Az)] and b = —vec(Ap), then the constraint
can be written as Ax € Sg, where 83 denotes the vectorized form of S-}r. If we define
Y := mat(y), then the primal infeasibility condition (5) for the problem above amounts
to

Yin—Y3=0, Y»n=0 Yp<0 Y=x0,

where Y;; denotes the element of ¥ € S in the ith row and jth column. Given that
Y < 0 and Y2, = 0 imply Y12 = 0, the system above is infeasible as well. Note
that Y = 0 is feasible for the dual of problem (34) and problem (34) is thus not dual
infeasible.

We next show that (8x%,8Z%, sY%) — (0,0,0), where §ZF := mat(§z%) and
sYk .= mat(8yk). Set

xk = ((1 + pa*])s, 871) and VF:.= mat(vk) = diag(e, P 0),
where ¢ > 0. Iteration (12) then produces the following iterates
zk = Vk, 7k = (e, 8_1), 7k = diag(e, 8_1, —8),

and thus, we have

sl = FF = x5y = a (—po e, 0)

SV = o (ZF — ZF) = & diag(0, 0, —¢).

By taking ¢ arbitrarily small, we can make (8x*+1, § VA+1) arbitrarily close to zero,

which according to Lemma 5.1 means that ((Sxk, 5Vk) — (6x,8V) = (0,0), and
according to Proposition 5.3 the optimality conditions (3) are satisfied in the limit.
However, the sequence {xk, zk, Yk}keN has no limit point; otherwise, such a point
would be a certificate for optimality of the problem. Let 7 denote the fixed-point
operator mapping (x*, VK) to (xk+1, V&1 Since (8x, 8V) € clran(T — 1d) by def-
inition, and (8x, 8 V) ¢ ran(T — Id), this means that the set ran(7" — Id) is not closed,
and the distance from (6x, V) to ran(7T — Id) is zero. In other words, the set

x; 1 0
1 x» 0 |:(xq,x)eR?
0 —X1

and the semidefinite cone Si do not intersect, but are not strongly separable.

We run Algorithm 1 with parameters « = p = o = 1 from the initial iterate
(xo, 70, YO) = (0, 0, 0). Figure 7 shows convergence of residuals ||Axk — K |2 and
||ATyk||2 to zero.
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Fig.7 Convergence of residuals ||Axk —zk |2 and ||ATyk l2 for problem (34)

Remark 6.1 Let ¢ > 0. Consider the following perturbation to problem (34):

X1 1 0
min O s.t. 1 x 0 > —el.
(x1,x2) 0 0 —X1
This problem is feasible since the constraint above is satisfied for x; = 0 and

xy=1/e —e.
Consider now the following problem:

x1 1 0
min 0 s.t. 1 x 0 >el.
(x1,x2) 0 0 —x

This problem is strongly infeasible since the vector y = vec (diag(—1, 0, —1)) satisfies
the primal infeasibility condition (5).

These two examples show that an infinitesimally small perturbation to problem (34)
can make the problem feasible or strongly infeasible.

7 Conclusions

We have analyzed the asymptotic behavior of ADMM for a class of convex optimiza-
tion problems and have shown that if the problem is primal and/or dual strongly
infeasible, then the sequence of successive differences of the algorithm’s iterates
converges to a certificate of infeasibility. Based on these results, we have proposed
termination criteria for detecting primal and dual infeasibility, providing for the first
time a set of reliable and generic stopping criteria for ADMM applicable to infeasible
convex problems. We have also provided numerical examples to demonstrate different
asymptotic behaviors of the algorithm’s iterates.
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Appendix A: Supporting Results

Lemma A.1 The first-order optimality conditions for problem (2) are conditions (3).

Proof We first rewrite problem (2) in the form

min (%xTPx +qTx +Ic(z)) s.t. Ax =z

(x,2)

and then form its Lagrangian
L(x,z,y) = 3x" Px+q"x +Tc(z) + y" (Ax — 2). (35)

Provided that the problem satisfies certain constraint qualification [15, Cor. 26.3], its
solution can be characterized via a saddle point of (35). Therefore, the first-order
optimality conditions can be written as [29, Ex. 11.52]

zeC
0=—ViL(x,z,y) = —(Px +q+ATy)
Ne(z) 3 =V L(x,z,y) =y
0=V, L(x,z,y) =Ax —z. O

Lemma A.2 The dual of problem (1) is given by problem (4).

Proof The dual function can be derived from the Lagrangian (35) as follows:

g(y) = inf L(x,z,y)
(x,2)
=inf(3x" Px + (ATy + ¢)"x} + inf{—y" 2}
X zeC

= inf{3x" Px + (A"y + ¢)"x) — sup(y”2).
zeC

Note that the minimum of the Lagrangian over x is attained when Px + ATy 4¢ =0,
and the second term in the last line is S¢(y). The dual problem, defined as the problem
of maximizing the dual function, can then be written in the form (4), where the conic
constraint on y is just the restriction of y to the domain of S¢ [31, p.112 and Cor.
14.2.1]. O

Lemma A.3 Foranyvectorsv € R", b € R" and a nonempty, closed, and convex cone
K CR,
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() Mg, () =b+ (v —b).
(i) (Id —Tx,)(v) = Mo (v — b).
(iii) (TTx, (v), Id =TIx;,) (v)) = (b, Mo (v — b)).
(iv) (T (v), v) = M)
(v) Sk, (Mo (v)) = (b, Mo (v)).

Proof Part (i) is from [15, Prop. 28.1(1)].

(i1) From part (i), we have
(Id —TIlg,)(v) =v—=b—T(v—>b) =TIl (v —b),

where the second equality follows from the Moreau decomposition [15, Thm.
6.29].

(iii) Follows directly from parts (i) and (ii), and the Moreau decomposition.

(iv) From the Moreau decomposition, we have

(M (v), v) = (Mg V), T ) + e (V) = [T )] O
(v) Since the support function of K evaluated at any point in K° is zero, we have
Sic, (Tyce (v) = (b, e (v)) + Sc(Tce (v) = (b, Mo (v)) -
Lemma A.4 Suppose that KK C R" is a nonempty, closed, and convex cone and for

some sequence {vk}keN, where v* € R", we denote by §v := limg_, %vk, assuming
that the limit exists. Then for any b € R",

lim 1M, (0%) = lim {TcF - b) = M (Sv).
k— 00 k— 00
Proof Write the limit as
. 1 k . 1 k
Jim 00 = fim (04 et )

- e (1)

=T [ lim Lo*),
K(k—)ook )

where the first equality uses Lemma A.3(i) and the second and third follow from
the positive homogeneity [15, Prop. 28.22] and continuity [15, Prop. 4.8] of Ilx,
respectively. O

Lemma A.5 Suppose that B € R" is a nonempty, convex, and compact set, and for
some sequence {vk}keN, where v € R", we denote by $v = limy_ o %vk, assuming
that the limit exists. Then

lim
k—o00
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Proof Let z* := I5(v*). We have the following inclusion [15, Prop. 6.46]
v —2f e Np(h),

which, due to [15, Thm. 16.23], and the facts that Sp is the Fenchel conjugate of 73
and Np is the subdifferential of Zp, is equivalent to

(%(vk - 2N, zk> =SB (%(vk - Zk)) .
Taking the limit of the identity above, we obtain
lim <l(vk -5, zk> = lim Sp (l(vk — zk)>
k— 00 k k— 00 k
= Sp( lim (" —2) = Spv), (36)

where the second equality follows from the continuity of Si [15, Ex. 11.2] and the
third from the compactness of 3. Since {zk }ken remains in the compact set B, we can
derive the following relation from (36):

Se(v) — lim <5v, zk)

klim <%(vk — zk), zk> — <8v, zk>
— 00

lim <%vk — v, zk> — %(Zk, Zk)

k— 00

: 1.k k 1.k 2
< lim [[gv" = dvll " + ¢l |l
keoo_/_,
—0

=0,

where the third row follows from the triangle and Cauchy-Schwarz inequalities and
the fourth from the compactness of 5. Finally, we can derive the following identity
from (36):

Sp(sv) = lim <%(vk —zk),zk> = 1im <,l€vk,zk>— Lyizk)2,
k— 00 k—00 —
—0

This concludes the proof. O
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