
IS
Q
ED
05

D
in

es
h 

Pa
til

, S
un

gh
ee

Yu
n,

 S
eu

ng
-J

ea
n 

K
im

, A
lv

in
 C

he
un

g,
St

ep
he

n 
B

oy
d 

an
d 

M
ar

k 
H

or
ow

itz
S

ta
n

fo
rd

 U
n

iv
er

si
ty

A
 N

ew
 M

et
ho

d 
fo

r D
es

ig
n 

of
 

R
ob

us
t D

ig
ita

l C
irc

ui
ts



IS
Q
ED
05D
ig

ita
l c

irc
ui

t d
es

ig
n 

co
ns

tr
ai

nt
s

F / F

C
om

b.
 

lo
gi

c
C

om
b.

 
lo

gi
c

…

C
lo

ck

Ev
er

y 
lo

gi
c 

bl
oc

k 
ha

s 
to

 m
ee

t t
he

 c
lo

ck
 c

yc
le

A
re

a/
po

w
er

 c
on

st
ra

in
t

Si
gn

al
 in

te
gr

ity
 c

on
st

ra
in

ts
, m

in
/m

ax
 s

iz
e 

co
ns

tr
ai

nt
s 

et
c.

F / F

F / F



IS
Q
ED
05

T
1 T
2

T
3

T
ou

t

o

To
 fa

n-
ou

t
ga

te
s

d 3
--

o

d 2
--

o

d 1
--

o

Fr
om

 
fa

n-
in

ga
te

s

)
(

m
ax

3,2,1
ou

t
o

i
i

i
d

T
T

−
=

+
=

d i
—

o
=

 d
el

ay
 fr

om
 in

pu
t i

to
 o

ut
pu

t o

D
el

ay
 p

ro
pa

ga
tio

n 
in

 a
 ty

pi
ca

l g
at

e



IS
Q
ED
05G

oa
l −

M
in

im
iz

e 
th

e 
ci

rc
ui

t d
el

ay
 T

d, 

un
de

r a
re

a,
 s

lo
pe

, a
nd

 o
th

er
 c

on
st

ra
in

ts

PO
1 PO

2

PI
1

PI
2

PI
3

m
ax

T
d

Si
zi

ng
 fo

r d
el

ay
 m

in
im

iz
at

io
n



IS
Q
ED
05

m
in

im
iz

e 
   

:
T

d(
w

)

su
bj

ec
t  

to
 :

sl
ew

 c
on

st
ra

in
ts

Σ W
m

in
≤

w
i≤

W
m

ax

w
i
≤

A

,..
.)

,
,

,
(

th
dd

L
V

V
C

w
d

i
o

i
µ

=
−

w
=

ve
ct

or
 o

f d
ev

ic
e 

si
ze

s 
 &

  µ
=

 m
ea

n 
de

la
y 

fu
nc

tio
n

• • •

D
et

er
m

in
is

tic
 c

irc
ui

t s
iz

in
g 

pr
ob

le
m

D
es

ig
n 

ex
am

pl
e:

 3
2-

bi
t a

dd
er



IS
Q
ED
05

0.
6

0.
8

1.
0

1.
2

1.
4

de
la

y 
in

 n
s 

N
om

in
al

 d
el

ay
 fo

r d
et

er
m

in
is

tic
 a

dd
er

 s
iz

in
g

T
d

pr
ed

ic
te

d 
by

de
te

rm
in

is
tic

 m
et

ho
d



IS
Q
ED
05

0.
6

0.
8

1.
0

1.
2

1.
4

co
st

 o
f v

ar
ia

tio
n

T
d

pr
ed

ic
te

d 
by

de
te

rm
in

is
tic

 m
et

ho
d

Q
90

(T
d 

)
ob

ta
in

ed
fr

om
 M

on
te

 C
ar

lo
.

2468101214

de
la

y 
in

 n
s 

frequency
D

el
ay

 P
D

F 
fo

r d
et

er
m

in
is

tic
 3

2-
bi

t a
dd

er
 s

iz
in

g



IS
Q
ED
05

Pa
th

 d
el

ay
 µ

−
σ

sc
at

te
r p

lo
t f

or
 a

 3
2-

bi
t a

dd
er

 

µ
(p

at
h 

de
la

y)
in

 n
s 

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0481216 σ(path delay)in ps

“f
la

t
w

al
l”

~1
30

00
 p

at
hs



IS
Q
ED
05

O
ut

lin
e

C
irc

ui
t s

iz
in

g

Si
zi

ng
 fo

r r
ob

us
t d

es
ig

n

R
es

ul
ts

C
on

cl
us

io
ns

A
ug

m
en

t g
at

e 
de

la
y 

w
ith

 σ
m

ar
gi

ns
U

se
 “

so
ft 

m
ax

im
um

”
at

 c
on

ve
rg

in
g 

no
de

s



IS
Q
ED
05

O
bj

ec
tiv

e

T
d

sp
ec

.

R
aw

 d
es

ig
n

de
te

rm
in

is
tic

si
zi

ng

va
ri

at
io

n
s

D
el

ay
 d

is
tr

ib
u

ti
on

C
ur

re
nt

  
T

d

Q
95

(T
d)

R
ob

u
st

 d
es

ig
n

 

T
d

sp
ec

.
de

la
y 

St
at

is
tic

al
 d

es
ig

n

D
et

er
m

in
is

ti
c 

d
es

ig
n

O
pt

im
al

 T
d

gu
ar

d 
ba

nd

Q
95

(T
d)de

la
y 

de
la

y de
la

y 



IS
Q
ED
05Pr

op
ag

at
e 

sy
m

bo
lic

PD
Fs

th
ro

ug
h 

ne
tli

st
 

N
et

w
or

k 
Q

95
co

ns
tr

ai
nt

s 
(H

ow
?)

Ex
ac

t s
ta

tis
tic

al
 d

el
ay

 m
in

im
iz

at
io

n 
pr

ob
le

m

,..
.)

,
,

,
(

  
R

.V
.

th
dd

L
~

V
V

C
w

F
d

i
o

i− m
in

im
iz

e 
   

:  
 Q

95
(T

d(
w

))

su
bj

ec
t  

to
 :

Σ
w

i
≤

A

A
 (v

er
y)

 d
iff

ic
ul

t p
ro

bl
em

!

• • •



IS
Q
ED
05H

ow
 to

 a
pp

ro
xi

m
at

el
y 

pr
op

ag
at

e 
Q

95
of

 n
et

 ti
m

in
gs

?

B
as

ic
 in

tu
iti

on

Si
zi

ng
 p

ro
bl

em
s 

ha
ve

 a
 re

la
tiv

el
y 

la
rg

e 
fla

t m
in

im
um

Th
e 

si
ze

rm
os

tly
 n

ee
ds

 to
 a

vo
id

 m
ak

in
g 

ba
d 

ch
oi

ce
s

no
m

in
al

 m
in

im
um

 (v
ar

ia
tio

n 
se

ns
iti

ve
)

si
zi

ng

delay

ro
bu

st
 d

es
ig

n?
 (b

et
te

r v
ar

ia
tio

n 
to

le
ra

nc
e)



IS
Q
ED
05

m
in

im
iz

e 
   

:
T

d(
w

)

su
bj

ec
t  

to
 :

sl
op

e 
co

ns
tr

ai
nt

s

Σ W
m

in
≤

w
i≤

W
m

ax

w
i

≤
A

C
an

 b
e 

fo
rm

ul
at

ed
 a

s 
a 

G
G

P*

(*
 S

. B
oy

d 
et

. 
al

., 
“A

 tu
to

ria
l o

n 
G

eo
m

. P
ro

g.
”,

 w
w

w
.s

ta
nf

or
d.

ed
u/

~b
oy

d/
gp

_t
ut

or
ia

l.h
tm

l)

,..
.)

,
,

,
(

th
dd

L
V

V
C

w
d

i
o

i
µ

=
−

w
=

ve
ct

or
 o

f d
ev

ic
e 

si
ze

s 
 &

  µ
=

 m
ea

n 
de

la
y 

fu
nc

tio
n

p
o

sy
n

o
m

ia
lf

u
n

ct
io

n
s

• • •

M
er

its
 o

f d
et

er
m

in
is

tic
 c

irc
ui

t s
iz

in
g



IS
Q
ED
05

St
at

is
tic

al
 te

ch
ni

qu
e 

(1
)

G
at

e 
de

la
y 

=
G

at
e 

de
la

y 
=

R
ob

us
t d

es
ig

n
D

et
er

m
in

is
tic

 
de

si
gn

St
at

is
tic

al
te

ch
ni

qu
e 

(1
)

A
ug

m
en

t t
he

 
m

ea
n 

de
la

y 
us

in
g

σ
m

ar
gi

ns

)
(

o
id
−

µ
)

(
)

(
o

i
j

o
i

o
i

d
k

d
D

−
−

−
+

=
σ

µ

N
o 

va
ria

tio
n 

in
cl

ud
ed

k j
=

m
ar

gi
n 

co
ef

fic
ie

nt
fo

r g
at

e 
j

k j
pr

ov
id

es
 tr

ad
eo

ff 
be

tw
ee

n 
m

ea
n 

an
d 

va
ria

nc
e 

at
 th

e 
ga

te
 le

ve
l



IS
Q
ED
05

St
at

is
tic

al
 m

ax
 fu

nc
tio

n

m
ax

(µ
(X

1)
 , 

µ
(X

2)
)

µ(
T

d 
) 

M
on

te
 C

ar
lo

-0
.3

0
0.

3
1.

0

1.
2

1.
4

T
d

=
 m

ax
(X

1,
 X

2)
   

  σ
(X

1)
 =

 σ
(X

2)
 =

 1
0%

no
rm

al
iz

ed
 (X

2 
-

X
1 
)

1.
6

X
1

an
d 

X
2

−
tw

o 
in

de
pe

nd
en

t p
at

h 
de

la
ys

.
delay 



IS
Q
ED
05

St
at

is
tic

al
 te

ch
ni

qu
e 

(2
) p

p
ix

/1 )
(

|
|

sm
ax

∑
=

R
ob

us
t D

es
ig

n
D

et
er

m
in

is
tic

 
D

es
ig

n
St

at
is

tic
al

te
ch

ni
qu

e 
(2

)

U
se

 “
so

ft 
m

ax
”

to
 c

om
bi

ne
 

pa
th

 d
el

ay
s 

at
co

nv
er

gi
ng

 
no

de
s

)
(

m
ax

)
(ou

t

o
i

i
in
pu
ts

i
d

T

T

−
∈

+
=

)
(

sm
ax

)
(

ou
t

o
i

i
in
pu
ts

i
D

T
T

−
∈

+
=

p
=

 p
en

al
ty

 fo
r c

lo
se

ne
ss

 
of

 c
on

ve
rg

in
g 

pa
th

s

sm
ax

(x
1 
, x

2)

1

2.
4 -1

1
(x

1
–

x 2
)

m
ax

(x
1 
, x

2)



IS
Q
ED
05

Ef
fe

ct
 o

f t
he

 tw
o 

te
ch

ni
qu

es m
ax

(µ
(X

1)
 , 

µ
(X

2)
)

Q
95

(T
d 

) 
 M

on
te

 C
ar

lo

-0
.3

0
0.

3
1.

0

1.
2

1.
4

T
d

=
 m

ax
(X

1,
 X

2)
   

  σ
(X

1)
 =

 1
0%

no
rm

al
iz

ed
 (X

2 
-

X
1 
)

1.
6

σ
(X

2)
 =

 1
5%

σ
(X

2)
 =

 1
0%

σ
(X

2)
 =

 5
%

Q
’ 9

5(
T

d 
) 

sm
ax

Q95



IS
Q
ED
05

A
lg

or
ith

m

M
od

ify
 th

e 
de

te
rm

in
is

tic
 m

et
ho

d 
to

 in
cl

ud
e 

th
e

tw
o 

st
at

is
tic

al
 te

ch
ni

qu
es

G
et

 m
ul

tip
le

 o
pt

im
iz

ed
 d

es
ig

ns
 a

t v
ar

io
us

 p
oi

nt
s

in
 th

e 
k

−
p 

sp
ac

e
Pe

rf
or

m
 S

ST
A 

an
d 

ch
oo

se
 th

e 
be

st
 d

es
ig

n

Ty
pi

ca
l v

al
ue

s:
 k

 ∈
[0

.5
 , 

2.
5]

  a
nd

p 
∈

[3
0 

, 5
0]

Fo
r s

im
pl

ic
ity

 k
an

d
p 

a
re

 u
ni

fo
rm

 fo
r a

ll 
ga

te
s

W
e 

ob
se

rv
ed

 th
at

 Q
95

(T
d 

)
is

 a
 w

ea
k

fu
nc

tio
n 

of
 k

an
d 

p

∴
G

ra
nu

la
rit

y 
of

 k
−

p
sp

ac
e 

is
 (0

.5
, 5

)



IS
Q
ED
05

G
at

e 
de

la
y 

m
od

el

C
ha

in
 o

f N
tr

an
si

st
or

s 
⇒

Eq
ui

va
le

nt
 tr

an
si

st
or

Ve
lo

ci
ty

 s
at

ur
at

ed
 d

ev
ic

es
, c

an
’t 

co
m

bi
ne

 a
s 

re
si

st
or

s!

(L
m

in
, W

1)

(L
m

in
, W

N
  )

I d

C
L

⇒

I d

(L
ef

f
,W

ef
f
)

∑ =

==
N i

iN

W
W

L
L

W
W

W

1
ef

f
m

in
ef

f

1
ef

f

1
)

 
...

,
 ,

m
in

(

C
L



IS
Q
ED
05

St
at

is
tic

al
 d

el
ay

 m
od

el

)
(

)
(

d
dd

d
I

I
σ

τ
τ

σ
∂∂

=

ef
f

ef
f1

   
   )

(
L

W
II d

d
∝

σ

U
si

ng
 P

el
gr

om
’s

m
od

el
 fo

r v
ar

ia
tio

n 
of

 I d
w

e 
ca

n 
w

rit
e:

Va
ria

tio
n 

in
 th

e 
de

la
y 

of
 th

e 
tr

an
si

st
or

 c
ha

in
 (τ

d 
)

is
: 

to
 fi

rs
t o

rd
er

fo
r a

 c
ha

in
 o

fN
tr

an
si

st
or

s



IS
Q
ED
05

O
ut

lin
e

M
ot

iv
at

io
n

Si
zi

ng
 fo

r r
ob

us
t d

es
ig

n

R
es

ul
ts

C
on

cl
us

io
ns

A
ug

m
en

t g
at

e 
de

la
y 

w
ith

 σ
m

ar
gi

ns
U

se
 “

so
ft 

m
ax

im
um

”
at

 c
on

ve
rg

in
g 

no
de

s



IS
Q
ED
05D
es

ig
n 

ex
am

pl
e:

 L
ad

ne
r-

Fi
sh

er
 3

2-
bi

t a
dd

er

45
1 

ga
te

s,
 1

71
4 

de
vi

ce
s.

 0
.1

8µ
m

C
M

O
S

Sa
m

e 
co

ns
tr

ai
nt

s 
fo

r b
ot

h 
m

et
ho

ds

St
d.

 D
ev

. o
f 1

5%
 u

se
d 

fo
r W

 =
 1

µ.

R
es

ul
ts

 in
 a

 h
ig

hl
y 

sp
ar

se
 G

P

~4
5,

00
0 

va
ria

bl
es

, ~
10

,0
00

 c
on

st
ra

in
ts

R
un

 ti
m

e 
pe

r o
pt

im
iz

at
io

n 
ite

ra
tio

n:

5 
m

in
s

(2
 G

H
z 

P
en

tiu
m

 IV
™

, 1
G

B 
R

A
M

)

Se
m

i-c
us

to
m

 d
es

ig
n

(K
no

w
le

s.
 S

., 
Pr

oc
. 1

5t
h 

IE
EE

 S
ym

p.
 o

n 
C

om
p.

 A
rit

hm
et

ic
, 2

00
1)



IS
Q
ED
05

D
el

ay
 P

D
F 

fo
r r

ob
us

t s
iz

in
g 

R
ob

us
t d

es
ig

n D
et

er
m

in
is

tic
 d

es
ig

n

de
la

y 
in

 n
s

frequency

0.
7

0.
8

0.
9

1.
0

1.
1

1.
2

010203040

N
om

in
al

T
d

Q
95

Q
95



IS
Q
ED
05

C
om

pa
ris

on
 o

f µ
−

σ
sc

at
te

r p
lo

ts
 o

f p
at

h 
de

la
ys

R
ob

us
t d

es
ig

n

D
et

er
m

in
is

tic
 d

es
ig

n

µ
(p

at
h 

de
la

y)
in

 n
s 

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

051015

µ
(p

at
h 

de
la

y)
in

 n
s 

051015 σ(delay)in psσ(delay)in ps



IS
Q
ED
05

C
on

cl
us

io
ns

W
ith

ou
t m

aj
or

 c
ha

ng
e 

in
 th

e 
ex

is
tin

g 
de

si
gn

 m
et

ho
ds

,
be

tte
r, 

ro
bu

st
 d

es
ig

ns
 c

an
 b

e 
ob

ta
in

ed

D
el

ay
 m

od
el

s 
an

d 
co

ns
tr

ai
nt

s 
ca

n 
be

 G
P 

co
m

pa
tib

le
G

Ps
 a

re
 s

ca
la

bl
e 

an
d 

ca
n 

be
 e

ffi
ci

en
tly

 s
ol

ve
d 

fo
r a

 g
lo

ba
l  

op
tim

um

A
cc

ur
at

e 
pr

op
ag

at
io

n 
of

 P
D

Fs
m

ig
ht

 n
ot

 b
e 

ne
ce

ss
ar

y
Ex

pl
oi

t t
he

 fl
at

 m
in

im
a 

Si
m

pl
e 

te
ch

ni
qu

es
 y

ie
ld

 p
oo

r p
re

di
ct

io
ns

, b
ut

 g
oo

d 
de

si
gn

s!


