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Necessary and Sufficient Conditions for Parameter
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A complete description of parameter convergence in model reference adaptive control
may be given in terms of the spectrum of the exogenous reference input signal.
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Abstract— Using Generalized Harmonic Analysis, a complete
description of parameter convergence in Model Reference
Adaptive Control (MRAC) is given in terms of the spectrum of
the exogenous reference input signal. Roughly speaking, if
the reference signal “contains enough frequencies” then the
parameter vector converges to its correct value. If not, it
converges to an easily characterizable subspace in parameter
space.

1. INTRODUCTION AND PROBLEM STATEMENT
IN RECENT work (Narendra and Valavani, 1978;
Nardendra et al., 1980; Morse, 1980) on continuous
time model reference adaptive control, it has been
shown that under a suitable adaptive control law
the output y, of the plant asymptotically tracks the
output y,, of a stable reference model, despite the
fact that the parameter error vector may not
converge to zero (indeed, it may not converge at
all). Results that have appeared in the literature
on parameter error convergence (Morgan, 1977,
Anderson, 1977; Kriesselmeier, 1977, Yuan and
Wonham, 1977) have established the exponential
stability of adaptive schemes under a certain persist-
ent excitation (PE) condition. As is widely reco-
gnized (e.g. in Anderson and Johnson, 1982) the
drawback to this condition is that it applies to a
certain vector of signals w(t) appearing inside the
non-linear feedback loop around the unknown
plant.

In earlier work (Boyd, 1983) this shortfall was
remedied by showing that the persistent excitation
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condition can be moved from w to w,,, a vector of
signals analogous to w but appearing in the linear,
time invariant (LTI) model loop. Unlike w, w,, is
simply the output of a LTI system driven by the
reference signal r, and it is thus much easier to
determine whether or not it is persistently exciting.

In Boyd (1983) one simple condition was given

which ensures that w),, is PE:

If the reference input r(t) contains as many

spectral lines as there are unknown parameters,

then w,, is PE and consequently the model-plant
output error and the parameter error converge

exponentially to 0.

Note that a real reference signal with a spectral line
at frequency v also has a spectral line at —v. Thus,
for example, a reference signal with a (non-zero)
average (d.c.) value and at least one other spectral
line will guarantee exponential convergence of the
parameter error vector to zero in a three parameter
MRAC system. Related results for the scheme of
Morse (1980) have appeared in Dasgupta et al
(1983).

These results made precise the following intuitive
argument: assuming the parameter vector does
converge (but perhaps to the wrong value) the
plant loop is “asymptotically time invariant”. If the
reference input r has spectral lines at frequencies
Vi,-.., ¥y, One expects yp will also; since yp — y,,,
one “concludes” that the asymptotic closed loop
plant transfer function matches the model transfer
function at s = jv,,..., jv,. If k is large enough, this
implies that the asymptotic closed loop transfer
function is precisely the model transfer function so
that the parameter error converges to zero.

In this paper, this idea that the reference signal
must be “rich enough”, i.e. “contain enough frequen-
cies” for the parameter error to converge to zero is
pursued further. Simple necessary and sufficient
conditions on the reference input r for the parameter
error to converge to zero are derived. Roughly
speaking, the condition is:
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A reference input r(t) results in parameter error

convergence to zero unless its spectrum is concen-

trated on k < N lines, where N is the number of

unknown paramters in the adaptive scheme.
Precisely what is meant by spectrum is detailed in
the sequel. The results have been announced with-
out proof in Boyd and Sastry (1984). Related work
appears in Narendra and Annaswamy (1983a,b).

In Section 2 the MRAC system is briefly
described when the plant has relative degree one.
In Section 3 the basic notions of Generalized
Harmonic Analysis: autocovariance and spectral
measure, are reviewed. In Section 4 the main result,
on necessary and sufficient conditions for parameter
convergence, is stated and proved.

In Section 5, partial convergence, i.€. behaviour
of the parameter error vector when w is not PE is
discussed. This will be the case when the reference
signal has its spectrum concentrated on k < N lines,
where N is the number of unknown parameters:
then the parameter vector can be shown to converge
to an affine subspace of dimension N — k. The
Partial Convergence Theorem of Section 5 also
implies the results of Morgan and Narendra (1977)
and Anderson (1977), but gives a greatly simplified
proof.

In Section 6 higher relative degree cases are
considered and the results of the previous sections
are shown to hold, despite the more complicated
control strategies. It is shown that one can never
guarantee convergence of the gain parameter
associated with the augmented error signal. This
clarifies the misleading statement in Boyd and
Sastry (1983) that “the extension of the results
presented (there) to higher relative degree cases is
straightforward”.

The appendix contains proofs of the theorems of
Generalized Harmonic Analysis used in the paper.
Although some of these theorems are analogous to
results from the theory of wide-sense stationary
stochastic processes, these proofs are not, to the
authors’ knowledge, in the literature.

2. THE MODEL REFERENCE ADAPTIVE SYSTEM

To fix notation, the model reference adaptive
system of Narendra and Valavani (1978) and Naren-
dra et al. (1980) is reviewed. The single input single
output plant is assumed to be represented by a
transfer function

Wils) = k,,%%, @.1)

where #ip, dp are relatively prime monic polynomials
of degree n — 1,n respectively and kp is a scalar.
The following are assumed known about the plant
transfer function:

MODEL T Ya ’7‘1

{%__ ;kﬂ J

Fi1G. 1. The adaptive system for the relative degree one case.

(A1) the degree of the polynomial dp, ie. n, is

known;

(A2) the sign of kp is known (say, + without loss

of generality);

(A3) the transfer function W, is assumed to be

minimum phase, i.e. Aip is Hurwitz.

The objective is to build a compensator so that
the plant output asymptotically matches that of a
stable reference model W,,(s) with input r(t) and
output y,(t) and transfer function

Ay (s)

WM(S) =ky M(S)’

(2.2)

where ky, > 0 and A, d,, are monic polynomials
of degree n — 1 and n, respectively (A,, and d,, need
not be relatively prime). If the input and output of
the plant are denoted u(t) and yp(t), respectively,
the objective may be stated: find u(r) so that
yp(t) — yu(t) = 0 as t — co. By suitable prefiltering,
if necessary, one may assume that the model W),(s)
is strictly positive real.

The scheme proposed by Narendra et al. is shown
in Fig. 1. The dynamic compensator blocks F; and
F, are identical one input, (n — 1) output systems,
each with transfer function

(sI — Ay 'bh; AeR" '™ ' beR" ",

where A is chosen so that its eigenvalues are the
zeros of #,. Assume that the pair (A,b) is in
controllable canonical form so that

1
1 s

fipls)

(sI —A) b=
n-—2

S

The parameters ce R"™' in the precompensator
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block serve to tune the closed loop plant zeros,
deR"" !, doe R in the feedback compensator assign
the closed loop plant poles. The parameter ¢,
adjusts the overall gain of the closed loop plant.
Thus, the vector of 2n adjustable parameters
denoted 0 is

HT = [CO, CT, dO’ dT]

If the signal vector we R*" is defined by

wl = [r, o7, yp, v®T]. (24)

we see that the input to the plant is given by
u=0"w. (2.5)

It may be verified that there is a unique constant
0* € R?" such that when 8 = 6*, the transfer function
of the plant plus controller equals W,,(s).+ If r(t) is
bounded (an assumption henceforth made) it can
be shown that under the parameter update law

6= —ew= —(yp— YW (2.6)

all signals in the loop, ie. u, v'V, v?, y,, y,, are
bounded, and in addition 'lim e,(t) = 0,1i.e. the plant

output matches the model output and thus the
overall objective has been achieved. However the
convergence need not be exponential.

Despite the fact that e,(t) > 0, the parameter
vector 0 does not necessarily converge to 6* (it may
not converge at all). Various authors (Morgan and
Narendra, 1977; Anderson, 1977; Kriesselmeier,
1977) have established that e,(t) » 0 and 6(t) —» 0*
(i.e. the parameter error converges to 0) exponen-
tially iff the signal vector w(z) is persistently exciting
(PE). If 7 is bounded (an assumption henceforth
made) then PE can be simply stated: there are
0,00 > 0 such that forall s > 0

s+4

wwTdt > al. 2.7

Several comments are in order here. First, if 7 is
not bounded then the PE condition is similar to
but not exactly equivalent to (2.7). A complete
discussion of this can be found in Morgan and

tIndeed 0* consists of k,/k, and the coefficients of the
polynomials A, — #,, and d, — d,.

Narendra (1977). Second, since r is bounded, there
a B such that

st

BI > ww' dt > o,

s

which is the form in which the PE condition often
appears in the literature.

Since w(t) contains the signals v''(t), v'3(t), yp(t)
generated inside the non-linear plant loop, translat-
ing the PE condition (2.7) on w into an equivalent
condition on the exogenous reference input r(t)
would seem difficult if even possible. This is precisely
what will now be done. Amazingly enough, the
condition is very simple when expressed in the
frequency domain.

3. REVIEW OF GENERALIZED HARMONIC ANALYSIS
The integral (2.7) appearing in the definition of
PE reminds one of an autocovariance.

Definition 3.1 (Autocovariance). A function u: R, —
R" is said to have autocovariance R, (t)e R*™" iff

s+T
Th_{n % u(@u(t + )7 dt = R (1) (3.1)

3

with the limit uniform in s.

This concept is well known in the theory of time
series analysis. There is a strong analogy between
(3.1) and R**"(1) = Eu(t)u(t + ) for u a wide sense
stationary stochastic process. Indeed, for a wide
sense stationary ergodic process u(t,w), R,(t,w)
exists and is R%°®(r) for almost all w. An auto-
covariance is a completely deterministic notion. Its
relation to the notion of PE is simple.

Lemma 3.2 (PE lemma). Suppose w has auto-
covariance R, (7). Then w is PE iff R (0) > 0.

Proof. The “if” part is clear. Suppose now that w
has an autocovariance R, and is PE. Let ceR"
¢ # 0. From (3.1), for all n

s+no

— wTc)?dt > E llel?.
n S

Hence

s+ T
J wTe)? dt > %HCHZ. (.2)

s

— 1
lim —
T~ T

Because w has an autocovariance,
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Fi1G. 2. The adaptive system of Fig. 1 with a new representation
for the model.

s+T

: 1 T .\2 _ T
Tll_rg T J (w'e)*dt = ¢" R, (0)c. (3.3)

From (3.2) and (3.3), ¢TR,_(0)c > a/d|ic|?, thus
R,.(0) = /0 > 0.

A few more simple lemmas concerning auto-
covariances are required. The proofs and a more
detailed discussion of Generalized Harmonic
Analysis appear in the Appendix.

Lemma 3.3. R,(1) is a positive semi-definite function.

Thus, provided R, (1) is continuous at t = 0 (an
assumption henceforth madet) it has a Bochner
representation:

R (1) = j ¢S, (dv), (3.4)

where S, is a positive semi-definite matrix of
bounded measures, which is called the spectral
measure of u. If u is scalar valued, then S, is just a
positive bounded measure; 2S,([w,, ®,]) can then
be interpreted as the average energy contained in u
in the frequency band [wq, @,]. Thus, for example,
if a scalar valued u has a spectral line of amplitude
a, at v, then S, has a point mass at v of size |a,| >

Lemma 3.4 (Linear filter lemma). Suppose u: R, —
R" has autocovariance R,(t), its spectral measure

+ A discontinuity in R, at T = 0 means, roughly speaking, that
u contains energy at “infinite frequency”, which does not happen
in practice. An example: u(r) = €.

S,,and his an m x n matrix of bounded measures.
Then y = hxu has an autocovariance R,. Its spectral
measure is given by:

S,(dv) = H(j»)S (dv}H(jv)*. (3.5)

In particular,
R,(0) = fH(jV)Su(dV)H(jV)*’ (3.6)

where H(jv) is the Fourier transform of h.

The reader should note that these formulas are
identical to those from the theory of stochastic
processes.

Lemma 3.5. If u—vel? and u has an auto-
covariance R,, then v has autocovariance R,.
Thus transients of finite energy do not affect the
autocovariance of a signal.
The main result can now be proved.

4. NECESSARY AND SUFFICIENT CONDITIONS FOR
PARAMETER CONVERGENCE

As in Boyd and Sastry (1983), redraw Fig. 1 as
Fig. 2 with the model represented in non-minimal
form as the plant with compensator and 8 = 6*.
The signal w,, € R?" in the model loop is given by

T uyr )T
Wy = [r’Usw) ’YM’Uin) :'

It is shown in Narendra and Valavani (1978);
Narendra et al. (1980) that w — wy e L,.

Note that w,, is the output of a stable LTI system
driven by r(t) and its transfer function is

1
Wy Wil(sl —A)~'b
Wy '
Wy(sI — A)~'h

0s) =

The only property of O which will be needed is that
there is a constant invertible matrix M such that

" 1
QT(s\M = m[(zp(s), o

dp(s)s" "2, Ap(s), ..., Ap(s)s").  (4.1)

(This is shown in Boyd and Sastry (1983).)
The following is assumed: r has an autocovariance.}

1 Not all rs have autocovariances (e.g. r(t) = coslog(l + )
but reasonable ones, whose general characteristics do not change
drastically over time, do.
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Let the spectral measure of r be denoted S,. An
explicit formula will now be derived for R,(0).

By Lemmas 3.4 and 3.5 and the discussion above,
wae has an autocovariance, with spectral measure

Sw,(dv) = Q(¥)S(dv)Q()*.

Since w — w,, € I2, another application of Lemma
3.5 shows that w has an autocovariance, its spectral
measure also given by

S,.(dv) = Q(¥)S (dv)Q(vy*

and autocovariance at 0 given by
R,(0) = JQUV)Sr(dV)QUV)*- (4.2)
By the PE lemma, then:

wisPE iff R,(0) = J O(jv)S,(dv)Q(jv)* > .
(4.3)

Main Theorem. w is PE iff the spectral measure of
r is not concentrated on k < 2n points.

Proof. Suppose first that S, is concentrated at
Vi,...,V, where k < 2n. Then

H

R,(0) fQUv)S,(dv)Q(jv)*

k
) 0¥ S ({Vm OG>

Being the sum of k < 2n dyads, R, (0) is singular so
by (4.3) w is not PE. .

Suppose now that w is not PE. Then by the PE
lemma there is a non-zero c¢e R?" such that

0 =c"R,(0)c = j IOGv)*cl2S,(dv).  (4.4)

Since |Q(jv)*c|? is continuous in v, (4.4) implies that
Q(jv)*c vanishes for all v in Supt(S,), the support

of §,. Thus for all ve Supt(S,),
0 = Q(jv)*c = Q(Gv)*M(M~'0), (45

where M is the constant non-singular matrix
referred to in (4.1). If &= M"'c, noting that
dp(jv)Ar(jv) # O, (4.5) says for all v e Supt(S,),

0 = O(v)*M¢ = a(jv)dp(jv) + b(iv)As(jv), (4.6)

where the polynomials a(s) and b(s) are defined by
n—1

aisy= Y C,s" % bs)= Y & (47)
m=1

Now if Supt(S,) contains 2r or more points, (4.6)
vanishes identically since its right hand side is a
polynomial of degree <2, that is

ady + bfip = 0. 4.8)

But this contradicts coprimeness of dp and 7, since
(4.8) implies Aip/dp = —a/b and da < n — 2 < Ohp.
So Supt(S,) must contain k < 2n points, and the
Main Theorem is proved.

4.1. Discussion

The following has been proved:

Suppose the reference input #(t) to the MRAC

system of Section 2 has an autocovariance. Then

the model-plant mismatch error y, — y,, and the
parameter error § — 68* tend to 0 exponentially
iff the spectral measure of r is not supported on

k < 2n points.

Thus in general, one has parameter convergence:
only for very special reference signals (which unfor-
tunately sometimes include analytical favourites
such as 1(z), cos(wt)) does one not have § — 0*.

It is instructive to see how previous (Boyd and
Sastry, 1983) sufficient conditions on r(¢) fit into the
theory above. If r has an autocovariance and has
2n spectral lines, then its spectral measure S, has
point masses at the 2n frequencies. Thus

R0 = [ 009 @00
> 3 0GmS(rHOGW* > 0

since the vectors Q(jv,) are linearly independent by
the argument above.
The terms sufficiently rich (SR) and persistently
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exciting (PE) have been used somewhat inter-
changeably in the literature. It is proposed that PE
refers to property (2.7) for a vector of signals, and
that sufficient richness be a property of the reference
signal (scalar valued). A vector of signals is thus PE
or not, but whether or not a reference signal is
SR depends on the MRAC being studied. More
specifically it depends only on the number of
unknown parameters in the system, so it is proposed
that a reference signal which results in a PE w in
an N-parameter MRAC be referred to as sufficiently
rich of order N. Then the following characterization
results.

If » has an autocovariance, then it is SR of order

N iff the support of its spectral measure S,

contains at least N points.
Thus, for example, if r has any continuous spectrum
(see Wiener, 1930 for examples of such rs) then r is
SR of all orders.

5. PARTIAL CONVERGENCE

If wis not PE, then the parameter error need not
converge to zero (it may not converge at all). In
this case S, is concentrated on k < 2n frequencies
Vi,..., . Intuition suggests that although 6 need
not converge to 8*, it should converge to the set of
0s for which the closed loop plant matches the model
at the frequencies s = jv,,..., jv,. This is indeed the
case.

Before starting the theorem, this idea is discussed
more formally. Suppose that the parameter vector
0 is constant. Then the plant loop of the MRAC
system is LTI: w is in this case Qr. Since the input
to the plant is u = 07w, the overall closed loop
plant transfer function is W;(s)87Q(s). This transfer

function matches WM at s =jvy, ...,y iff
WPUV1)QUV1)T WMU"])
: 0= : . (5.1)
WPUVk)QUVk)T WM(jvk)

Call the set of s for which (5.1) holds @. Since
0*c 0O,

WPth)QUV1)T
O = 0* + Nullspace
Wo(ivdQGvi)"

. (5.2)

Thus ® has dimension 2n — k. In terms of the
parameter error vector ¢ =0 — 6%, ® has the

simple description
0e® ff R (0)p =0. (5.3)

The verification of this is left to the reader; recall
that here

k
Ru0) = 3 S({vu0000v.*.

Partial Convergence Theorem. Bearing the above
discussion in mind, suppose that 7 is bounded, then

lim R, (0)(t) = 0. (5.4)

Remark. If R,(0) > 0, then this theorem tells us
nothing more than Theorem 1. ¢ —» 0. But if w is
not PE, the conclusion (5.4) can be interpreted as:

ot)>® as - oo,

which means dist(6(t), ®) — 0, not 6(t) - 0(c0) for
some 6(c0)e®. In particular, 6 need not converge
to any point as t — oc.

Proof. Since ¢ and w are bounded, find K such
that [[¢()[l, |w()ll < K.

Let € > 0 be given. Find T, such that for t > T,
IR, (0)¢(1)] <e.

First choose T; large enough that for all s,

s+ 7T,
i ., ,
- = Hw(t)” dt|| < . (55
!RW(O) T f w(t)w(t) <3k2 (5.5)
Thus for all ¢
1
T (DR, (0)p(t) — ¢(I)TF x
1
t+T,
J w(@w(z)T ded(t) sg. (5.6)
From our update law ¢ = 0 = —we,;since e, —

0, ¢(t) - 0 as t - oo. The hypothesis 7 bounded
implies that ¢(t)"w(z) - 0 (Narendra and Valavani,
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1978). Now find T, so that for t > T

(@OTWD)* < g (5.7a)
and
; €
o)l < KT (5.7b)
Then for t = Tp,
t+T,
sr L | wtowta azotn
1 J o) w(t) p(r)de (5.8a)
T,
=L | W — s
(@(0) + $(v) dt sg (5.8b)
using (5.7b). From (5.7a), for t > T,
Til f $(D) ww(t) P(z)de| < g (5.9)

From (5.6), (5.8) and (5.9), for t > T,

[¢(1)" R, (0)$(0)] < &,

which completes the proof of the Partial Conver-
gence Theorem.

Remark 1. The proof relies only on the assumptions
(5.7), which state, roughly speaking, that the par-
ameter error eventually becomes orthogonal to w
and that the updating slows down. These are nearly
universal properties of adaptive systems, so this
theorem actually applies quite generally, not just
to Narendra’s scheme. For example, it applies to
all of the schemes described in Goodwin et al.
(1980).

Remark 2. While the 2n — k dimensional set @ to
which 6(¢) converges depends only on the frequenc-
ies vy,..., v, and not on the average powers S,({v,}),
o> S,({vi}) contained in the reference signal at
those frequencies, the rate of convergence of 6 to ®
depends on both.

AUT 22:6-B

Remark 3. As mentioned above, if w is PE then
R, (0) > 0 and consequently this theorem yields the
original parameter convergence results of Morgan
and Narendra (1977) and Anderson (1977): uniform,
asymptotic convergence of ¢ to zero (and conse-
quently exponential convergence). This proof, how-
ever, is considerably simpler than the original
proofs.

6. PLANT RELATIVE DEGREE >2
The scheme of Section 2 needs to be modified
(Narendra and Valavani, 1978) when the relative
degree of the plant to be controlled is >2, i.e. the
plant has the transfer function (2.1) with #,, d,
relatively prime monic polynomials of degree m, n
respectively. In addition to the assumptions (Al)-

(A3) the new assumption (A4) is added:t

(A4) The relative degree of the plant, i.e. (n — m),
is known.

The model has the form (2.2) with the difference
that A,, has degree m. The objective of the adaptive
control is as before: to get e, = y, — y,, to converge
to zero as t — 0.

Although the control scheme in this case is
considerably more complicated, it will be shown
that the necessary and sufficient conditions for
exponential parameter error convergence to zero
are identical to those given in Section 4 for the
relative degree one case: namely, that Supt(S,)
contain at least 2n points.

6.1. The relative degree 2 case

Consider first the scheme of Fig. 1 with the
difference that A is chosen exponentially stable so
that its eigenvalues (there are n — 1 of them) include
the zeros of #,, (there are m of them). It may again
be verified that there is a unique constant 6* € R2"
such that when 8 = 0* the transfer function of the
plant plus controller equals W,,(s). The relationship
between 0* and the coefficients of 7, and d), is more
complex in this case than in Section 2. In this case
since W,, has relative degree 2 it cannot be chosen
positive real; however, it may be assumed (using
suitable prefiltering, if necessary) that there is
L(s) = (s + 6) with § > 0 such that W,,L is strictly
positive real.

Now, modify the scheme of Fig. 1 by replacing
each of the gains 6,, i.e. ¢y, d,, ¢, d, with the gains

+ Of course, (A4) appears implicitly in the relative degree one
case.
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LO,L7" which in turn are given by

LOL ' =0, +6L° " i=1,..2n (61)

t

Now define the signal vector
'y & [L Y, L Lty L 2], (6.2)

Then

0= —el

yields that e,(t) >0 as t—> oc provided r(t) is
bounded. The persistent excitation condition for
exponential parameter and error convergence is on
the signal vector {(t) of (6.2): there are &, 6 > 0 such
that for all s > 0,

s+0

Ot de > al. (6.3)

Now, define the analogous signal vector for the
model

T -1 F—1,.(1)T 7-1 T-1,2)T
(=L 'r, LW, Ly, L1437,

i.e. {) 1s obtained by filtering each component of
w) through the stable system with transfer function
L

Suppose now that r has an autocovariance. The
output of a LTI filter driven by r is {,, so it has
an autocovariance; since { — {,, € L? (see [Narendra
and Valavani, 1978]), { has an autocovariance
identical to that of {,,. In fact

R(0) = Jllz_ GVIPOUVIS(AVQ(v*.

Thus R(0) > 0iff R, (0) > 0 and hence the necessary
and sufficient conditions on r for exponential par-
ameter convergence are exactly the same as in the
relative degree one case.

6.2. Relative degree >3

As in Section 6.1, pick a Hurwitz polynomial L
so that LW,, is strictly positive real. The trick used,
namely, to replace each 8, by LO,L™!, is no longer
possible since L6,L! depends on second (and
possibly higher) derivatives of 6,. To obtain a
positive real error equation, retain the configuration

6w W Yo

F1G. 3. Modification of the adaptive scheme when the relative
degree >3.

of Fig. 1 and attempt to augment the model output
by

ko oo .
2 W, L6TL ' — L 16T ]w. (6.4)
M

>~

The difficulty in implementing (6.4) arises from the
fact that k, is unknown. Consequently the model
output is augmented, not by (6.4) but by

WL, (O[67L " — L™ '9Tw (6.5)

with 6,,,, being a new adaptive parameter
expected to converge to kp/k,,. To obtain ¢el?
and prove stability of the augmented scheme an
additional quadratic term is also added as shown
in Fig. 3 to (6.5) to get

Wy L8,,. (O{OTL™ ! — L7'0"w + a{Tle,}  (6.6)

where o > 0 and { is as defined in (6.2). If & is
defined to be (87L™' — L™ '6T)w then the update
law

b= —e

Oons1 = €18

yields that as ¢ — oo, e,(t) = 0, that is y,, = y,.

For the scheme of Fig. 3, there are 2n + 1 par-
ameters to be considered and the sufficient richness
condition for parameter convergence reads: there
are a, 5 > 0 such that for all s > 0,

s+

J [2:| [(TE]dt = al, (6.7)

s

where ¢ 2 (8TL"' — L™ '6T)w. However, condition
(6.7) can never be satisfied since { — 0 as r = oc as
pointed out by Anderson and Johnson (1982). From
the preceding discussion, it follows that the addition
of the new parameter 6,,,, in the augmented
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output signal is what causes this difficulty. If k, is
known, of course, 6,,, ;, £ are unnecessary and the
parameter convergence condition (6.7) reduces to
(6.3), which is satisfied if r(¢) is sufficiently rich of
order >2n.

When k, is unknown, and when r(r) is SR of
order >2n if follows that the autocovariance at
zero of the signal vector [¢7, ]7 is given by

Rg(o) O:I 2n+1x2n+1
[ 0 oleR 6.8)

with R/(0) > 0. By the Partial Convergence The-
orem of Section 5, it follows that the parameter
error converges to the null space of the matrix in
(6.8). Thus all but the (2n + 1)th parameter errors
converge to zero. But the (2n + 1)th parameter
is inconsequential since it is the gain parameter
associated with the augmented model output y,.

7. A SIMPLE SIMULATION
In this section the simplest simulation which will
illustrate the results above is presented: a two
parameter MRAC system, with plant 2/(s + 1) and
reference model 3/(s + 3), as shown in Fig. 4. The
correct values of the adjustable parameters are

c¥ = 1.5and d§ = — 1.0. The parameter update law
(2.6),

o = —er, do = —eyp
was used.

In the first simulation the constant reference
input r(t) = 2 was used, and all initial conditions
were zero. This r has spectral measure 45(v), that
is, one spectral line at v = 0. Since there are two
parameters, here wT = [r, yp] is not PE, and hence
the parameters need not converge to their correct
values. In fact the parameters do converge, to 0.85
and —0.35, respectively, which yields an asymptotic
closed loop response 1.7(s + 1.7)~ 1. This is not the
model transfer function 3(s + 3)~!, but it does
match the model transfer at s = 0, as required by
the Partial Convergence Theorem. Figure 5 shows
¢oand dy for 0 <t < 10.

In the second simulation (Fig. 6) the reference
input r(t) = 2 was kept, but the parameter initial
conditions were changed: c¢y(0)= —-0.75 and
dy(0) = 0.75. Once again ¢, and d, converge, but
this time to 1.25 and —0.75, respectively, yielding
an asymptotic closed loop response of 2.5(s + 2.5)~ .
As in the first simulation, this matches the model
transfer function at s = 0.

In the third simulation (Fig. 7) reference input
r(t) = 4sin 1.5t was used, which has spectral mea-
sure 48(v — 1.5) + 46(v + 1.5) and thus is SR of
order two. Of course ¢y(t) —» 1.5 and dy(t) - —1,

Model
] 3 Yu
S+ 3
r - ——
— + s
Plant

R ar e e y',
&

F1G. 4. Simple two parameter MRAC system simulated.

25 50 75 100

F1G. 5. Plot of ¢, and d, for 0 <t < 10, with reference input
r(t) = 2, all initial conditions zero.

Cot)

4 (1)

25 50 75 100

F1G. 6. Plot of ¢4 and d,, for 0 <t < 10, with reference input
r{t) = 2, with non-zero parameter initial conditions.

yielding asymptotic closed loop response 3(s + 3) L.

Even this simplest example imparts something
useful: when MRAC systems are used in regulator
applications, and thus have constant reference
inputs (as in the first two simulations) only par-
ameter convergence to the set of parameters which
yield unity closed loop gain (an affine space of
dimension 2n — 1, if there are 2n parameters) can
be expected.
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x
dy (1)< ]
_}5,
-2 25— ' : el 2 . SR
C 25 50 7S 00

Fi1G. 7. Plot of ¢, and d,, for 0 <t < 10, with SR reference input
Ht) = 4sin 1.5

8. CONCLUDING REMARKS
We have shown that a complete description of
parameter convergence can be given in terms of the
spectrum of the reference input signal.
Specifically, regardless of the relative degree:
(1) the parameter error ¢ converges exponentially
to zero iff Supt(S,) contains at least 2n points;
(2} if Supt(S,) contains only k < 2n points, then ¢
need not converge to zero. Instead it converges
to a subspace of dimension 2n — k, which
corresponds precisely to the set of parameter
values for which the closed loop plant matches
the model at the frequencies contained in
Supt(S,).
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APPENDIX: GENERALIZED HARMONIC ANALYSIS

The first careful treatment of the notion of autocovariance
was Wiener (1930). The idea is well known in the theory of time
series analysis (see e.g. Koopmans, 1974), and is usually presented
in the context of stochastic processes. A clear modern discussion
of autocovariances which does not make use of the connection
with wide sense stationary stochastic processes could not be
found. Since the proofs of the various lemmas used here are
neither difficult nor long, they are given below.

The analogy between autocovariance and stochastic autocova-
riance mentioned in Section 3 is not complete -for example the
limit in the definition of R, makes the proof of the linear filter
lemma trickier than the proof of its stochastic analogue (which
is little more than interchanging integrals and expectation via
the Fubini theorem) and there is no stochastic analogue of
Lemma 3.5.

For the remainder of this section it is assumed that u: R, —
R" has autocovariance R,. Note that the integral (3.1) in the
definition of autocovariance makes sense iff u is locally square
integrable, i.e. ue L.

Lemma 3.3. R, is a positive semi-definite function.

Proof. Suppose 1,..... x€R, ¢y, cx e C" It must be shown
that

Y e*Rit — 1), 2 0. (A1)
if
Define the scalar valued function r by:
K
o) £ Y crult + 7).
k=1
Then for all T> 0

.

0< lTJ‘hz(t)lzdr (A2)
1]

"

2 ‘*[TL"JW + T)ult + rj)*dt](‘,

0

T
%

= z(l*|:_lr j wnu(t + 1; — r,»)"‘dt;|c,4 (A3}

iJ

Since u has an autocovariance, as T— oc {A3) converges to

Y ¥Rt — Ty
i

From (A2), (A3) is non-negative, so (Al) follows.
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Proposition (A1) implies that R, is the transform of a positive
semi-definite matrix S, of bounded measures, that is

R, (1) = je‘”‘S,(dv)- (A4)

(This is the matrix analogue of Bochner’s theorem.) S, is
symmetric, both in v and as a matrix, since R,(1) is a real
symmetric matrix.

Lemma 3.4 (Linear filter lemma). Suppose that y = h*u, where h
is an m x n matrix of bounded measures. Then y has an
autocovariance R, given by

Ry1) = th(dfl)Ru(T + 1y = )h(dry)” (A5)

and spectral measure S, given by
S,(dv) = H(jv)S(dv)H(jv)*. (A6)

Proof. First, establish that y has an autocovariance:

lT le(t)y(t +0)7dt (A7)

s

1

=7 f[h(dfx)u(t — 1)) [ut + 1 — 1) h(dr;) ] de. (AB)

s

For each T, the integrals in (A8) exist absolutely so the order
of integration may be changed:

-7, +
s 4T

= th(drl)[lr J utu(t + 1+ 1, — Tz)Tdt:Ih(dfz)T-

’ (A9)

The bracketed expression in (A9) converges to R(t + 7, — ;)
as T— oo, uniformly in s. Furthermore the bracketed expression
in (A9) is bounded as a function of T, s, 1, and 1,, for T> 1,
since by Cauchy-Schwartzt
s—ry +T
1

‘7_ uthu(t + t + 1, — 157 dt

sty

< SSTUPI% J)Hu(t)l}zdt < 00, (A10)

s

So by dominated convergence (A9) converges, uniformly in s,
as T— oc, to

th(dr,)R,,(r + 1, — 1,)h(d1,)". (Al1)

t The restriction T = 1 is required if u is not bounded but
only in L2..

Thus y has an autocovariance, given by (A11). This establishes
(AS); to finish the proof, substitute the Bochner integral for R,
in (Al1):

R/(1) = Uh(dz,) '[ TS (dyh(de,)T (A12)

=Je""Ue-"fwh(dr,)]su(dv)Ue‘*th(dxz)] (A13)

(since all the measures are finite)
= '[e""H(jv)Su(dv)H(jv)*. (A14)

This is the Bochner representation of R, so
S,(dv) = H(j»)S.(dv)H(j»)* (A15)
establishing the linear filter lemma.

Lemma 3.5 (Transient lemma). Suppose e(t) = u(t) — v(t)e L% (and
u has autocovariance R,,). Then v also has autocovariance R,.

Proof.

: s+ . s+ .
T fu(t)u(t +7)7dt — T Wt + 1) dt (A16)

s s

= ’lT J’e(t)u(t +7)7de + 1 fu(t)e(t +)Tde

T

s s

+ lT lfe(t)e(t + )7 dt

s

< Lol [1SJ)||u(r+r)u2r
s v 7

L e [fjlnumw]m+1||e||2 (A17)
ﬁ 2 T T 2

using the Cauchy-Schwartz inequality. The two bracketed
expressions in (A17) converge uniformly in s as T— oc to
Trace R,(0), so the entire expression {(A17), and thus (A16),
converges to zero, uniformly in s, as T— oco. Thus

s+
lT fv(t)v(t +1)7dt » R(t) as T—

s

uniformly in s, and Lemma 3.5 is proved.

Remark. Actually the hypothesis can be weakened to R, =0,
that is, e has zero average energy.



